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2007-2008 Problem Solving Challenge

Round 2: From Pythagoras to Fermat
Challenge Problems

Definitions:

All variables stand for postiveintegers unless otherwise specified.

We consder symmetric solutions like 12 + 22 + 32 = 14 and 2° + 3° + 12 = 14, to betwo
examples of the same solution. So we'd say there'sjus onepostive integer solution to
theequaiona® + b® + ¢ = 14, and we'd write it inincreasing order as(1, 2, 3).

And awarning: when thequestion asksto list all solutions it may well betha there are
noné

Adviceto participants: If aproblem hasavariablelike ninit, you may want to start your
solution process (and perhgps aso your explanaion in your writeup) with afew examples
for small values of n. Convesely, if aprobem has a specific number init, youmight
like to consder genedizingit in variousways into a statement with avariable. But
when generalizing, be sure to think aboutwha other nunbersarereally "similar” in some
interesting way!

1. Givefourexamples of values of (postive integers) a and b for each of thefollowing:
a) a’ + b?isdivisible by 3.
b) a? + b® leaves remainde 1 when divided by 3.
c) a® + b? leaves remainde 2 when divided by 3.
d) a® + b isdivisible by 4.
e) a’ + b? leaves remainde 1 when divided by 4.
f) a + b’ leaves remainde 2 when divided by 4.

2. For any postiveinteger a, provetha theremainde when a®is divided by 4 is either 0
or 1. Usetha result to provetha a + b? when divided by 4, leaves aremainde of 0,
1,0r2.

3. Provetha if a® + b? isdivisible by 3, then a and b” are each individudly divisible by
3. Then condudetha a and b are each divisible by 3. Thusprovetha a* + b*> mugt
bedivisible by 3%
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. Genealize the previousresult: wha numbers could be putin place of the 3 and till
yield atrue statement? Wha numbersin place of the 3 would not work?

. Find a least onesolution to each of thefollowing.
aa’+b’=5

b)a®+b?=13

ca’+b’=41

d) a® + b®= 1993

. Provetha (&% + b%)(c? + d®) = (acBbd)® + (ad + bc)?. If you know aboutcomplex
numbe's, you mightdoit by factoring theleft sdeand rearranging. Othewise, use
some algebra skills.

. Combinetheresults of the previoustwo problemsto find at least onesolutionto each
of thefollowing.

a) a’+b*=65

b) a® + b? = 205

c) a + b? = 9965(this is 5 times 1993, by the way)

d) a® + b? = 427

e) a’ + b? = 5311345thisis 5 times 13times 41 times 1993)

. For each of thefollowing, explain clearly why there cannotbe any solutionsin
postive integers.

aa’+b’=3

b)a?+b?=7

c)a’+b’=42

d) & + b*= 403

e) a® + b? = 4000003

f) a + b? = 1209(this is 3 times 403)

. Describeas clearly as you can wha numbes(like5, 13, 41, 1993 65, and so on) can
be written as the sum of two squaes, and wha numbers (like 3, 7, 42, and so on)
cannot Pay paticular attention to which pefect squares are the sum of two squaes:
for wha values of ¢ does & + b” = ¢ have at least onepostive integer solution?

10. List, for as many different nurmbers k as you can, avalue of ¢ such tha a2 + b* = ¢?

has exactly k postive integer solutions

11.With a < b, what values of a are posiblein a* + b? = ¢*? Wha valuesof b? You

might address some thingsaboutwhich values areimpossible if you can't make a full
description of which ones are possible.
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12.List, for as many different numbers k as you can, an odd valueof a such tha
a? + b? = ¢? has exactly k postiveinteger solutionswith b>a. (Tha is, thereare
exactly k ordered pars (b, c) tha solve theequaion for your specified value of a.)

13.For wha postiveintegers n isthere at least onesolutionto a* + b? = n*? (Note tha
theexponent onthen isnow 3 ingead of 2.)

14.For wha postiveintegers b isthere at least onesolutionto a* + b? = n*? (Now we
arelooking for ordered pars (a, n).)

15. Can you describe an infinite list of solutionsto a* + b? = ¢*? Can you describeall
solutions?

16.Can you find asolutionto a® + b? + ¢ = d*? Two solutions? Infinitely many
solutions? Can you describeall solutions?

Some generdlization ideas.
¥ How aretheanswersto al of theaboveaffected if we only consder solutions
where there is no factor commonto all the numbers?

¥ Lookat &+ b%=c? + d? in thelight of wha you have uncovered aboutthe sum of
squaes. Wha "interesting” solutionsare there (where aisnotequd to c or d)?

¥ Lookata®+b®+c®=d’. Wha aboutnegdiveintegers now? Arethee paterns
in the solutions?

¥ Theeare some simple solutionsto a* + b’ = ¢®. Findthem. Canyoufinda
solution that doesn't use a1 anywhere? Can youfind a solution with no factor
commonto all the numbers?

A cover sheet isonthenext pagefor your convenience in submitting your solutions
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