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1 An overview

Consider the optimization problem

min - f(z)
st. h(x)=---=hp(x) =0
g1(z) >0,...,Gm,(x) >0

where f(x),gi(x), h;(x) are polynomial functions in x € R™. Let S be its feasible set
and f,,;, be its global minimum. We are interested in finding f,,;,. This problem
is NP-hard, even when one of the polynomials is quadratic. A standard approach for
solving (5.1) is semidefinite programming (SDP) and Sum of Squares (SOS) relaxations
proposed in the original work by Lasserre, Parrilo and Sturmfels.

In this lecture series, we aim to understand the properties, both mathematical and
computational, of semidefinite programming, sum of squares, polynomial optimization,
and their applications. In particular, we want to work towards methods that will
enable the solution of optimization problems with feasible sets that are defined through
polynomial systems. There is a very interesting interaction between algebraic geometry
and convex optimization.

To understand better what is going on, we will embark in a journey to learn a wide
variety of methods used to approach these problems. Some of our stops along the way
will include:

e Some backgrounds
e Semidefinite programming
e Lasserre type SDP relaxation

e Jacobian type SDP relaxation

Several software for polynomial optimization are available. Typical ones are
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e GloptiPoly (using SeDuMi or SDPT3)
e SOSTOOLS (using SeDuMi or SDPT3)
e YALMIP (using SeDuMi or SDPT3)

2 Some backgrounds

2.1. Linear Algebra

A real matrix A € R™" is symmetric if A = A”.
Theorem 2.1. Suppose A € R™™ 1s symmetric. Then we have
o All the eigenvalues are real.
e Figenvectors for distinct eigenvalues are orthogonal to each other.
o There exists an orthogonal matrix Q) such that
QTAQ = diag(\y, ..., \n)
where Ay, ..., \, are the eigenvalues of A.
For a symmetric A € R™*", denote by A;(A) the i-th biggest eigenvalue of A.

Theorem 2.2. Suppose A € R™™ is symmetric. Then we have

o Ai(A) = max ZAE, and A (A) = min £

z#0
e Mazx-Min and Min-Max characterizations for \;(A):
T
zt Az
Ai(A) = min max ———.
SCR™  0£zeS xTx
dim(S)=n—i+1
T
zt Az
Ai(A) = max min ———.
SCR™ 0#zes aTx
dim(S)=:

e FEach eigenvalue of A is a critical value of optimization problem

min 2T Ax  subject to  zlx =1.

If a symmetric A € R™™" has eigenvalues such that
>‘1<A) > )‘T(A) >0= >‘r+1(A) == )‘r-&-S(A) > )‘7’+s+1(A) > 2 )‘r—&-s-l—t(A)a

we say the triple (r, s, t) is the inertia of A, and r — t is the signature of A.
For two symmetric A, B, if there exists invertible P such that A = PT BP, we say
A is congruent to B.



Theorem 2.3. If A, B are symmetric and congruent to each other, then they have the
same inertia and signature.

Proof. Use the min-max or max-min characterization of eigenvalues. O]

Definition 2.4. A symmetric matric A € SR™ ™ is called positive semidefinite if
2T Az > 0 for all x € R™, and is called positive definite if x7 Ax > 0 for all nonzero
x € R". The set of positive semidefinite matrices is denoted S, and the set of positive
definite matrices is denoted by ST .

If A is positive semidefinite (resp. positive definite), we denote A = 0 (resp. A > 0).
Theorem 2.5. The following statements are equivalent:

o The symmetric matriz A is positive semidefinite.

o All eigenvalues of A are nonnegative.

e All the principal minors of A are nonnegative.

e There exists B such that A = BT B.
Theorem 2.6. The following statements are equivalent:

o The symmetric matriz A is positive definite.

All eigenvalues of A are positive.

All the leading principal minors of A are positive.
e There exists nonsingular square matrix B such that A = BT B.
If X —Y >0, then we write X > Y.
Theorem 2.7. For two symmetric X,Y , if X =Y, then
Xi(X) > N(Y), for every i.
Here \;(+) denotes the i-th largest eigenvalue.
Proof. Use the characterization of A;(-). O
Congruent transformations preserve positive semidefiniteness.
Theorem 2.8. Let P be a nonsingular matrix.
e The A= 0 if and only if PTAP = 0.
e The A= 0 if and only if PTAP = 0.

