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LARGE RANDOM STRICT PLANE PARTITIONS

MIRJANA VULETIĆ∗

1. A measure on strict plane partitions

Consider the following two figures:
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Both these figures represent a plane partition – an infinite matrix with nonnegative integer
entries that form nonincreasing rows and columns with only finitely many nonzero entries.
The second figure shows the plane partition as a 3-dimensional object where the height of
the block positioned at (i, j) is given with the (i, j)th entry of our matrix.

Each diagonal of a plane partition is an (ordinary) partition – a nonincreasing sequence
of nonnegative integers with only finitely many nonzero elements. A strict partition is
an ordinary partition with distinct positive elements. The example given above has all
diagonals strict and so it is a strict plane partition – a plane partition whose diagonals are
strict partitions.

For a plane partition π one defines the volume |π| to be the sum of all entries of the cor-
responding matrix, and k(π) to be the number of “white terraces” – connected components
of white rhombi of the 3-dimensional representation of π. 1

For a real number q, 0 < q < 1, we define a probability measure Mq on the set of strict
plane partitions as follows. If π is a strict plane partition we set

Mq(π) ∝ 2k(π)q|π|.

The normalization constant is given by the shifted MacMahon’s formula:

∑

π is a strict
plane partition

2k(π)q|π| =

∞
∏

n=1

(

1 + qn

1 − qn

)n

. (1.1)

This formula has appeared very recently in [FW] and [V1]. This is a shifted version of the
famous MacMahon’s formula:

∑

π is a plane
partition

q|π| =
∞
∏

n=1

(

1

1 − qn

)n

. (1.2)

The limit shape of large strict plane partitions distributed according to Mq is shown in
the figure on the left. It is parameterized on the domain representing a half of the amoeba2

of the polynomial P (z, w) = −1 + z + w + zw (the figure on the right).

∗Mathematics 253-37, California Institute of Technology, Pasadena, CA 91125. E-mail:
vuletic@caltech.edu.

1For the given example |π| = 35 and k(π) = 7.
2The amoeba of a polynomial P (z, w) is {(ξ, ω) = (log |z|, log |w|) ∈ R2 | (z, w) ∈ (C\{0})2 , P (z, w) = 0}.
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2. The shifted Schur process

The measure described above is a special case of the shifted Schur process. This is a
measure on sequences of strict (ordinary) partitions. We define it as an analogy with the
Schur process introduced in [OR] that is a measure on sequences of (ordinary) partitions
and as a generalization of the shifted Schur measure introduced by [TW] and [Mat].

The Schur process has been extensively studied in recent years and has various applica-
tions.

The shifted Schur process is defined using symmetric Schur P and Q functions that
appear in the theory of projective representations of the symmetric groups.

Let Λ denote the algebra of symmetric functions. A specialization of Λ is an algebra
homomorphism Λ → C. If ρ is a specialization and f ∈ Λ then we use f(ρ) to denote the
image of f under ρ.

Let ρ = (ρ+
0 , ρ−

1 , ρ+
1 , . . . , ρ−

T ) be a finite sequence of specializations. The shifted Schur
process is a measure that to a sequence of strict partitions λ = (λ1, λ2, . . . , λT ) assigns

Prob(λ) ∝
∑

µ

Qλ1(ρ+
0 )Pλ1/µ1(ρ−

1 )Qλ2/µ1(ρ+
1 ) . . . QλT /µT−1(ρ+

T−1)PλT (ρ−
T ),

where the sum goes over all sequences of strict partitions µ = (µ1, µ2, . . . , µT−1).
Let X = {(xi, ti) : i = 1, . . . , n} ⊂ N × [1, 2, . . . , T ] and let λ = (λ1, λ2, . . . , λT ) be a

sequence of strict partitions. We say that X ⊂ λ if xi is a part (nonzero element) of the
partition λti for every i = 1, . . . , n. The correlation function is defined by

ρ(X) = Prob(X ⊂ λ).

