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1 An overview

Consider the optimization problem

min
x∈Rn

f(x)

s.t. h1(x) = · · · = hm1(x) = 0
g1(x) ≥ 0, . . . , gm2(x) ≥ 0

where f(x), gi(x), hj(x) are polynomial functions in x ∈ Rn. Let S be its feasible set
and fmin be its global minimum. We are interested in finding fmin. This problem
is NP-hard, even when one of the polynomials is quadratic. A standard approach for
solving (5.1) is semidefinite programming (SDP) and Sum of Squares (SOS) relaxations
proposed in the original work by Lasserre, Parrilo and Sturmfels.

In this lecture series, we aim to understand the properties, both mathematical and
computational, of semidefinite programming, sum of squares, polynomial optimization,
and their applications. In particular, we want to work towards methods that will
enable the solution of optimization problems with feasible sets that are defined through
polynomial systems. There is a very interesting interaction between algebraic geometry
and convex optimization.

To understand better what is going on, we will embark in a journey to learn a wide
variety of methods used to approach these problems. Some of our stops along the way
will include:

• Some backgrounds

• Semidefinite programming

• Lasserre type SDP relaxation

• Jacobian type SDP relaxation

Several software for polynomial optimization are available. Typical ones are
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• GloptiPoly (using SeDuMi or SDPT3)

• SOSTOOLS (using SeDuMi or SDPT3)

• YALMIP (using SeDuMi or SDPT3)

2 Some backgrounds

2.1. Linear Algebra

A real matrix A ∈ Rn×n is symmetric if A = AT .

Theorem 2.1. Suppose A ∈ Rn×n is symmetric. Then we have

• All the eigenvalues are real.

• Eigenvectors for distinct eigenvalues are orthogonal to each other.

• There exists an orthogonal matrix Q such that

QTAQ = diag(λ1, . . . , λn)

where λ1, . . . , λn are the eigenvalues of A.

For a symmetric A ∈ Rn×n, denote by λi(A) the i-th biggest eigenvalue of A.

Theorem 2.2. Suppose A ∈ Rn×n is symmetric. Then we have

• λ1(A) = max
x6=0

xTAx
xT x

, and λn(A) = min
x 6=0

xTAx
xT x

.

• Max-Min and Min-Max characterizations for λi(A):

λi(A) = min
S⊆Rn

dim(S)=n−i+1

max
06=x∈S

xTAx

xTx
.

λi(A) = max
S⊆Rn

dim(S)=i

min
06=x∈S

xTAx

xTx
.

• Each eigenvalue of A is a critical value of optimization problem

min xTAx subject to xTx = 1.

If a symmetric A ∈ Rn×n has eigenvalues such that

λ1(A) ≥ · · ·λr(A) > 0 = λr+1(A) = · · · = λr+s(A) > λr+s+1(A) ≥ · · · ≥ λr+s+t(A),

we say the triple (r, s, t) is the inertia of A, and r − t is the signature of A.
For two symmetric A,B, if there exists invertible P such that A = P TBP , we say

A is congruent to B.
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Theorem 2.3. If A,B are symmetric and congruent to each other, then they have the
same inertia and signature.

Proof. Use the min-max or max-min characterization of eigenvalues.

Definition 2.4. A symmetric matrix A ∈ SRn×n is called positive semidefinite if
xTAx ≥ 0 for all x ∈ Rn, and is called positive definite if xTAx > 0 for all nonzero
x ∈ Rn. The set of positive semidefinite matrices is denoted Sn

+, and the set of positive
definite matrices is denoted by Sn

++.

If A is positive semidefinite (resp. positive definite), we denote A º 0 (resp. A Â 0).

Theorem 2.5. The following statements are equivalent:

• The symmetric matrix A is positive semidefinite.

• All eigenvalues of A are nonnegative.

• All the principal minors of A are nonnegative.

• There exists B such that A = BTB.

Theorem 2.6. The following statements are equivalent:

• The symmetric matrix A is positive definite.

• All eigenvalues of A are positive.

• All the leading principal minors of A are positive.

• There exists nonsingular square matrix B such that A = BTB.

If X − Y º 0, then we write X º Y .

Theorem 2.7. For two symmetric X,Y , if X º Y , then

λi(X) ≥ λi(Y ), for every i.

Here λi(·) denotes the i-th largest eigenvalue.

Proof. Use the characterization of λi(·).
Congruent transformations preserve positive semidefiniteness.

Theorem 2.8. Let P be a nonsingular matrix.

• The A º 0 if and only if P TAP º 0.

• The A Â 0 if and only if P TAP Â 0.

If P is singular, then A º 0 implies P TAP º 0 (while the reverse might not).
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Theorem 2.9 (Schur’s complement). Let A Â 0. Then

[
A B
BT C

]
º 0 ⇐⇒ C −BTA−1B º 0.

If matrices A,B satisfy [
A B
BT 0

]
º 0,

then A º 0 and B = 0.

2.2. Convex sets and optimization

Definition 2.10. A set S ⊂ Rn is convex if x, y ∈ S implies λx+ (1− λ)y ∈ S for all
λ ∈ [0, 1].