If P is singular, then A = 0 implies PTAP = 0 (while the reverse might not).



Theorem 2.9 (Schur’s complement). Let A > 0. Then

A B T 4-1
{BT C}zo <— (C—-B"A'Bx0.
If matrices A, B satisfy
A B
|:BT 0:| >_- 07

then A >0 and B = 0.

2.2. Convex sets and optimization
Definition 2.10. A set S C R" is convez if x,y € S implies Az + (1 — N)y € S for all
A e 0,1].

Definition 2.11. Let S C R" be a convex set. A convex subset F' of S is called a face

of S if
M+ (1—-NyeF,reSyeS i el0,l] = uzyeF.

If a face F has codimension one in S, it is called a facet. If a face F = {x} is a
singleton, x s called an extremal point of S.

For any set S C R", its convex hull is the smallest convex set containing it, and is
denoted by conv(S5).

Definition 2.12. A set S C R" is a cone if \x € S for allz € S and X\ > 0.

A cone K is pointed if KN —K = {0}, and solid if the interior of K is not empty.
A cone that is convex, closed, pointed and solid is called a proper cone. Type proper
cones are

e Nonnegative orthant R’}.
e Laurenz cone £, = {(z,t) € R"™ . ||z]ls < t}.
e Positive semidefinite cone S7.

Definition 2.13. The dual of a cone K C R" is defined as
K'={yeR": (z,r) >0 VzeK}.

If K is a closed convex cone, then K = K**. The dual set of a proper cone is also
a proper cone, called the dual cone. An element x is in the interior of the cone K if
and only if
(r,y) >0, Vye K" y#0.



A standard linear conic optimization is

min ¢z

reR™

st. Ar=0b, €K
where A € R™*" and K is a proper cone. Its standard dual is

max by
yeR™

st. ¢c— ATy e K.
Here K™ is the dual cone of K.

e When K = R"”

v, it reduces to LP.

e When K = L, it reduces to second order cone programming (SOCP).

e When K = 8%, it reduces to semidefinite programming.

3 Semidefinite programming

A very important notion in modern optimization is convexity. Significant advances
have been made in this area. Efficient numerical methods have been developed.
A standard semidefinite programming (SDP) problem is

m}}n CeX
(P): st. A;,eX =0, i=1....m
X=XT>0

where all A; € SR™™ b € R™ C € SR ", e denotes the standard Frobenius inner
product, and X > 0 means X is positive semidefinite.

e When all A; and C are diagonal, (P) reduces to LP.
e When X is not symmetric, it is equivalent to symmetric case.

e Problem (P) is convex, but its boundary is typically highly nonlinear.

The dual problem of (P) is



Example 3.1. Consider the primal problem

min /eX
X

01 T
s.t. e X =2 X=X">0
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Its dual is

max 2y

Yy

s.t. {1 _y]to.

—y 1

Example 3.2. Consider the primal problem

H}}n Zi;ﬁj Xij

s.t. X11:"'Xnn:1, X:XTEO
Its dual is
max yi+...+Y,
Y
—y 1 .. 1
s.t. 1 —b2 =0
1 1 -y,

The condition that e Xe > 0 implies that any feasible X satisfy

So the optimal value is —n.

Theorem 3.3 (Weak Duality). For any X feasible for (P) and y feasible for (D), it
holds that
CeX>0bly.

e (P) can be formulated in (D), and (D) can be formulated in (P).
e If (P) is unbounded from below, (D) is not feasible.

e If (D) is unbounded from above, (P) is not feasible.

e Both (P) and (D) would be infeasible simultaneously.

Theorem 3.4 (Weak Duality). For any X feasible for (P) and y feasible for (D), it
holds that
CeX>0bly.

Let p* be the optimal value of (P), and d* be the optimal value of (D), then
p* > d.



Some remarks about (P) and (D)

e It is possible that p* and/or d* are not attainable. For example, consider

.10 1 -1 0 0 O
min [1 0].X’ s.t. [O O}.X__l’ [0 _JOX—O,XEO.

Its dual is

yr 1
— —
max —y; S.1. [ 1 yJ 0.