The shifted Schur process is a Pfaffian process, i.e. its correlation functions can be
expressed as Pfaffians of a certain kernel:

Theorem 2.1. Let X ⊂ N × [1, 2, . . . T ] with |X | = n. The correlation function has the

form

ρ(X) = Pf(MX)

where MX is a skew-symmetric 2n × 2n matrix

MX(i, j) =











Kxi,xj
(ti, tj) 1 ≤ i < j ≤ n,

(−1)xj′ Kxi,−x′

j
(ti, tj′) 1 ≤ i ≤ n < j ≤ 2n,

(−1)xi′+xj′ K−xi′ ,−xj′
(ti′ , tj′ ) n < i < j ≤ 2n,

where i′ = 2n − i + 1 and Kx,y(ti, tj) is the coefficient of zxwy in the formal power series

expansion of
z − w

2(z + w)
J(z, ti)J(w, tj)

in the region |z| > |w| if ti ≥ tj and |z| < |w| if ti < tj.

Here J(z, t) is given with

J(t, z) =
∏

t≤m

F (ρ−
m; z)

∏

m≤t−1

F (ρ+
m; z−1),

where F (x; z) =
∏

i(1 + xiz)/(1 − xiz).
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The proof relies on two tools. One is the Fock space associated to strict plane partitions
and the other one is a Wick type formula that yields a Pfaffian.

We use the theorem above to obtain the correlation functions for Mq and to study the
bulk scaling limit of the correlation functions when q → 1. This allows us to obtain the
limit shape.

These results can be found in [V1].

3. Generalized MacMahon’s formula

In [V2] we generalize both formulas (1.1) and (1.2). Namely, we define a polynomial
Aπ(t) that gives a generating formula for plane partitions of the form

∑

π∈P(r,c)

Aπ(t)q|π| =

r
∏

i=1

c
∏

j=1

1 − tqi+j−1

1 − qi+j−1

with the property that Aπ(0) = 1 and

Aπ(−1) =

{

2k(π), π is a strict plane partition,

0, otherwise,

where P(r, c) are plane partitions with at most r rows and c columns. We describe Aπ(t)
below.

If a box (i, j) belongs to a connected component C then we define its level h(i, j) as the
smallest positive integer such that (i + h, j + h) does not belong to C. A border component

is a connected subset of a connected component where all boxes have the same level. Border
components and their levels are shown in the figure below:

levels

1

2

3

Let (n1, n2, . . . ) be a sequence of nonnegative integers where ni is the number of i-level
border components of π. We set

Aπ(t) =
∏

i≥1

(1 − ti)ni .

For the example above Aπ(t) = (1 − t)10(1 − t2)3(1 − t3)2.
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[V1] M. Vuletić, The Shifted Schur Process and Asymptotics of Large Random Strict Plane Partitions;

Int. Math. Res. Notices (2007), Vol 2007, article ID rnm043, 53 pages, arXiv: math-ph/0702068
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RESEARCH ABSTRACT—MONICA VAZIRANI

My research is in the fields of algebra and combinatorics, and my area of expertise is
the representation theory of Hecke algebras. Hecke algebras arise naturally in many areas
of mathematics and physics, such as quantum groups, quantum field theory, statistical me-
chanics, and knot theory. I study their irreducible representations (a.k.a. simple modules),
which are the most basic objects whose symmetries are encoded in this algebra.

My research program is driven by extracting combinatorial structure from non-semisimple
representation-theoretic phenomena.

I am interested in understanding the representation theory of affine, cyclotomic, and
double affine Hecke algebras. These algebras can be thought of as deformations of the group
algebra of the wreath product of a Coxeter group (e.g. the symmetric group) with a lattice.
One of the primary methods of attack to understand the simple modules of Hecke algebras
is to “glue” these basic objects together in such a way that their global controlling structure
is apparent. For the affine Hecke algebra, the controlling structure is called a crystal graph,
an object which comes from an entirely different area of representation theory, that of Lie
theory, which is very central to modern mathematics. Such a rigid structure may exist for
the double affine Hecke algebra, but has yet to be discovered, and this is the focus of my
current and future research.

A “multiplicity-one” result (joint with Grojnowski) laid the foundation for later work
of Grojnowski who realized the structure of an integrable highest weight representation of
an affine Lie algebra on the representation category of the cyclotomic Hecke algebras and
showed their crystal graphs controlled the behavior of the simple modules. It also generalized
the multiplicity-free results of Kleshchev and Brundan-Kleshchev for the symmetric group
in arbitrary characteristic. This work can be seen as giving a categorification of integrable
highest weight modules. Related ideas have been further developed in the literature. One
such example is the work of Chuang-Rouquier, who gave a class of examples where Broue’s
conjecture holds.