Definition 2.11. Let S ⊂ Rn be a convex set. A convex subset F of S is called a face
of S if

λx+ (1− λ)y ∈ F, x ∈ S, y ∈ S, λ ∈ [0, 1] =⇒ x, y ∈ F.

If a face F has codimension one in S, it is called a facet. If a face F = {x} is a
singleton, x is called an extremal point of S.

For any set S ⊂ Rn, its convex hull is the smallest convex set containing it, and is
denoted by conv(S).

Definition 2.12. A set S ⊂ Rn is a cone if λx ∈ S for all x ∈ S and λ ≥ 0.

A cone K is pointed if K ∩−K = {0}, and solid if the interior of K is not empty.
A cone that is convex, closed, pointed and solid is called a proper cone. Type proper
cones are

• Nonnegative orthant Rn
+.

• Laurenz cone Ln = {(x, t) ∈ Rn+1 : ‖x‖2 ≤ t}.
• Positive semidefinite cone Sn

+.

Definition 2.13. The dual of a cone K ⊂ Rn is defined as

K∗ = {y ∈ Rn : 〈x, r〉 ≥ 0 ∀x ∈ K}.

If K is a closed convex cone, then K = K∗∗. The dual set of a proper cone is also
a proper cone, called the dual cone. An element x is in the interior of the cone K if
and only if

〈x, y〉 > 0, ∀ y ∈ K∗, y 6= 0.
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A standard linear conic optimization is

min
x∈Rn

cTx

s.t. Ax = b, x ∈ K

where A ∈ Rm×n and K is a proper cone. Its standard dual is

max
y∈Rm

bTy

s.t. c− ATy ∈ K∗.

Here K∗ is the dual cone of K.

• When K = Rn
+, it reduces to LP.

• When K = Ln, it reduces to second order cone programming (SOCP).

• When K = Sn
+, it reduces to semidefinite programming.

3 Semidefinite programming

A very important notion in modern optimization is convexity. Significant advances
have been made in this area. Efficient numerical methods have been developed.

A standard semidefinite programming (SDP) problem is

(P ) :





min
X

C •X
s.t. Ai •X = bi, i = 1, . . . ,m

X = XT º 0

where all Ai ∈ SRn×n, b ∈ Rm, C ∈ SRn×n, • denotes the standard Frobenius inner
product, and X º 0 means X is positive semidefinite.

• When all Ai and C are diagonal, (P) reduces to LP.

• When X is not symmetric, it is equivalent to symmetric case.

• Problem (P) is convex, but its boundary is typically highly nonlinear.

The dual problem of (P) is

(D) :

{
max

y
bTy

s.t. C −∑m
i=1Ai º 0.
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Example 3.1. Consider the primal problem

min
X

I •X

s.t.

[
0 1
1 0

]
•X = 2, X = XT º 0

Its dual is
max

y
2y

s.t.

[
1 −y
−y 1

]
º 0.

Example 3.2. Consider the primal problem

min
X

∑
i6=j Xij

s.t. X11 = · · ·Xnn = 1, X = XT º 0

Its dual is
max

y
y1 + . . .+ yn

s.t.




−y1 1 · · · 1

1 −y2
. . .

...
...

. . . . . .
...

1 · · · 1 −yn


 º 0.

The condition that eTXe ≥ 0 implies that any feasible X satisfy
∑

i6=j

Xij ≥ −n.

So the optimal value is −n.

Theorem 3.3 (Weak Duality). For any X feasible for (P) and y feasible for (D), it
holds that

C •X ≥ bTy.

• (P) can be formulated in (D), and (D) can be formulated in (P).

• If (P) is unbounded from below, (D) is not feasible.

• If (D) is unbounded from above, (P) is not feasible.

• Both (P) and (D) would be infeasible simultaneously.

Theorem 3.4 (Weak Duality). For any X feasible for (P) and y feasible for (D), it
holds that

C •X ≥ bTy.

Let p∗ be the optimal value of (P), and d∗ be the optimal value of (D), then

p∗ ≥ d∗.
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Some remarks about (P) and (D)

• It is possible that p∗ and/or d∗ are not attainable. For example, consider

min

[
0 1
1 0

]
•X, s.t.

[−1 0
0 0

]
•X = −1,

[
0 0
0 −1

]
•X = 0, X º 0.

Its dual is

max −y1 s.t.

[
y1 1
1 y2

]
º 0.

It holds that p∗ = d∗ = 0 but d∗ is not attainable.

• It is possible that p∗ > d∗. Consider

min



0 0 0
0 0 0
0 0 1


 •X, s.t.



1 0 0
0 0
0 0 0


 •X = 0,



0 1 0
1 0 0
0 0 2


 •X = 2, X º 0.

Any feasible X for the above has the form



0 ξ1 ξ2
ξ1 ξ3 ξ4
ξ2 ξ4 1− ξ1


 º 0.

So the optimal value p∗ = 1. The dual problem is

max 2y2 s.t.