It holds that p* = d* = 0 but d* is not attainable.

e [t is possible that p* > d*. Consider

000 1 00 010
min ([0 0 0| ¢ X, s.t. 0 0 e X =0,|10 0feX=2 X>0.
0 01 0 00 0 0 2
Any feasible X for the above has the form
0 & &
& & & | =0
& & 1-&
So the optimal value p* = 1. The dual problem is
—Y2 —Y2 0
max 2y, S.t. —ys 0 0 > 0.

So the dual optimal value is d* = 0. Both p* and d* are attainable, but p* > d*.
e It is possible that (P) is infeasible (by convention p* = +00), but (D) is feasible

and d* is finite. Consider

. 100 10 01
min [0 0:|0X7 s.t. [0 O}OX—O, L O}OX—Q,XEO.

Clearly, the above primal SDP is infeasible, so p* = +o00. Its dual is
Y —Ye
2. = 0.
max 2y, 8.t {—yz 0 ] =0
The above dual SDP is feasible and d* = 0.



Denote the feasible sets of (P) and (D) as
F(P)={X € SR”": A(X)=0b, X =0},
Fo(P)={X € SR™: A(X)=b, X >0},

=1

F°(D) = {yERm : O_ZyiAi - 0}.
=1

In the above A(X) = (4,0 X,..., A, 0 X).

Theorem 3.5 (Strong Duality). Suppose F # 0 and F°(D) # 0. Then (P) has a
nonempty compact set of minimizers, and the optimal values of (P) and (D) are equal,
that s, p* = d*.

Theorem 3.6. If F°(P) # 0 and F°(D) # 0, then both (P) and (D) have a nonempty
compact set of minimizers, and p* = d*.

Theorem 3.7 (Optimality Condition). Suppose F°(P) # 0 and F°(D) # 0. Then X
is optimal for (P) and y is optimal for (D) if and only if

AX) =b
A(y)+85 =C
XS =0
X,S =0.

4 Lasserre type SDP relaxation

Lasserre’s relaxation is a typical approach to solve polynomial optimization by using
semidefinite programming and sum of squares techniques. We begin with a short review
of SOS polynomials.

Let p(x) € Rlz] := Rlzy,...,x,]. We say p(x) is positive semidefinite (psd) or
nonnegative if p(u) > 0 for every u € R". We say p(x) is sum of squares (SOS) if there
exist real polynomials ¢;(x), ..., ¢.(z) such that

p(x) = qi(2)* + - + g, (2)*.
Clearly, if p(z) is SOS, then p(x) is psd.

e The polynomial 227 4 223z — 2223 + 523 is SOS, equaling

1
5 ((Qxf — 375 + 1122)° + (25 + 3x1x2)2>‘



e The polynomial 2} — (2zox3 + 1)2? + (2323 + 22923 + 2) is SOS, equaling

1+ 22 4+ (1 — 23 + 2923)?

e The polynomial 3(z] 4 23 + 23 + 2] — 4dx1222374) is SOS, being

(o7 + a3 — o3 — 27)* + (o] + 23 — 2F — 27)? + (o] + 2F — 25 — 23)*+
2(x 29 — w374)% + 2(x103 — 12x4)? + 2(T174 — ToT3)?.

Note that not every nonnegative polynomial is SOS. For example, the Motzkin
polynomial
M(z,y,2) = 2y + 2%y* 4 20 — 322y?2?

is psd but not SOS.

4.1. Cone of nonnegative polynomials

Denote two sets of polynomials
Pooa=Af €Rlzy,...,z,]: f(x)is psd of degree 2d},
Ynoa={f €Rlzy,...,2z,) : f(z) is SOS of degree 2d}.
Theorem 4.1 (Hilbert, 1888). The equality P, 2q = Xy,24 holds if and only if
n=1, or 2d=2, or (n,2d)=(2,4).

Let f(x) € R[zy,...,2,)2q. Let [x]g denote the column vector of all monomials of
degree at most d. Define symmetric matrices A, such that

lala]f = ) Aaz®.

la|<2d
Then f(z) is SOS if and only if there exists X > 0 such that
fla) = [a]§ X [2]a,
or equivalently by comparing coefficients
fa=As0X, V]|a| <2d.
Testing whether f(x) is SOS would be done by
finding X =0, A,eX =/f,, V]a| <2d.

This is an SDP feasibility problem.



