
 

 

2007-2008 Problem Solving Challenge 
Round 2: From Pythagoras to Fermat 

Challenge Problems 
 
Definitions: 
All variables stand for positive integers unless otherwise specified. 
We consider symmetric solutions, like 12 + 22 + 32 = 14 and 22 + 32 + 12 = 14, to be two 
examples of the same solution.  So we'd say there's just one positive integer solution to 
the equation a2 + b2 + c2 = 14, and we'd write it in increasing order  as (1, 2, 3). 
And a warning: when the question asks to list all solutions, it may well be that there are 
none! 
 
 
Advice to participants: If a problem has a variable like n in it, you may want to start your 
solution process (and perhaps also your explanation in your writeup) with a few examples 
for small values of n.  Conversely, if a problem has a specific number in it, you might 
like to consider generalizing it in various ways into a statement with a variable.  But 
when generalizing, be sure to think about what other numbers are really "similar" in some 
interesting way! 
 
 
 
1. Give four examples of values of (positive integers) a and b for each of the following: 

a) a2 + b2 is divisible by 3. 
b) a2 + b2 leaves remainder 1 when divided by 3. 
c) a2 + b2 leaves remainder 2 when divided by 3. 
d) a2 + b2 is divisible by 4. 
e) a2 + b2 leaves remainder 1 when divided by 4. 
f) a2 + b2 leaves remainder 2 when divided by 4. 
 

2. For any positive integer a, prove that the remainder when a2 is divided by 4 is either 0 
or 1.  Use that result to prove that a2 + b2, when divided by 4, leaves a remainder of 0, 
1, or 2. 

 
3. Prove that if a2 + b2 is divisible by 3, then a2 and b2 are each individually divisible by 

3.  Then conclude that a and b are each divisible by 3.  Thus prove that a2 + b2 must 
be divisible by 32. 

 



 

 

4. Generalize the previous result: what numbers could be put in place of the 3 and still 
yield a true statement?  What numbers in place of the 3 would not work?  

 
5. Find at least one solution to each of the following. 

a) a2 + b2 = 5 
b) a2 + b2 = 13 
c) a2 + b2 = 41 
d) a2 + b2 = 1993 

 
6. Prove that (a2 + b2)(c2 + d2) = (ac Ð bd)2 + (ad + bc)2.  If you know about complex 

numbers, you might do it by factoring the left side and rearranging.  Otherwise, use 
some algebra skills. 

 
7. Combine the results of the previous two problems to find at least one solution to each 

of the following.  
a) a2 + b2 = 65 
b) a2 + b2 = 205 
c) a2 + b2 = 9965 (this is 5 times 1993, by the way) 
d) a2 + b2 = 412 
e) a2 + b2 = 5311345 (this is 5 times 13 times 41 times 1993). 

 
8. For each of the following, explain clearly why there cannot be any solutions in 

positive integers. 
a) a2 + b2 = 3 
b) a2 + b2 = 7 
c) a2 + b2 = 42 
d) a2 + b2 = 403 
e) a2 + b2 = 4000003 
f) a2 + b2 = 1209 (this is 3 times 403) 

 
9. Describe as clearly as you can what numbers (like 5, 13, 41, 1993, 65, and so on) can 

be written as the sum of two squares, and what numbers (like 3, 7, 42, and so on) 
cannot.  Pay particular attention to which perfect squares are the sum of two squares: 
for what values of c does a2 + b2 = c2 have at least one positive integer solution? 

 
10. List, for as many different numbers k as you can, a value of c such that a2 + b2 = c2 

has exactly k positive integer solutions. 
 
11. With a < b, what values of a are possible in a2 + b2 = c2?  What values of b?  You 

might address some things about which values are impossible if you can't make a full 
description of which ones are possible. 



 

 

 
12. List, for as many different numbers k as you can, an odd value of a such that 

a2 + b2 = c2 has exactly k positive integer solutions with b > a.  (That is, there are 
exactly k ordered pairs (b, c) that solve the equation for your specified value of a.) 

 
13. For what positive integers n is there at least one solution to a2 + b2 = n3?  (Note that 

the exponent on the n is now 3 instead of 2.) 
 
14. For what positive integers b is there at least one solution to a2 + b2 = n3?  (Now we 

are looking for ordered pairs (a, n).) 
 
15. Can you describe an infinite list of solutions to a2 + b2 = c2?  Can you describe all 

solutions? 
 
16. Can you find a solution to a2 + b2 + c2 = d2?  Two solutions?  Infinitely many 

solutions?  Can you describe all solutions? 
 
 
Some generalization ideas: 

¥ How are the answers to all of the above affected if we only consider solutions 
where there is no factor common to all the numbers? 

 
¥ Look at a2 + b2 = c2 + d2 in the light of what you have uncovered about the sum of 

squares.  What "interesting" solutions are there (where a is not equal to c or d)? 
 
¥ Look at a3 + b3 + c3 = d3.  What about negative integers now?  Are there patterns 

in the solutions? 
 

¥ There are some simple solutions to ax + by = cz.  Find them.  Can you find a 
solution that doesn't use a 1 anywhere?  Can you find a solution with no factor 
common to all the numbers? 

 
 
A cover sheet is on the next page for your convenience in submitting your solutions. 
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