−y2 −y2 0
−y2 0 0
0 0 1− 2y2


 º 0.

So the dual optimal value is d∗ = 0. Both p∗ and d∗ are attainable, but p∗ > d∗.

• It is possible that (P) is infeasible (by convention p∗ = +∞), but (D) is feasible
and d∗ is finite. Consider

min

[
0 0
0 0

]
•X, s.t.

[
1 0
0 0

]
•X = 0,

[
0 1
1 0

]
•X = 2, X º 0.

Clearly, the above primal SDP is infeasible, so p∗ = +∞. Its dual is

max 2y2 s.t.

[−y1 −y2
−y2 0

]
º 0.

The above dual SDP is feasible and d∗ = 0.
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Denote the feasible sets of (P) and (D) as

F(P ) =
{
X ∈ SRn×n : A(X) = b, X º 0

}
,

F◦(P ) =
{
X ∈ SRn×n : A(X) = b, X Â 0

}
,

F(D) =

{
y ∈ Rm : C −

m∑
i=1

yiAi º 0

}
,

F◦(D) =

{
y ∈ Rm : C −

m∑
i=1

yiAi Â 0

}
.

In the above A(X) = (A1 •X, . . . , Am •X).

Theorem 3.5 (Strong Duality). Suppose F 6= ∅ and F◦(D) 6= ∅. Then (P) has a
nonempty compact set of minimizers, and the optimal values of (P) and (D) are equal,
that is, p∗ = d∗.

Theorem 3.6. If F◦(P ) 6= ∅ and F◦(D) 6= ∅, then both (P) and (D) have a nonempty
compact set of minimizers, and p∗ = d∗.

Theorem 3.7 (Optimality Condition). Suppose F◦(P ) 6= ∅ and F◦(D) 6= ∅. Then X
is optimal for (P) and y is optimal for (D) if and only if

A(X) = b
A∗(y) + S = C

XS = 0
X,S º 0.

4 Lasserre type SDP relaxation

Lasserre’s relaxation is a typical approach to solve polynomial optimization by using
semidefinite programming and sum of squares techniques. We begin with a short review
of SOS polynomials.

Let p(x) ∈ R[x] := R[x1, . . . , xn]. We say p(x) is positive semidefinite (psd) or
nonnegative if p(u) ≥ 0 for every u ∈ Rn. We say p(x) is sum of squares (SOS) if there
exist real polynomials q1(x), . . . , qr(x) such that

p(x) = q1(x)
2 + · · ·+ qr(x)

2.

Clearly, if p(x) is SOS, then p(x) is psd.

• The polynomial 2x4
1 + 2x3

1x2 − x2
1x

2
2 + 5x4

2 is SOS, equaling

1

2

(
(2x2

1 − 3x2
2 + x1x2)

2 + (x2
2 + 3x1x2)

2
)
.
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• The polynomial x4
1 − (2x2x3 + 1)x2

1 + (x2
2x

2
3 + 2x2x3 + 2) is SOS, equaling

1 + x2
1 + (1− x2

1 + x2x3)
2

• The polynomial 3(x4
1 + x4

2 + x4
3 + x4

4 − 4x1x2x3x4) is SOS, being

(x2
1 + x2

3 − x2
2 − x2

4)
2 + (x2

1 + x2
2 − x2

3 − x2
4)

2 + (x2
1 + x2

4 − x2
2 − x2

3)
2+

2(x1x2 − x3x4)
2 + 2(x1x3 − x2x4)

2 + 2(x1x4 − x2x3)
2.

Note that not every nonnegative polynomial is SOS. For example, the Motzkin
polynomial

M(x, y, z) := x4y2 + x2y4 + z6 − 3x2y2z2

is psd but not SOS.

4.1. Cone of nonnegative polynomials

Denote two sets of polynomials

Pn,2d = {f ∈ R[x1, . . . , xn] : f(x) is psd of degree 2d},

Σn,2d = {f ∈ R[x1, . . . , xn] : f(x) is SOS of degree 2d}.
Theorem 4.1 (Hilbert, 1888). The equality Pn,2d = Σn,2d holds if and only if

n = 1, or 2d = 2, or (n, 2d) = (2, 4).

Let f(x) ∈ R[x1, . . . , xn]2d. Let [x]d denote the column vector of all monomials of
degree at most d. Define symmetric matrices Aα such that

[x]d[x]
T
d =

∑

|α|≤2d

Aαx
α.

Then f(x) is SOS if and only if there exists X º 0 such that

f(x) ≡ [x]TdX[x]d,

or equivalently by comparing coefficients

fα = Aα •X, ∀ |α| ≤ 2d.

Testing whether f(x) is SOS would be done by

finding X º 0, Aα •X = fα, ∀ |α| ≤ 2d.

This is an SDP feasibility problem.
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Example 4.2. The polynomial p(x) = 2x4
1 + 2x3

1x2 − x2
1x

2
2 + 5x4

2 has representation




x2
1

x2
2

x1x2




T 


2 −α 1
−α 5 0
1 0 −1 + 2α




︸ ︷︷ ︸
G




x2
1

x2
2

x1x2




p(x) is SOS ⇐⇒ ∃ G º 0
When α = 3, the Gram matrix G is positive semidefinite.