Example 4.2. The polynomial p(z) = 2z + 22329 — 2223 + 523 has representation

T
x? 2 —« 1 x?
x3 —a 5 0 x2

L1229 1 0 —142a| |12

G

p(z)is SOS <=3 G =0
When o = 3, the Gram matrix G is positive semidefinite.

For any vector y indexed by o € N, define its moment matrix as

Md<y) = Z yaAa

la<2d

For instance, n = 2,d = 2, 3 ,, consists of all y such that My(y) = 0, where
-yoo Yo Yo1 Y20 Y1 yoz_
Yo Y20 Y11 Yo Y21 Y12
M, (y) _ |Yo2 Y1 Yoz Y21 Y12 Yo3
Y20 Y30 Y21 Ya0 Y31 Y22
Y11 Y21 Y12 Y31 Y22 Y13
[Yo2 Y12 Yo3 Y22 Y13 Yod ]

Theorem 4.3. The dual cone X, o, is {y : Ma(y) = 0}.
Proof. Suppose y € X, ,;, then
ffy>0, VfeD,
Write f(z) = [#]} X[z]s = X o ([z]4[z]}), then comparing coefficients gives
My = X o ([zldfa]s) = X o My(y) 20, VX = 0.

We clearly have My(y) = 0.
The other direction would be obtained by applying Hahn-Banach Theorem.

Let f(z) € R[z] of degree 2d. Consider problem

rER"™
It is NP-hard to find f,.;,. It is equivalent to
fmin = max 7y

st. f(x)—~y>0Ve € R™
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Replacing psd by SOS, we get the relaxation

fsos = max 7y
sit. f(x)—~is SOS.

The constraint above is f(z) — v € X, 04. If we write f(z) = Z|a\g2d fax®, the above
is equivalent to the SDP

fsos = max v
(P) . s.t. AO [ ] X -+ ’}/ = fo,
A, e X = fo, Va#0.

The dual of the above SDP is

. fmom = min Za fozya
(D) : { s.it. My(y) = 0,y0 = 1.

Theorem 4.4. The primal (P) and dual (D) satisfy the following properties:
(1) The dual problem (D) has nonempty interior.
(2) (P) and (D) have the same optimal value, that is, fsos = fmom < fmin-

(3) (P) has a minimizer, that is, fsos s attainable in (P), while (D) might not achieve
its max value.

(4) If y* is a mazimizer of (D) and rank My(y*) = 1, then fsos = fumom = fmin, and
a global minimizer of f(z) can be obtained.

Example 4.5. Consider the problem of minimizing the bivariate polynomial
o]+ (z129 — 1)
The dual version of the SOS relaxation is the SDP:

min - Yz + Y22 — 2y11 + 1

I 910 Yor Y20 Y11 Yo2
Yo Y20 Y11 Yo Y21 Y12
Yoz Y11 Yoz Y21 Y12 Yoz | 0.
Y20 Yso Y21 Ya0 Y31 Y22
Y11 Y21 Y12 Y31 Y22 Y13
| Yo2 Y12 Yo3 Y22 Y13 Yoa |

s.t.

The optimal y5, = 0,97, = 1,5, = 1.
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4.2. Polynomials nonnegative on a set S

Let S C R™ be a basic closed semialgebraic set, i.e., there exists polynomials
g1(2), .., gm(z) such that

S ={zeR": ¢g4(x) >0,...,g9m(x) > 0}.

A polynomial f(z) is called nonnegative on S if
f(u) >0 VYuelsS.
A polynomial f(z) is called positive on S if
f(u) >0 Vuels.

We are interested in sufficient and/or necessary conditions for a polynomial f(x) pos-
itive or nonnegative on a set S.

Definition 4.6. The preordering of polynomials g, (z), ..., gm(x) is the set

P(S) = Z o, (z)gi ()" - gm(x)™ :  each o, is SOS

ve{0,1}m

The quadratic module of polynomials g,(x), ..., gm(x) is the set

M(S) = {Z oi(x)gi(x):  each o; is SOS }

Here go(x) = 1.

Theorem 4.7. The sets P(g1,...,9m) and M(g1,...,gm) are conver.
o If f(x) € P(g1,---,9m), then f(x) is nonnegative on S.
o If f(x) € M(g1,-..,9m), then f(z) is nonnegative on S.