This powerful viewpoint has led to a deeper understanding of the representation theory.
It is both surprising and beautiful that crystals appear in this Hecke-theoretic context

naturally. A crystal graph is a combinatorial object that was created by Kashiwara to
encode algebraic information of modules over quantized universal enveloping algebras. Their
definition was motivated by mathematical physics in the context of the quantum spin chain
in statistical mechanics. Representations of quantum algebras describe integrable systems
(in particular the 2-dimensional lattice statistical system), and their crystal graphs reflect
the simpler behavior of the model as temperature goes to absolute zero. The crystal graph
of a representation has proved to be an amazing tool for studying it.

A crystal graph is a picture (a sort of skeleton) of a single irreducible representation of
a quantum algebra or Lie algebra. The work of Grojnowski says it is also a picture of every
irreducible representation of a whole family of Hecke algebras glued together. For the affine
Hecke algebra Hn, that glue comes from the fact that the algebras are nested Hn ⊆ Hn+1,
and so the functors of induction and restriction let us pass back and forth between their
simple modules. This is also the case for the cyclotomic Hecke algebras. The double affine
Hecke algebra (discussed below) does not have this property. One must search for a different
structure.
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The simplest degeneration of a cyclotomic Hecke algebra is just the group algebra of the
symmetric group Sn. (Sn is the set of permutations of n objects.) The following picture
encodes all of the simple modules of Sn for all n (only 0 ≤ n ≤ 3 are drawn).

� @ �� AA

�� AA

...

Each node of this graph stands for a simple module, and each edge gives information about
the glue. Two things stand out. First, this graph is very easy to construct. Second, an
expert will recognize this graph (with minor modifications) as a crystal graph—a picture
of a single infinite-dimensional representation of an affine Lie algebra. While the second
observation sounds more complicated, it is really this that makes the graph easy to draw. It
turns out that for a general cyclotomic Hecke algebra, this graph would be incredibly hard
to construct. But because the result is also a crystal graph, Lie theory gives us instructions
of how to draw it.

Actually, for the symmetric group Sn over a field F of characteristic 0, people have
known how to draw the above graph for over 100 years. That is because FSn is semisimple.
In general, Hecke algebras are not semisimple, and it is only within the past 10 years we
have recognized their corresponding graphs and begun to understand the information they
contain. This has been the focus of several of my publications that exploit the connection
between crystal graphs and the affine and cyclotomic Hecke algebras to better analyze the
structure of the simple modules. This connection can also be used in the other direction.
A certain representation-theoretic behavior of the affine Hecke algebra of type A inspired
the observatioin that a corresponding behavior is mirrored in all highest weight crystals of
classical type.

Despite the knowledge of this remarkable structure, there still remain many open ques-
tions about the simple modules of Hecke algebras, for instance, what are their dimensions?
Because the algebras in question are not semisimple, this is an extremely difficult question
and of key importance to representation theorists.

An algebra being semisimple is analogous to a given matrix being diagonalizable. The
information we are trying to extract is akin to asking the Jordan normal form of a matrix
knowing only its eigenvalues—an easy task for a diagonalizable matrix, but a trickier task
otherwise. This is where the difficulty comes from, and where my results come in. Amaz-
ingly, for the Hecke algebra, despite nonsemisimplicity, we are able to extract quite a bit of
information, and the combinatorics of how their simple modules fit together obeys the same
rules as it does for Sn.

Such a rigid structure may exist for the double affine Hecke algebra, but has yet to be
discovered, and this is the focus of my current and future research. In recent groundbreaking
work, Cherednik introduced a structure called the double affine Hecke algebra (DAHA) and
used its representation theory to study a class of orthogonal symmetric polynomials called
Macdonald polynomials. The DAHA relates to the areas of special functions, conformal
field theory, harmonic analysis of symmetric spaces, and hypergeometric functions.
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In joint work with Suzuki, we parameterize and combinatorially construct a very large
class of the DAHA’s simple modules (avoiding the use of algebraic geometry and K-theory).
My future plans include extending this study to a wider category of simple modules and, in
particular, parameterizing them. While the notion of “gluing” does not generalize directly
(this family of algebras is not nested), our results suggest there is a controlling structure;
and many of the tools I developed to understand affine Hecke algebras do apply here, as
affine Hecke algebras sit inside the DAHA. My research also uses the DAHA’s connection
to Macdonald polynomials to study them, as begun in joint work with Rains. We use the
connection that Cherednik developed between the representation theory of the DAHA and
Macdonald polynomials to prove certain vanishing conditions their integrals satisfy.