For any vector y indexed by α ∈ Nn, define its moment matrix as

Md(y) :=
∑

|α|≤2d

yαAα

For instance, n = 2, d = 2, Σ∗
2,2d consists of all y such that M2(y) º 0, where

M2(y) =




y00 y10 y01 y20 y11 y02
y10 y20 y11 y30 y21 y12
y02 y11 y02 y21 y12 y03
y20 y30 y21 y40 y31 y22
y11 y21 y12 y31 y22 y13
y02 y12 y03 y22 y13 y04



.

Theorem 4.3. The dual cone Σ∗
n,2d is {y : Md(y) º 0}.

Proof. Suppose y ∈ Σ∗
n,2d, then

fTy ≥ 0, ∀ f ∈ Σn,2d.

Write f(x) = [x]TdX[x]d = X • ([x]d[x]Td ), then comparing coefficients gives

fTy = X • ([x]d[x]Td ) = X •Md(y) ≥ 0, ∀X º 0.

We clearly have Md(y) º 0.
The other direction would be obtained by applying Hahn-Banach Theorem.

Let f(x) ∈ R[x] of degree 2d. Consider problem

fmin = min
x∈Rn

f(x).

It is NP-hard to find fmin. It is equivalent to

fmin = max γ
s.t. f(x)− γ ≥ 0∀x ∈ Rn.
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Replacing psd by SOS, we get the relaxation

fsos = max γ
s.t. f(x)− γ is SOS.

The constraint above is f(x) − γ ∈ Σn,2d. If we write f(x) =
∑

|α|≤2d fαx
α, the above

is equivalent to the SDP

(P ) :





fsos = max γ
s.t. A0 •X + γ = f0,

Aα •X = fα, ∀α 6= 0.

The dual of the above SDP is

(D) :

{
fmom = min

∑
α fαyα

s.t. Md(y) º 0, y0 = 1.

Theorem 4.4. The primal (P) and dual (D) satisfy the following properties:

(1) The dual problem (D) has nonempty interior.

(2) (P) and (D) have the same optimal value, that is, fsos = fmom ≤ fmin.

(3) (P) has a minimizer, that is, fsos is attainable in (P), while (D) might not achieve
its max value.

(4) If y∗ is a maximizer of (D) and rankMd(y
∗) = 1, then fsos = fmom = fmin, and

a global minimizer of f(x) can be obtained.

Example 4.5. Consider the problem of minimizing the bivariate polynomial

x2
1 + (x1x2 − 1)2.

The dual version of the SOS relaxation is the SDP:

min y20 + y22 − 2y11 + 1

s.t.




1 y10 y01 y20 y11 y02
y10 y20 y11 y30 y21 y12
y02 y11 y02 y21 y12 y03
y20 y30 y21 y40 y31 y22
y11 y21 y12 y31 y22 y13
y02 y12 y03 y22 y13 y04



º 0.

The optimal y∗20 = 0, y∗11 = 1, y∗22 = 1.
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4.2. Polynomials nonnegative on a set S

Let S ⊂ Rn be a basic closed semialgebraic set, i.e., there exists polynomials
g1(x), . . . , gm(x) such that

S = {x ∈ Rn : g1(x) ≥ 0, . . . , gm(x) ≥ 0}.

A polynomial f(x) is called nonnegative on S if

f(u) ≥ 0 ∀u ∈ S.

A polynomial f(x) is called positive on S if

f(u) > 0 ∀u ∈ S.

We are interested in sufficient and/or necessary conditions for a polynomial f(x) pos-
itive or nonnegative on a set S.

Definition 4.6. The preordering of polynomials g1(x), . . . , gm(x) is the set

P (S) =





∑

ν∈{0,1}m
σν(x)g1(x)

ν1 · · · gm(x)νm : each σν is SOS





The quadratic module of polynomials g1(x), . . . , gm(x) is the set

M(S) =

{
m∑
i=0

σi(x)gi(x) : each σi is SOS

}

Here g0(x) = 1.

Theorem 4.7. The sets P (g1, . . . , gm) and M(g1, . . . , gm) are convex.

• If f(x) ∈ P (g1, . . . , gm), then f(x) is nonnegative on S.

• If f(x) ∈ M(g1, . . . , gm), then f(x) is nonnegative on S.

Theorem 4.8 (Schmüdgen, 1991). Let S = {x ∈ Rn : g1(x) ≥ 0, . . . , gm(x) ≥ 0} be a
compact set. If f(x) is positive on S, then f(x) ∈ P (g1, . . . , gm).

Example 4.9. The quadratic f = x1x2 + 1 is positive on xTx ≤ 1. We have

x1x2 + 1 =
1

2
(x1 + x2)

2 +
1

2
+

1

2
(1− x2

1 − x2
2).
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Example 4.10. If f(x) is only nonnegative on S, then Schmüdgen’s theorem may not
be true. For example, consider

f(x) = 1− x2, S = {(1− x2)3 ≥ 0}.
Suppose there are SOS polynomials σ, φ such that

1− x2 = σ(x) + φ(x)(1− x2)3.