Theorem 4.8 (Schmiidgen, 1991). Let S = {x € R": gi(x) > 0,...,gm(x) > 0} be a
compact set. If f(x) is positive on S, then f(x) € P(g1,..., gm)-

Example 4.9. The quadratic f = x,25 + 1 is positive on 272 < 1. We have

1 1 1
T1xe+1 = §(x1 + 19)% + 3 + 5(1 — 2 —23).
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Example 4.10. If f(z) is only nonnegative on S, then Schmiidgen’s theorem may not
be true. For example, consider

flxy=1-2% S={1-2%°>0}.
Suppose there are SOS polynomials o, ¢ such that
1 -2 =o(z) + ¢(z)(1 — 2*)°.

Then —1 must be a root of o(x) with multiplicity 2, but it has multiplicity 1 on the
left.

Theorem 4.11 (Putinar, 1993). Let S = {z € R" : gi1(z) > 0,...,gm(z) > 0} be a
compact set. Suppose there exists N > 0 such that

N — qug € M(glaagm)
If f(x) is positive on S, then f(x) € M(g1,--.,m)-

Remark 4.12. The condition that N —||z||3 € P(gy,. .., gm) is called the archimedean
condition (AC). When AC holds, the set S must be compact, but the reverse might
not be true. When AC fails, the conclusion of Putinar’s theorem might not be true.

Example 4.13. Not every compact set is AC. For instance, consider the set
9 1 1
S=<xeR": x1—§20,x2—520,1—x1x220 )
Clearly, it is compact. There are no SOS polynomials ¢; such that

1 1
N — (23 +23) = o9+ (1 — 5)01 + (29 — 5)0’2 + (1 — z129)03.

If they exist, then the maximum degree
D = max(deg(oy),deg(o3) +2) > 1+ max(deg(oy), deg(o2)).

When D = 2, it does not work. When D > 2, the highest even term of 0y+ (1 —x125)03
must vanish, which is not possible.

e Schmiidgen’s Positivstellensatz has a weaker assumption than Putinar’s Posi-
tivstellensatz, but the conclusion is also weaker.

e When f(x) is only nonnegative but not strictly positive on S, both Schmiidgen’s
and Putinar’s Positivstellensatz may fail.

e When f(z) is only nonnegative on S, then for any € > 0 we have f(x) + € €
M(g1,---ygm) or P(g1,...,9m). As € —, typically the degree bounds of the
representation of f(z) 4+ e in M(g1,...,gm) or P(g1,...,gm) goes to infinity.
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Example 4.14. For every € > 0, the polynomial 1 — 22 + € is positive on
S={reR: (1-2*°>0}

By Schmiidgen’s or Putinar’s Positivstellensatz, there exists SOS polynomials P,, Q).
such that
1—24+¢e = P(1-2°)°+Q..

It was shown by Stengle that
deg(P.), deg(Q.) > O(™2).

In the definition of preordering P(S) and quadratic module M(S), there is no
restriction on the degrees. In practice, we can only handle polynomials of finite degrees.
Thus, we need to define truncated prepordering and quadratic module as

PM(S) = Z o971 - gim s o, is SOS and deg(o,g7* -+ - gim) < 2N

ve{0,1}m

M(N)(S) = {i oi(z)gi(x): 0,18 SOS and deg(o;9;) < QN} )

1=0

If f€ PM(g,...,gm) or MV (gy,... gm), then f(x) is nonnegative on S.

If p is a polynomial such that

p@)alvalely = ), A2 k= [deg(p)/2]

aeN":|a|<2N

define the N-th localizing matriz of p as

N N
L) = > ANy,

aeN":|a|<2N
Note that LgN) (y) is the standard moment matrix My (y).
Theorem 4.15. The dual cone of MMN)(S) is (go = 1) is the set

= {y: L (y) =0, LIV =0, ..., LM(y)=0}.

am

4.3. Lasserre’s relaxation hierarchy

Let f(z),g1(x),..., gm(z) be polynomials in x € R". Consider problem

, min  f(z)
(POP) { st. gi(z) >0,...,gm(z) > 0.
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Let d; = [deg(g;)/2] and d = max; d;. Clearly, for any N > d, (POP) is equivalent to

max 7y
s.t. f(x) —~ is nonnegative on S

Using Putinar’s Positivstellensatz, we can get a lower bound for (POP) by using Sum
of Squares (SOS) approach. The Lasserre’s relaxation is the SOS program

fg? ‘= max

(SOS)y : { st. flz)—~e MM(S)

Its dual is the SDP

( f'r(n]\z;)n = min Za faya
st. LY(y) =0

(MOM)N

\ y():l

The above dual can be interpreted as follows. The original (POP) is the same as

min f(x)
st go(x)[z]nlz]ly = 0,
(POP)y : g1 (@) 2] N-a, [2]y_q, = 0

gm(@)[2]N-a[2]N—q,, = 0.

