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As a high school student, competing in mathematics competitions, I enjoyed mathematics
as a sport, taking cleverly designed mathematical puzzle problems and searching for the
right “trick” that would unlock each one. As an undergraduate, I was awed by my first
glimpses of the rich, deep, and fascinating theories and structures which lie at the core
of modern mathematics today ...

... how one approaches a mathematical problem for the first time, and how the painstak-
ing, systematic experience of trying some ideas, eliminating others, and steadily manip-
ulating the problem can lead, ultimately, to a satisfying solution.

from Solving Mathematical Problems: A Personal Perspective, by Terence Tao

1. A positive integer m is called good if there is a positive integer n such that m is the quotient
of n by the number of positive integer divisors of n (including 1 and n itself). Prove that
1, 2, . . . , 17 are good numbers and that 18 is not a good number.

2. Let ABC be an acute triangle. Points D, E, and F lie on segments BC,CA, and AB,
respectively, and each of the three segments AD,BE, and CF contains the circumcenter of
ABC. Prove that if any two of the ratios
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are integers, then triangle ABC is isosceles.

3. Let n be an integer greater than 3, and let a1, a2, . . . , an be nonnegative real numbers with
a1 + a2 + · · ·+ an = 2. Determine the minimum value of
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4. The set S consists of n > 2 points in the plane. The set P consists of m lines in the plane
such that every line in P is an axis of symmetry for S. Prove that m ≤ n, and determine
when equality holds.
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But I just like mathematics because it’s fun.
Mathematics problems, or puzzles, are important to real mathematics (like solving real-life prob-
lems), just as fables, stories and anecdotes are important to young in understanding real life.
Mathematical problems are “sanitized” mathematics, where an elegant solutions has already been
found, the question is stripped of all superfluousness and posed in an interesting and thought-
provoking way.

from Solving Mathematical Problems: A Personal Perspective, by Terence Tao

5. Point D lies inside triangle ABC such that ∠DAC = ∠DCA = 30◦ and ∠DBA = 60◦. Point E is the
midpoint of segment BC. Point F lies on segment AC with AF = 2FC. Prove that DE ⊥ EF .

6. For nonnegative real numbers a, b, c with a + b + c = 1, prove that
√
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3.

7. Let a, b, c be integers each with absolute value less than or equal to 10. The cubic polynomial f(x) =
x3 + ax2 + bx + c satisfies the property
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Determine if 2 +
√

3 is a root of f .

8. In a round robin chess tournament each player plays every other player exactly once. The winner of
each game gets 1 point and the loser gets 0 points. If the game is tied, each player gets 0.5 points.
Given a positive integer m, a tournament is said to have property P (m) if the following holds: among
every set S of m players, there is one player who won all her games against the other m− 1 players in
S and one player who lost all her games against the other m− 1 players in S.
For a given integer m ≥ 4, determine the minimum value of n (as a function of m) such that the
following holds: in every n-player round robin chess tournament with property P (m), the final scores
of the n players are all distinct.
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