Then −1 must be a root of σ(x) with multiplicity 2, but it has multiplicity 1 on the
left.

Theorem 4.11 (Putinar, 1993). Let S = {x ∈ Rn : g1(x) ≥ 0, . . . , gm(x) ≥ 0} be a
compact set. Suppose there exists N > 0 such that

N − ‖x‖22 ∈ M(g1, . . . , gm).

If f(x) is positive on S, then f(x) ∈ M(g1, . . . , gm).

Remark 4.12. The condition that N−‖x‖22 ∈ P (g1, . . . , gm) is called the archimedean
condition (AC). When AC holds, the set S must be compact, but the reverse might
not be true. When AC fails, the conclusion of Putinar’s theorem might not be true.

Example 4.13. Not every compact set is AC. For instance, consider the set

S =

{
x ∈ R2 : x1 − 1

2
≥ 0, x2 − 1

2
≥ 0, 1− x1x2 ≥ 0

}
.

Clearly, it is compact. There are no SOS polynomials σi such that

N − (x2
1 + x2

2) = σ0 + (x1 − 1

2
)σ1 + (x2 − 1

2
)σ2 + (1− x1x2)σ3.

If they exist, then the maximum degree

D = max(deg(σ0), deg(σ3) + 2) ≥ 1 + max(deg(σ1), deg(σ2)).

When D = 2, it does not work. When D > 2, the highest even term of σ0+(1−x1x2)σ3

must vanish, which is not possible.

• Schmüdgen’s Positivstellensatz has a weaker assumption than Putinar’s Posi-
tivstellensatz, but the conclusion is also weaker.

• When f(x) is only nonnegative but not strictly positive on S, both Schmüdgen’s
and Putinar’s Positivstellensatz may fail.

• When f(x) is only nonnegative on S, then for any ε > 0 we have f(x) + ε ∈
M(g1, . . . , gm) or P (g1, . . . , gm). As ε →, typically the degree bounds of the
representation of f(x) + ε in M(g1, . . . , gm) or P (g1, . . . , gm) goes to infinity.
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Example 4.14. For every ε > 0, the polynomial 1− x2 + ε is positive on

S = {x ∈ R : (1− x2)3 ≥ 0}.

By Schmüdgen’s or Putinar’s Positivstellensatz, there exists SOS polynomials Pε, Qε

such that
1− x2 + ε = Pε(1− x2)3 +Qε.

It was shown by Stengle that

deg(Pε), deg(Qε) ≥ O(ε−1/2).

In the definition of preordering P (S) and quadratic module M(S), there is no
restriction on the degrees. In practice, we can only handle polynomials of finite degrees.
Thus, we need to define truncated prepordering and quadratic module as

P (N)(S) =





∑

ν∈{0,1}m
σνg

ν1
1 · · · gνmm : σν is SOS and deg(σνg

ν1
1 · · · gνmm ) ≤ 2N





M (N)(S) =

{
m∑
i=0

σi(x)gi(x) : σi is SOS and deg(σigi) ≤ 2N

}
.

If f ∈ P (N)(g1, . . . , gm) or M
(N)(g1, . . . , gm), then f(x) is nonnegative on S.

If p is a polynomial such that

p(x)[x]N−k[x]
T
N−k =

∑

α∈Nn:|α|≤2N

A(N)
α xα, k = ddeg(p)/2e

define the N-th localizing matrix of p as

L(N)
p (y) =

∑

α∈Nn:|α|≤2N

A(N)
α yα.

Note that L
(N)
1 (y) is the standard moment matrix MN(y).

Theorem 4.15. The dual cone of M (N)(S) is (g0 ≡ 1) is the set

M (N)(S)∗ =
{
y : L(N)

g0
(y) º 0, L(N)

g1
(y) º 0, . . . , L(N)

gm (y) º 0
}
.

4.3. Lasserre’s relaxation hierarchy

Let f(x), g1(x), . . . , gm(x) be polynomials in x ∈ Rn. Consider problem

(POP ) :

{
min f(x)
s.t. g1(x) ≥ 0, . . . , gm(x) ≥ 0.
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Let di = ddeg(gi)/2e and d = maxi di. Clearly, for any N ≥ d, (POP) is equivalent to

max γ
s.t. f(x)− γ is nonnegative on S

Using Putinar’s Positivstellensatz, we can get a lower bound for (POP) by using Sum
of Squares (SOS) approach. The Lasserre’s relaxation is the SOS program

(SOS)N :

{
f
(N)
sos := max γ

s.t. f(x)− γ ∈ M (N)(S)

Its dual is the SDP

(MOM)N :





f
(N)
mom := min

∑
α fαyα

s.t. L
(N)
g0 (y) º 0

L
(N)
g1 (y º 0

. . .