For each £ =0,1,...,m, defined symmetric matrices AN a9
91(@)[] N g, [T _q, = Z 2 AN,
la|<2N

If we replace every monomial z* by a single parameter y,, then (POP)y is relaxed to

([ fltom = min ¥, fala
CR D DN yaAgN’O) =0
N,
(MOM)y Yo taAs = 0
Za yaAg‘N’m) i 0
. Yo=1

They are precisely the localizing matrices of polynomials g; ().

Theorem 4.16. Let (MOM)y, (POP)N be as above. Then we have

15



e The optimal values fs((];\é), fﬁ\% are always lower bounds for the global minimum

fmin of (POP).
The problems (MOM )y and (SOS)n are dual to each other.

When the feasible set has nonempty interior, we have fs(é\sf) = fﬁg) )

If a minimizer y* of (MOM )y has rank one, then a global minimizer x* of (POP)
can be obtained by setting

It is feasible for (POP).

If the archimedean condition holds, then

f(N) _

S0s

: : N) _— .
dim f0 = Jim o = Join

Example 4.17. Consider the cubic optimization

min ;23
st. 1—x?—x5>0.

The second order Lasserre’s relaxation is

min Yo
I — w20 —Yo2 Y10 — Y30 — Y12 Yo1 — Y21 — Yo3
s.t. Y10 — Y30 — Y12 Y20 — Ya0 — Yoo Y11 — Y31 —y13| = 0,
[ Yo1 — Y21 — Yo3 Y11 — Y31 — Y13 Yoz — Y22 — Yo4

I w0 Yo Y20 Y11 Yo2
Yo Y20 Y11 Y30 Y21 Y12
Yo2 Y11 Yoz Y21 Y12 Yo3 - 0.
Y20 Y30 Y21 Yao Y31 Y22
Y11 Y21 Y12 Y31 Y22 Y13
[Yo2 Y12 Yo3 Y22 Y13 Yod ]

5 Jacobian type SDP relaxation

Consider the optimization problem

m%gn f(z)
z€R™
St h(@) = o = By (2) = 0 (5.1)
gl(ilf) Z 07 L 7gm2<:[;> Z O
where f(z), g;(x), hj(x) are polynomial functions in x € R". Let
m = min(m; + mg,n — 1). (5.2)
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For convenience, we denote h(x) = (hi(x),..., hy, () and g(z) = (g1(x), ..., gm,(T)).
For a subset J = {j1,...,jr} C [ma], dennote

9.(x) = (g5, (%), - -, g5, (2))-

Let z* be a minimizer of (5.1). If J = {j1,...,Jx} is the index set of g;(z*) = 0
and the KKT conditions hold at z*, then there exist A; and p;(j € J) such that

h(z™) =0, gs(") =0, = > ANVhi(a*) + > pVg,(a*

i€[m1] jeJ

The above implies the Jacobian matrix of (f,h,gs) is singular at z*. For a subset
J C [my], denote the determinantal variety of (f,h,gs)’s Jacobian being singular by

Gy={zeC":rank B’ (z) <my +|J|}, B’(2)=[V[f(z) Vh(z) Vgs(z)].
(5.3)
Then, z* € V(h,g;) NG, where V(h,g;) := {z € C": h(z) =0, g,(z) = 0}.

This motivates us to use g;(z) = 0 and G to get tighter SDP relaxations for
(5.1). To do so, a practical issue is how to get a “nice” description for G ;7 An obvious
description for G is that all its maximal minors vanish. But there are totally (mlfk +1)
such minors (if m; +k + 1 < n), which is huge for big n,my, k. Can we define G; by a
set of the smallest number of equations? Furthermore, the active index set J is usually

unknown in advance. Can we get an SDP relaxation that is independent of J?