3



MSRI Research Abstract

Stephanie van W illigenburg
Associate Professor, University of British Columbia, Vancouver, Canada

My area of expertise is algebraic combinatorics. It is a relatively new area of mathematics, having
begun just over a century ago with the work of Schur and Frobenius on the representation theory
of the symmetric group. Since then its scope and impact have broadened exponentially due to the
following two aspects that essentially define the area. Firstly, it has been able to provide combi-
natorial interpretations to other areas of mathematics such as algebraic geometry (e.g. Schubert
calculus), topology (e.g. Hochschild homology), algebra (e.g. cluster algebras), representation the-
ory (e.g. classical Lie algebras) and physics (e.g. Fock spaces). These interpretations have often
afforded a new perspective and understanding of the related problems and the solutions to them.
Secondly, these connections to other areas admit proof techniques that have been utilised to solve
classical combinatorial problems, for example geometry was used to prove Horn’s conjecture, and
algebraic geometry was used to prove the n! conjecture.

Consequently, my research focuses on finding combinatorial results that impact on other areas and
are derived using both combinatorial and algebraic tools, as my five most prominent papers will il-
lustrate. Initially, my research concerned the family of algebras known as “descent algebras”, which
arise naturally in a variety of contexts including the study of Hochschild homology by Bergeron
(UQAM), planar binary trees by Loday (IRMA-Strasbourg), and sorting procedures in the guise
of card shuffling by Diaconis (Stanford). One focus was on combinatorial “matrix interpretations”
to describe the multiplicative structure of the descent algebra of Coxeter groups of type D. Such
interpretations had been found for the Coxeter groups of type of A and B by, for example, Garsia
(UCSD) and Bergeron-Bergeron (UQAM and CRC York). In A multiplication rule for the
descent algebra of type D (with Nantel Bergeron) we exploited a framework I developed in my
paper A proof of Solomon’s rule and found such an interpretation for the descent algebra of the
Coxeter groups of type D, thus concluding a search that had begun in the late 1980’s.

From here my studies naturally led me to investigate the dual Hopf algebra of the descent algebra
of the Coxeter groups of type A, known as the Hopf algebra of quasisymmetric functions. Qua-
sisymmetric functions arise as weight enumerators of partitions of a partially ordered set (“poset”),
via the work of Gessel (Brandeis) and Stembridge (Michigan, Ann-Arbor); in the Stanley sym-
metric functions of any type, developed by Stanley (MIT), Billey (U Washington) and Haiman
(Berkeley); and as the flag f -vector of a graded poset, via the work of Ehrenborg (Kentucky). In
Non-commutative Pieri operators on posets (with Nantel Bergeron, Stefan Mykytiuk and
Frank Sottile) we naturally generalised Pieri’s formula, which describes the action of complete sym-
metric functions on Schur functions, to an action of a Pieri operator on a given poset. Moreover,
we found that depending on the choice of Pieri operator and poset, the result of the action often
corresponded to specific well-known quasisymmetric functions including all those mentioned above.

In light of this discovery, a worthwhile avenue to pursue was to search for Pieri operators and
posets whose related quasisymmetric functions form a subalgebra. We could then manipulate the
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Hopf duality to forge further connections between areas, like the connection between the descent
algebra of Coxeter groups of type A and quasisymmetric functions. One instance of success was
the family of “rank selection” Pieri operators operating on Eulerian posets. In this case the related
quasisymmetric functions lie in the peak algebra of Stembridge, and our theory identified the Hopf
dual to be the algebra of chain operators restricted to Eulerian posets described by Billera (Cornell).
In this way the study of enumerative properties of Eulerian posets, including associated geometric
objects such as polytopes and hyperplane arrangements, became closely linked to questions on peaks
and shuffles in permutations. For example, in Peak quasisymmetric functions and Eulerian
enumeration (with Louis Billera and Samuel Hsiao) we discovered that the Hopf dual to the
natural basis of the peak algebra is given by the cd-index of a poset, often studied by geometers.
We also discovered that a specific map defined and studied by Stembridge could be viewed as giving
a random walk on the peak sets of the symmetric group, whose stationary distribution is given by
the distribution of peak sets.