L
(N)
gm (y º 0

y0 = 1

The above dual can be interpreted as follows. The original (POP) is the same as

(POP )N :

min f(x)
s.t. g0(x)[x]N [x]

T
N º 0,

g1(x)[x]N−d1 [x]
T
N−d1

≥ 0
. . .
gm(x)[x]N−d1 [x]

T
N−dm

≥ 0.

For each k = 0, 1, . . . ,m, defined symmetric matrices A
(N,i)
α as

gk(x)[x]N−dk [x]
T
N−dk

=
∑

|α|≤2N

xαA(N,i)
α .

If we replace every monomial xα by a single parameter yα, then (POP )N is relaxed to

(MOM)N :





f
(N)
mom := min

∑
α fαyα

s.t.
∑

α yαA
(N,0)
α º 0∑

α yαA
(N,1)
α º 0

. . .∑
α yαA

(N,m)
α º 0

y0 = 1

They are precisely the localizing matrices of polynomials gi(x).

Theorem 4.16. Let (MOM)N , (POP )N be as above. Then we have
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• The optimal values f
(N)
sos , f

(N)
mom are always lower bounds for the global minimum

fmin of (POP).

• The problems (MOM)N and (SOS)N are dual to each other.

• When the feasible set has nonempty interior, we have f
(N)
sos = f

(N)
mom.

• If a minimizer y∗ of (MOM)N has rank one, then a global minimizer x∗ of (POP)
can be obtained by setting

x∗
1 = y∗1, . . . , x

∗
n = y∗n.

It is feasible for (POP).

• If the archimedean condition holds, then

lim
N→∞

f (N)
sos = lim

N→∞
f (N)
mom = fmin.

Example 4.17. Consider the cubic optimization

min x1x
2
2

s.t. 1− x2
1 − x2

2 ≥ 0.

The second order Lasserre’s relaxation is

min y12

s.t.




1− y20 − y02 y10 − y30 − y12 y01 − y21 − y03
y10 − y30 − y12 y20 − y40 − y22 y11 − y31 − y13
y01 − y21 − y03 y11 − y31 − y13 y02 − y22 − y04


 º 0,




1 y10 y01 y20 y11 y02
y10 y20 y11 y30 y21 y12
y02 y11 y02 y21 y12 y03
y20 y30 y21 y40 y31 y22
y11 y21 y12 y31 y22 y13
y02 y12 y03 y22 y13 y04



º 0.

5 Jacobian type SDP relaxation

Consider the optimization problem

min
x∈Rn

f(x)

s.t. h1(x) = · · · = hm1(x) = 0
g1(x) ≥ 0, . . . , gm2(x) ≥ 0

(5.1)

where f(x), gi(x), hj(x) are polynomial functions in x ∈ Rn. Let

m = min(m1 +m2, n− 1). (5.2)
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For convenience, we denote h(x) = (h1(x), . . . , hm1(x)) and g(x) = (g1(x), . . . , gm2(x)).
For a subset J = {j1, . . . , jk} ⊂ [m2], dennote

gJ(x) = (gj1(x), . . . , gjk(x)).

Let x∗ be a minimizer of (5.1). If J = {j1, . . . , jk} is the index set of gj(x
∗) = 0

and the KKT conditions hold at x∗, then there exist λi and µj(j ∈ J) such that

h(x∗) = 0, gJ(x
∗) = 0, ∇f(x∗) =

∑

i∈[m1]

λi∇hi(x
∗) +

∑
j∈J

µj∇gj(x
∗).

The above implies the Jacobian matrix of (f, h, gJ) is singular at x∗. For a subset
J ⊂ [m2], denote the determinantal variety of (f, h, gJ)’s Jacobian being singular by

GJ =
{
x ∈ Cn : rankBJ(x) ≤ m1 + |J |} , BJ(x) =

[∇f(x) ∇h(x) ∇gJ(x)
]
.

(5.3)
Then, x∗ ∈ V (h, gJ) ∩GJ where V (h, gJ) :=

{
x ∈ Cn : h(x) = 0, gJ(x) = 0

}
.

This motivates us to use gJ(x) = 0 and GJ to get tighter SDP relaxations for
(5.1). To do so, a practical issue is how to get a “nice” description for GJ? An obvious
description for GJ is that all its maximal minors vanish. But there are totally

(
n

m1+k+1

)
such minors (if m1 + k+1 ≤ n), which is huge for big n,m1, k. Can we define GJ by a
set of the smallest number of equations? Furthermore, the active index set J is usually
unknown in advance. Can we get an SDP relaxation that is independent of J?

5.1. Minimum defining equations for determinantal varieties

Let k ≤ n and X = (Xij) be a n × k matrix of indeterminants Xij. Define the
determinantal variety

Dn,k
t−1 =

{
X ∈ Cn×k : rankX < t

}
.

For any index set I = {i1, . . . , ik} ⊂ [n], denote by detI(X) the (i1, . . . , ik)× (1, . . . , k)-
minor of matrix X, i.e., the determinant of the submatrix of X whose row indices are
i1, . . . , ik and column indices are 1, . . . , k. Clearly, it holds that

Dn,k
k−1 =

{
X ∈ Cn×k : detI(X) = 0 ∀ I ∈ [n]k

}
.