5.1. Minimum defining equations for determinantal varieties

Let £ < n and X = (X;;) be a n x k matrix of indeterminants X,;. Define the
determinantal variety

Dt = {X eC™: rank X < t}.

For any index set I = {i1,...,ix} C [n], denote by det;(X) the (i1,...,i) x (1,...,k)-
minor of matrix X, i.e., the determinant of the submatrix of X whose row indices are
i1, ...,1 and column indices are 1,..., k. Clearly, it holds that

DM ={X eC™ : det;(X)=0 VIE€n}.

The above has (") defining equations of degree k. An interesting fact is that we do

not need ( ) equations to define D;"",. Actually nk — k? + 1 are enough. There is very
nice work on this issue. Bruns and Vetter 3] showed nk —t* + 1 equations are enough
for defining D}". Later, Bruns and Schwéinzl 2] showed nk — t? + 1 is the smallest
number of equations for defining Dt 1. Typically, nk — 1 + 1 < ( ) for big n and k.
A general method for constructing nk — t? + 1 defining polynomial equations for Dt_1
was described in Chapt. 5 of [3]. Here we briefly show how it works for D},

Let I'(X') denote the set of all k-minors of X (assume their row indices are strictly
increasing). For convenience, for any 1 < iy < --- < i < n, we just denote by

17



[i1,...,ix] the (i1,...,4) X (1,...,k)-minor of X. Define a partial ordering on I'(X)
as follows:

k k
[i17"'7ik]<[j1a"'7jk] — Zlgjlaalkg.]kvzzf<z.]€
=1 =1
If I = {i,..., i}, we also write I = [iy,...,i] as a minor in I'(X) for convenience.

For any I € I'(X), define its rank as

rk(I)=max{¢: [ =1 > ... > 10 every IV el(X)}.

The maximum minor in I'(X) is [n —k+1,...,n] and has rank nk — k? + 1. For every
1</l <nk—k?>+1, define
n(X) = > dety(X). (5.4)

I€[n)g,rk(l)=¢L
Lemma 5.1 (Lemma (5.9), Bruns and Vetter [3]). It holds that
D ={XeC™  n(X)=0,0=1,...,nk —k*+1}.

When £ = 2, D{L’2 would be defined by 2n — 3 polynomials. The biggest minor is
[n — 1,n] and has rank 2n — 3. For each £ = 1,2,...,2n — 3, we clearly have

ne(X) = Z [21, 42].

1<y <ig<n:iy+ig=0+2

Every 2-minor of X is a summand of some 7,(X).
When k = 3, D5® can be defined by 3n — 8 polynomials of the form 7,(X). For
instance of n = 6, the partial ordering on I'(X') is shown in the following diagram.

125 126 136 146 156 256

RN . .

135 145 236 246 356 — 456

Nl SN

34 234 235 245 345 346

In the above an arrow points to a bigger minor. Clearly, we have the expressions
771(X) = [1? 2, 3]7 772<X) = [17 2’4]7 773(X> = [17 2, 5] + [L 3, 4]’

m(X) =1[1,2,6] + [1,3,5] +[2,3,4], n5(X)=11,3,6]+[1,4,5] + [2,3, 5],
ne(X) =[1,4,6] + [2,3,6] +[2,4,5], n(X)=1[1,5,6]+[2,4,6] + [3,4,5],
ns(X) =1[2,5,6] +[3,4,6], mno(X)=13,5,6], mo(X)=1[4,5,6].
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Every above 7;(X) has degree 3. Note that the summands [iy,i2,43] from the same
7;(X) have a constant summation i; 445 +143. Thus, for each ¢ =1,...,3n—8, we have

7’]((X> = Z [il,ig,ig].

1<i1<ig<iz<n:i1+iz+iz=¢+5

When £ > 3 is general, DZfl can be defined by nk — k% + 1 polynomials of the form
ne(X). For each ¢ =1,2,...,nk — k* + 1, we similarly have the expression

W(X): Z [’Ll,,lk]

1<ty <+ <ig <midy+tip= £+(’“+1) 1

5.2. The exact Jacobian SDP relaxation
For every J = {ji1,...,jk} C [me] with k < m — my, by applying formula (5.4), let
nl, ... ,nlJen(J) where len(J)=n(m;+k+1)— (my +k+1)*+1

be the set of defining polynomials for the determinantal variety G; defined in (5.3) of
the Jacobian of (f,h,gs) being singular. For each i = 1,...,len(J), define

ol (z) = nf( H gj(x where  J¢ = [mo]\J. (5.5)

jeJe

For simplicity, list all possible polynomials ¢/ (x) in (5.5) sequentially as

o1(2), o), ..., o (x), where r= Z len(J). (5.6)

