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2007-2008 Problem Solving Challenge

Round 2: From Pythagoras to Fermat

Introductory Problems - Instructions
Everyone:
These short problems are to be done at your school, at lunch or at a math club meeting
for example.

Read all the problems: many of them have definitions and ideas that may help you with
earlier or later problems.

Teachers:
Recommended time limit: 40 minutes.

Recommended grading scheme: students get 1 point per correct answer on a problem
whose number is greater than or equal to their grade level in school. Perhaps give a
maximum of 6 points so that young students don't get too big an advantage.

Students:

Make sure to ask about the grading scheme. You should start reading with the first
problem, but most likely you should start doing only when you get to the problem
number that equals your grade level in school.

Prizes:
The only prizes for this part of the contest are the fame and glory within your school, and
possibly (if you wish) publication of your name on our web site. So have fun!

Definitions:

All variables stand for positive integers unless otherwise specified.

We consider symmetric solutions, like 17 + 2% + 3% = 14 and 2% + 3* + 1> = 14, to be two
examples of the same solution. So we'd say there's just one positive integer solution to
the equation a” + b* + ¢* = 14, and we'd write it in increasing order as (1, 2, 3).

And a warning: when the question asks to list all solutions, it may well be that there are
none!
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List all (positive integer, a < b) solutions to & + b* = 57,

List all solutions to a* + b* = 11.

When & + b’ is divided by 4, what are all possible remainders?
List all solutions to a* + b’ = 1003.

What are the possible remainders when a” is divided by 7?

. List all solutions to & + b* = 65.

List all solutions to & + b? = 65°.

Give an example of positive integers a and b such that a* + b* is divisible by 7.

If a® + b’ is divisible by 7, what is the largest number that & + b* must also be
divisible by?

List all solutions to a* + b’ = 1001.
How many solutions are there to a + b* = 221%?

What is the smallest positive odd integer n such that n* + b* = ¢* has exactly two
positive integer solutions with n < b?
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