The above has
(
n
k

)
defining equations of degree k. An interesting fact is that we do

not need
(
n
k

)
equations to define Dn,k

k−1. Actually nk− k2 +1 are enough. There is very
nice work on this issue. Bruns and Vetter [3] showed nk− t2 +1 equations are enough
for defining Dn,k

t−1. Later, Bruns and Schwänzl [2] showed nk − t2 + 1 is the smallest

number of equations for defining Dn,k
t−1. Typically, nk − t2 + 1 ¿ (

n
k

)
for big n and k.

A general method for constructing nk − t2 + 1 defining polynomial equations for Dn,k
t−1

was described in Chapt. 5 of [3]. Here we briefly show how it works for Dn,k
k−1.

Let Γ(X) denote the set of all k-minors of X (assume their row indices are strictly
increasing). For convenience, for any 1 ≤ i1 < · · · < ik ≤ n, we just denote by
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[i1, . . . , ik] the (i1, . . . , ik) × (1, . . . , k)-minor of X. Define a partial ordering on Γ(X)
as follows:

[i1, . . . , ik] < [j1, . . . , jk] ⇐⇒ i1 ≤ j1, . . . , ik ≤ jk,

k∑

`=1

i` <

k∑

`=1

j`.

If I = {i1, . . . , ik}, we also write I = [i1, . . . , ik] as a minor in Γ(X) for convenience.
For any I ∈ Γ(X), define its rank as

rk(I) = max
{
` : I = I(`) > · · · > I(1), every I(i) ∈ Γ(X)

}
.

The maximum minor in Γ(X) is [n− k+1, . . . , n] and has rank nk− k2 +1. For every
1 ≤ ` ≤ nk − k2 + 1, define

η`(X) =
∑

I∈[n]k,rk(I)=`

detI(X). (5.4)

Lemma 5.1 (Lemma (5.9), Bruns and Vetter [3]). It holds that

Dn,k
k−1 =

{
X ∈ Cn×k : η`(X) = 0, ` = 1, . . . , nk − k2 + 1

}
.

When k = 2, Dn,2
1 would be defined by 2n − 3 polynomials. The biggest minor is

[n− 1, n] and has rank 2n− 3. For each ` = 1, 2, . . . , 2n− 3, we clearly have

η`(X) =
∑

1≤i1<i2≤n: i1+i2=`+2

[i1, i2].

Every 2-minor of X is a summand of some η`(X).
When k = 3, Dn,3

2 can be defined by 3n − 8 polynomials of the form η`(X). For
instance of n = 6, the partial ordering on Γ(X) is shown in the following diagram.

125 //

((

126 //

((

136 //

((

146 //

((

156 // 256

((
123 // 124

66

((

135

66

//

((

145

66

//

((

236

66

//

((

246

66

((

356 // 456

134 //

66

234 //

66

235 //

66

245 //

66

345 // 346

66

In the above an arrow points to a bigger minor. Clearly, we have the expressions

η1(X) = [1, 2, 3], η2(X) = [1, 2, 4], η3(X) = [1, 2, 5] + [1, 3, 4],

η4(X) = [1, 2, 6] + [1, 3, 5] + [2, 3, 4], η5(X) = [1, 3, 6] + [1, 4, 5] + [2, 3, 5],

η6(X) = [1, 4, 6] + [2, 3, 6] + [2, 4, 5], η7(X) = [1, 5, 6] + [2, 4, 6] + [3, 4, 5],

η8(X) = [2, 5, 6] + [3, 4, 6], η9(X) = [3, 5, 6], η10(X) = [4, 5, 6].
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Every above ηi(X) has degree 3. Note that the summands [i1, i2, i3] from the same
ηi(X) have a constant summation i1+ i2+ i3. Thus, for each ` = 1, . . . , 3n−8, we have

η`(X) =
∑

1≤i1<i2<i3≤n: i1+i2+i3=`+5

[i1, i2, i3].

When k > 3 is general, Dn,k
k−1 can be defined by nk−k2+1 polynomials of the form

η`(X). For each ` = 1, 2, . . . , nk − k2 + 1, we similarly have the expression

η`(X) =
∑

1≤i1<···<ik≤n: i1+···+ik=`+(k+1
2 )−1

[i1, . . . , ik].

5.2. The exact Jacobian SDP relaxation

For every J = {j1, . . . , jk} ⊂ [m2] with k ≤ m−m1, by applying formula (5.4), let

ηJ1 , . . . , η
J
len(J) where len(J) = n(m1 + k + 1)− (m1 + k + 1)2 + 1

be the set of defining polynomials for the determinantal variety GJ defined in (5.3) of
the Jacobian of (f, h, gJ) being singular. For each i = 1, . . . , len(J), define

ϕJ
i (x) = ηJi (x) ·

∏
j∈Jc

gj(x), where J c = [m2]\J. (5.5)

For simplicity, list all possible polynomials ϕJ
i (x) in (5.5) sequentially as

ϕ1(x), ϕ2(x), . . . , ϕr(x), where r =
∑

J⊂[m2],|J |≤m−m1

len(J). (5.6)

Now wefine the variety

W = {x ∈ Cn : h1(x) = · · · = hm1(x) = ϕ1(x) = · · · = ϕr(x) = 0} . (5.7)

If the minimum fmin of (5.1) is achieved at a KKT point, then (5.1) is equivalent to

min
x∈Rn

f(x)

s.t. h1(x) = · · · = hm1(x) = 0,
ϕ1(x) = · · · = ϕr(x) = 0,
gν(x) ≥ 0, ∀ν ∈ {0, 1}m2 .