Continuing to pursue the more geometric aspects of this discovery led to the study of a cone of
fundamental quasisymmetric functions. We discovered that the extreme rays of this cone contained
the symmetric functions known as Schur functions, and we conjectured that the facets of the
cone were described by the closely related ribbon Schur functions. To make this conjecture more
accessible, we found that a combinatorial condition for when two ribbon Schur functions are distinct,
or equivalently when they are equal, was required. In Decomposable compositions, symmetric
quasisymmetric functions and equality of ribbon Schur functions (with Louis Billera and
Hugh Thomas) we discovered such a necessary and sufficient condition. Due to the ubiquity of
ribbon Schur functions our result had the immediate impact of determining (1) when the coefficients
of two fundamental quasisymmetric functions in a symmetric function are equal; (2) when the
multisets of partitions determined by the refinement of two compositions are equal; (3) when
cardinalities of sets of permutations whose descent sets satisfy certain natural criteria are equal.

However, it was the impact of ribbon Schur functions on the relationships between Littlewood-
Richardson coefficients that was the most valuable. More precisely, Littlewood-Richardson coeffi-
cients arise in variety of areas of mathematics. The three most prominent occurences are as the
structure constants in the algebra of symmetric functions; as intersection numbers of Schubert cells
in the cohomology of the Grassmanian; and in the representation theory of the symmetric group
and GL(n). Consequently knowledge of them and relations between them is of importance. Unfor-
tunately, Narayanan (Chicago) recently showed that computing them is #P -complete, and finding
relations between them has had limited success. However, via ribbon Schur function equality, in-
finitely many classes of equal Littlewood-Richardson coefficients were easily identified, and hope
was given that a solution to the more general classical problem of skew Schur function equality
might be found. In Towards a combinatorial classification of skew Schur functions (with
Peter MacNamara) we did indeed generalise the sufficient condition of my previous paper and
conjecture a closely related necessary combinatorial condition for when two skew Schur functions
are equal. A natural avenue to pursue from here is to prove this combinatorial condition is both
necessary and sufficient, thus solving a problem that has been considered intractable since the 19th
century.
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Jie Sun (University of Alberta) 
 
Abstract: My current research interest is infinite dimensional Lie theory and 
algebraic geometry. My Ph.D. project is to construct central extensions of infinite 
dimensional Lie algebras by using the descent theory from modern algebraic 
geometry. So far I have given a natural construction of central extensions of twisted 
forms of split simple Lie algebras over rings. These types of algebras arise naturally 
in the construction of extended affine Lie algebras which are generalizations of the 
well known Kac-Moody algebras. The construction also gives information about the 
structure of the automorphism groups of such algebras. Most of this work has been 
published in the paper Descent constructions for central extensions of infinite 
dimensional Lie algebras, A. Pianzola, D. Prelat and J. Sun, Manuscripta Math. 122 
(2) (2007), 137-148. The paper is also posted on arXiv (arXiv:0711.3799). In the next 
step, my research is to focus on determining when the above construction is universal. 
Continuing this work I will consider the representation theory of these algebras. 

 
During my master study I have worked on representation theory of algebras. In my 
M.Sc. thesis (I did my M.Sc. at Beijing Normal University under the supervision of 
Dr. X. X. Ci), I introduced cyclotomic Temperley-Lieb algebras of type D. Such 
algebras have cyclotomic Temperley-Lieb algebras as a class of subalgebras. We 
prove that cyclotomic Temperley-Lieb algebras of type D are cellular by means of 
diagrammatic way. A cellular basis is given explicitly. After determining all the 
irreducible representations of these algebras, we give a necessary and sufficient 
condition for a cyclotomic Temperley-Lieb algebras of type D to be quasi hereditary. 
My poster presentation in this workshop is about this work. 
 