JC[mal,|J|<m—my

Now wefine the variety

W={zeC": )= =hp(x)=pi ()= =¢(x) =0}. (5.7)
If the minimum f,,;,, of (5.1) is achieved at a KKT point, then (5.1) is equivalent to
min - f(z)
pr(a) = = gp(2) =0,

g,(x) >0, Vv e {0,1}7m.

Here, we denote g,(x) = g1(x)" + -+ g, (x) 2.
To construct an SDP relaxation for (5.8), we need to define localizing moment
matrices. Let g(x) be a polynomial with deg(q) < 2N. Define symmetric matrices

A&N) such that

q(z)[z]a[x)] = Z AWMz where d= N — [deg(q)/2].

a€eN™:|a|<2N
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Then the N-th order localizing moment matrix of ¢ is defined as

N N
Yy = > Ay,

aeN":|a|<2N

Here y is a moment vector indexed by a € N" with |o| < 2N. Moreover, denote

Lf<y) = Z JalYa  for f(x) = Z faz®.

aeN™:|a|<deg(f) aeN™:|a|<deg(f)

The N-th order Lasserre’s relaxation for (5.8) is the SDP

f](vl) ==min L(y)

(5.9)

Compared to Schmiidgen type Lasserre’s relaxation, by (5.6), the number of new equa-
tions in (5.9) is r = O<2m2 -n- (my + m2)>. That is, r is of linear order in nm, for

fixed my, but is exponential in ms. So, when my is small or moderately large, (5.9) is
practical; but for big msy, (5.9) becomes more difficult to solve numerically. Now we
present the dual of (5.9). Define the truncated preordering P™N) generated by gj as

p) — Z o,(x)g,(z) : deg(o,9,) < 2N 3, (5.10)
ve{0,1}m2

and the truncated ideal IN) generated by h; and ©; as

1<N>:{Zpi<x>hi<x>+ij<x>¢j<x>: TR S } (5.11)

Then, as shown in Lasserre [8], the dual of (5.9) is the following SOS relaxation for
(5.8):
f](\?) ‘= max vy

S.t. f(x) —-~€ TN 4 p(N) (5.12)

Let f* be the optimal value of (5.8). Then, by weak duality, we have the relation
<< (5.13)

We are going to show that when N is big enough, (5.9) is an exact SDP relaxation
for (5.8), i.e., f(z) = f](vl) = f*. For this purpose, we need the following assumption.
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Assumption 5.2. (i) my < n. (ii) For anyu € S, at most n—my of g1(u), ..., Gm,(u)
vanish. (i) For every J = {j1,...,Jx} C [ma] with k < n—my, the variety V(h,g;) =
{z € C": h(z) =0, gs(x) = 0} is nonsingular (its Jacobian has full rank on V(h,g;)).

Theorem 5.3. Suppose Assumption 5.2 holds. Let f* be the minimum of (5.8). Then
there exists an integer N* > 0 such that f](\,}) = J(\?) = f* for all N > N*. Furthermore,
if the minimum fo., of (5.1) is achievable, then f(l) = J(\?) = foin for N > N*.

When the feasible set S of (5.1) is compact, the minimum f,,;, is always achievable.
Thus, Theorem 5.3 implies the following.

Corollary 5.4. Suppose Assumption 5.2 holds. If S is compact, then f](vl) = fz(\?) = fin
for N big enough.

A practical issue in applications is how to identify whether (5.9) is exact for a given
N. This would be possible by applying the flat-extension condition (FEC) [5]. Let y*
be a minimizer of (5.9). We say y* satisfies FEC if rank LY (y*) = rank Lézy_l)(y*) for
every v. When FEC holds, (5.9) is exact for (5.1), and a finite set of global minimizers
would be extracted from y*. We refer to [6] for a numerical method on how to do
this. A very nice software for solving SDP relaxations from polynomial optimization
is GloptiPoly 3 [7] which also provides routines for finding minimizers if FEC holds.
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