(5.8)

Here, we denote gν(x) = g1(x)
ν1 · · · gm2(x)

νm2 .
To construct an SDP relaxation for (5.8), we need to define localizing moment

matrices. Let q(x) be a polynomial with deg(q) ≤ 2N . Define symmetric matrices

A
(N)
α such that

q(x)[x]d[x]
T
d =

∑

α∈Nn:|α|≤2N

A(N)
α xα, where d = N − ddeg(q)/2e.
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Then the N -th order localizing moment matrix of q is defined as

L(N)
q (y) =

∑

α∈Nn:|α|≤2N

A(N)
α yα.

Here y is a moment vector indexed by α ∈ Nn with |α| ≤ 2N . Moreover, denote

Lf (y) =
∑

α∈Nn:|α|≤deg(f)

fαyα for f(x) =
∑

α∈Nn:|α|≤deg(f)

fαx
α.

The N -th order Lasserre’s relaxation for (5.8) is the SDP

f
(1)
N := min Lf (y)

s.t. L
(N)
hi

(y) = 0, i = 1, . . . ,m1,

L
(N)
ϕj (y) = 0, j = 1, . . . , r,

L
(N)
gν (y) º 0, ∀ν ∈ {0, 1}m2 , y0 = 1.

(5.9)

Compared to Schmüdgen type Lasserre’s relaxation, by (5.6), the number of new equa-

tions in (5.9) is r = O
(
2m2 · n · (m1 + m2)

)
. That is, r is of linear order in nm1 for

fixed m2, but is exponential in m2. So, when m2 is small or moderately large, (5.9) is
practical; but for big m2, (5.9) becomes more difficult to solve numerically. Now we
present the dual of (5.9). Define the truncated preordering P (N) generated by gj as

P (N) =





∑

ν∈{0,1}m2

σν(x)gν(x) : deg(σνgν) ≤ 2N



 , (5.10)

and the truncated ideal I(N) generated by hi and ϕj as

I(N) =

{
m1∑
i=1

pi(x)hi(x) +
r∑

j=1

qj(x)ϕj(x) :
deg(pihi) ≤ 2N ∀ i
deg(qjϕj) ≤ 2N ∀ j

}
. (5.11)

Then, as shown in Lasserre [8], the dual of (5.9) is the following SOS relaxation for
(5.8):

f
(2)
N := max γ

s.t. f(x)− γ ∈ I(N) + P (N).
(5.12)

Let f ∗ be the optimal value of (5.8). Then, by weak duality, we have the relation

f
(2)
N ≤ f

(1)
N ≤ f ∗. (5.13)

We are going to show that when N is big enough, (5.9) is an exact SDP relaxation

for (5.8), i.e., f
(2)
N = f

(1)
N = f ∗. For this purpose, we need the following assumption.
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Assumption 5.2. (i) m1 ≤ n. (ii) For any u ∈ S, at most n−m1 of g1(u), . . . , gm2(u)
vanish. (iii) For every J = {j1, . . . , jk} ⊂ [m2] with k ≤ n−m1, the variety V (h, gJ) =
{x ∈ Cn : h(x) = 0, gJ(x) = 0} is nonsingular (its Jacobian has full rank on V (h, gJ)).

Theorem 5.3. Suppose Assumption 5.2 holds. Let f ∗ be the minimum of (5.8). Then

there exists an integer N∗ > 0 such that f
(1)
N = f

(2)
N = f ∗ for all N ≥ N∗. Furthermore,

if the minimum fmin of (5.1) is achievable, then f
(1)
N = f

(2)
N = fmin for N ≥ N∗.

When the feasible set S of (5.1) is compact, the minimum fmin is always achievable.
Thus, Theorem 5.3 implies the following.

Corollary 5.4. Suppose Assumption 5.2 holds. If S is compact, then f
(1)
N = f

(2)
N = fmin

for N big enough.

A practical issue in applications is how to identify whether (5.9) is exact for a given
N . This would be possible by applying the flat-extension condition (FEC) [5]. Let y∗

be a minimizer of (5.9). We say y∗ satisfies FEC if rankL
(N)
gν (y∗) = rankL

(N−1)
gν (y∗) for

every ν. When FEC holds, (5.9) is exact for (5.1), and a finite set of global minimizers
would be extracted from y∗. We refer to [6] for a numerical method on how to do
this. A very nice software for solving SDP relaxations from polynomial optimization
is GloptiPoly 3 [7] which also provides routines for finding minimizers if FEC holds.
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