http://arxiv.org/abs/0711.3799


Global to local bijections in blocks of finite groups of Lie type
Bhama Srinivasan

Let G be a connected, reductive algebraic group over Fq, F : G → G

a Frobenius morphism and G = G
F the finite reductive group of F -fixed

points of G. Let ℓ be a prime not dividing q. We study the ℓ-blocks of G, in
particular the unipotent blocks. If the defect group of a unipotent block B
is abelian, Broué, Malle and Michel have described a bijection between the
characters in B and the characters of NG(L)/L where L is a Levi subgroup
of G. In joint work with Fong and Broué we consider a unipotent block B
of G with a possibly non-abelian defect group. We partition B into Lusztig
families and conjecture that the characters in each family are in bijection
with a set of characters of a “local” subgroup of the form NG(L), where L
is a Levi subgroup, possibly different for different families. The conjecture
has been verified, with some restrictions on ℓ, for general linear groups and
classical groups. The bijections that are constructed have some interesting
arithmetic properties.
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Britta Späth: The McKay conjecture for finite simple groups of Lie type

The McKay conjecture is an old open conjecture about global-local relations in the
representation theory of finite groups. It states that for every finite group G the number
of irreducible characters of `′ degree of G and NG(P ) coincides, where P is a Sylow
`-subgroup of G and NG(P ) the normalizer of P in G.

As the conjecture is well-known for `-solvable groups, it seems natural to inspect the
case where G is a finite quasi-simple group of Lie type. According to Cabanes and Malle
the normalizer of a Sylow d-torus T of G includes the normalizer of a Sylow `-subgroup,
whenever ` > 5 and G is a reductive group of characteristic 6= p.

For the groups L := CG(T) and N := NG(T) the Clifford theory seems to be very
special: Every irreducible character of L extends to its inertia group in N .

A Sylow 1-torus is a maximal split torus and in this case the proof is closely related
to properties of the root system of G. In other cases the structure of N , which depends
on d, has to be analyzed in more detail. This property implies that Irr`′(N) can be
parametrized by the same set, which labels according to Malle the set Irr`′(G) .

Isaacs, Malle and Navarro have proven that the McKay conjecture is fulfilled for a
finite group H and a prime ` if every simple non-abelian section of H with `′ order is
good for `. A simple non-abelian group X with ` ||X| is called good if for a certain
maximal extension G of X a group M 6= G with NG(P ) ≤ M < G and a bijection
between Irr`′(G) and Irr`′(M) fulfilling some additional equivariance properties exist

These additional properties are still open and are the subject of further research.



Anne Schilling 
 

University of California, Davis 
 

My main research interest lies in the interplay between algebraic  
  combinatorics, representation theory and mathematical physics. In  
  particular, I am currently involved in several projects: 

 
* The study of finite-dimensional affine crystals also known as  

      Kirillov-Reshetikhin crystals. 
* Affine Schubert calculus, in particular the analogue of k-Schur  

      functions for type C. 
* connection between the Hecke group algebra and the affine Hecke  

      algebra. 
 



My research is divided essentially into 3 areas.

I. PhD Work.

R. Brauer partinioned, the set of irreducible characters, Irr(G), of the group G into ‘blocks” associated to
the p′-subgroups of G. I tried to do the same with some other kind of subgroups of G (nilpotent subgroups,
subgroups with a central Sylow p-subgroup).

Papers:

[1] G. Navarro, L. Sanus, Partial characters with respect to a normal subgroup, J. Austral. Math. Soc.
Ser. A 66 (1999), no. 1, 104-124.

[2] G. Navarro, L. Sanus, A partition of characters associated to nilpotent subgroups, Israel J. Math.
114 (1999), 359-380.

[3] L. Sanus, Inducing characters and nilpotent injectors, Bull. Austral. Math. Soc. 62 (2000), no. 1,
155-158.

[4] L. Sanus, Blocks relative to a normal subgroup in π-separable groups, J. Algebra 232 (2000), no. 1,
343-359.

[5] G. Navarro, L. Sanus, Characters induced from fully ramified subgroups, Comm. Algebra 29 (2001),
no. 4, 1829-1840.

II. Character Correspondeces.

For a finite group G, the set of irreducible characters of G which have degree not divisible by p is denoted
by Irrp′(G). When G is a solvable group of odd order, I. M. Isaacs ([Is]) constructed a natural one-to-one
correspondence ∗: Irrp′(G) −→ Irrp′(NG(P )) which depends only on G and P , where P is a Sylow p-subgroup
of G. Let ξ∗ ∈ Irrp′(NJ (P )) and χ∗ ∈ Irrp′(NG(P )) be the Isaacs correspondents of ξ and χ respectively.
We proved in [6] that if ξG = χ, then (ξ∗)NG(P ) = χ∗.

Suppose that p and q are distinct prime numbers. Let B be a p-block of G such that every irreducible
character of B has q′-degree. Let D be a defect group of B. In [7] we proved that there exists a unique
p-block B∗ of NG(Q), for some Q ∈ Sylq(G), with defect group D such that Irr(B∗) = {χ∗|χ ∈ Irr(B)}.
Moreover, there exists a perfect isometry R such that R(χ) = χ∗ for χ ∈ Irr(B). This result is analogous
to theorems of Watanabe and Horimoto establishing that the Glauberman correspondence affords a perfect
isometry between p-blocks under suitable hypotheses.

Papers:

[6] L. Sanus, Induction and character correspondences in groups of odd order, J. Algebra 249 (2002),
no. 1, 186–195.

[7] L. Sanus, Perfect isometries and the Isaacs correspondence, Osaka J. Math. 40 (2003), no. 2, 313326.

References:

[Is] I. M. Isaacs, Characters of solvable and symplectic groups, Amer. J. Math. 95 (1973), 594–635.

III. Recent Work.

Suppose that G is a finite group, let q be a prime number. In [IMN], I. M. Isaacs, G. Malle and G.
Navarro studied the existence of non-trivial real-valued irreducible character of degree not divisible by q.
More recently, G. Navarro and P. H. Tiep ([NT]) have also studied whether these characters could even be
taken to be rational-valued. In [12], we turn our attention to p-Brauer characters of G. In [10] we fix a prime
p and study groups with exactly two irreducible real Brauer characters, or in other words (by Brauer’s lemma
on character tables) to groups with exactly two p-regular real conjugacy classes. We start by analyzing the
case where p is odd. Contrary to the ordinary case in [Iw], we shall need the classification of finite simple
groups. We see that groups with exactly two real p-regular classes are solvable for p odd (as in the ordinary
case). The case p = 2 offers us a surprise: they need not be solvable.

In [DNT], S. Dolfi, G. Navaro and P. H. Tiep gave a “real version” for p = 2 of the celebrated Ito-Michler
theorem on character degrees: “all irreducible real-valued characters of G have odd degree if and only if
a Sylow 2-subgroup of G is normal of Chillag-Mann type” (studied in [CM].) It turns out that the real
character degrees contain useful non-trivial information on certain aspects of the structure of a group, and
that some classical theorems on degrees of characters admit a “real version” for the prime 2. For instance,
in [14] we show our version of Thompson’s theorem on character degrees.



Next we turn our attention to groups with a small number of degrees of real characters. An already
classical theorem asserts that groups with at most three character degrees are solvable. We also prove in
[14] that groups with at most three degrees of real-valued characters are solvable

When some theorems on character degrees are proven, to some extent it is natural to consider the
corresponding problems on conjugacy class sizes. If there is some explanation that justifies the mysterious
relationship between these two worlds, it has never been found. Sometimes (but not always), this analogy
leads to interesting theorems on finite groups. In [14] we study if the corresponding “conjugacy class version”
is true. We show a theorem on real conjugacy class sizes (and its character analog) that extends (and
supplements) results by D. Chillag and A. Mann ([CM]).

One of the main problems in representation theory is to detect local properties of a finite group from
global, and the other way around. In [13] and, in the poster that we present in this workshop, we characterize
when a Sylow normalizer of a finite solvable group has a normal Sylow 2-subgroup from a global point of
view.

In [15] we describe the structure of finite groups whose real-valued non-linear irreducible characters have
all prime degree. The more general situation in which the real-valued irreducible characters of a finite group
have all squarefree degree is also considered. Recently we have obtained some results in the corresponding
“conjugacy class version”.
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