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Introduction

We will use conformal changes of metric to deform the scalar curvature,

and so we will want to understand the behavior of the Laplace operator
Ay, as for u > 0:

R(u*/ (" Dg) = ~ 401y =35 (Agu — ;725 R(g)u).
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Introduction

We will use conformal changes of metric to deform the scalar curvature,

and so we will want to understand the behavior of the Laplace operator
Ay, as for u > 0:

_n+2

R(u* ("2 g) = —%u =2 (Agu — #}UR(g)u).

Recall that the Hessian of a function on a Riemannian (or Lorentzian)
manifold (M, g) is V(du), the components of which are denoted

uj = V(du)(@,-, 61) == (ngdu)(a;) = Uujj — du(Vajai) = ujj — I'fj-u7k.
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Introduction

We will use conformal changes of metric to deform the scalar curvature,
and so we will want to understand the behavior of the Laplace operator
Ay, as for u > 0:

_n+2

R(u* ("2 g) = —%u =2 (Agu — #}UR(g)u).

Recall that the Hessian of a function on a Riemannian (or Lorentzian)
manifold (M, g) is V(du), the components of which are denoted

uj = V(du)(&,-, 61) == (Vajdu)(ai) = Uujj — du(Vajai) = ujj — I'fj-u7k.

On a Riemannian manifold, we write Agu = g¥u.;;, which can also be
written Agu = divg(grad, u).
We often write A = Ag,

On a Lorentzian manifold, the trace of the Hessian gives the wave
operator L.
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Introduction

e Laplace equation: Agu =0 (u is harmonic)
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e Laplace equation: Agu =0 (u is harmonic)
e Poisson equation: Agu = f

e Eigenvalue problem: Agu = —A\u.
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Introduction

e Laplace equation: Agu =0 (u is harmonic)
e Poisson equation: Agu = f

e Eigenvalue problem: Agu = —A\u.

As R(u/ (=2 g) = b= = (Agu - #(n-1) 21)R( Ju),

if g = ge is Euclidean, then prescribing R(unf2g) = 0 is equivalent to
4
Au=0, R(un—2g) > 0 is equivalent to Au < 0 (u is superharmonic).
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Introduction

e Laplace equation: Agu =0 (u is harmonic)
e Poisson equation: Agu = f

e Eigenvalue problem: Agu = —A\u.

As R(u/ (=2 g) = b= = (Agu - #(n-1) 21)R( Ju),

if g = ge is Euclidean, then prescribing R(unf2g) = 0 is equivalent to
4

Au=0, R(un—2g) > 0 is equivalent to Au < 0 (u is superharmonic).

More generally, prescribing the scalar curvature of the conformal metric

gives a semi-linear eIIiptic equation prescribing that it vanish gives the
linear equation Agu — 4(n 1 R(g)u=

So it is important to understand the behavior of operators of the form
(Ag —1).
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GmM

Classical Newtonian gravity: F = is the force on m, T is
the unit vector from M to m, and r |s the distance from m to M.
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Introduction

GmM

Classical Newtonian gravity: F = is the force on m, T is
the unit vector from M to m, and r |s the distance from m to M.

®=—57
Ad = 47 GMS,.

More generally, if o is the mass density, A® = 47 Go determines the
gravitational potential (along with boundary condition at infinity).

where |x| is the distance from M, is the gravitational potential.
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Introduction

GmM

Classical Newtonian gravity: F = is the force on m, T is
the unit vector from M to m, and r |s the distance from m to M.

o =— |X| where |x| is the distance from M, is the gravitational potential.

A® = 4rGM .
More generally, if o is the mass density, A® = 47 Go determines the
gravitational potential (along with boundary condition at infinity).

Isolated gravitational system: If o is compactly supported (or decays
suitably at infinity), then how should we expect ® to behave?
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Spherically symmetric harmonic functions

On a Riemannian manifold (M, g), it is not a hard exercise to show

1 0 i ou
- _ - Y (. i o4
et V/det g Ox! ( dete g 8xf)'
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Spherically symmetric harmonic functions

On a Riemannian manifold (M, g), it is not a hard exercise to show

1 0 —— ;i ou
gl \/det g Ox' ( cEE 8XJ)

Now consider R” with the Euclidean metric. If u(x) = u(|x|) (slight abuse
of notation), then with r = |x|, gg = dr? + r"1gg.1, so
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Spherically symmetric harmonic functions

On a Riemannian manifold (M, g), it is not a hard exercise to show

1 0 —— ;i ou
gl \/det g Ox' ( cEE 8XJ)

Now consider R” with the Euclidean metric. If u(x) = u(|x|) (slight abuse
of notation), then with r = |x|, gg = dr? + r"1gg.1, so

1 dy g, qduy . n—1,
Au_r”—ldr<r dr)_u(r)+ r u(r).
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Spherically symmetric harmonic functions

On a Riemannian manifold (M, g), it is not a hard exercise to show

1 0 —— ;i ou
g \/det g Ox' ( cEE 8XJ)

Now consider R” with the Euclidean metric. If u(x) = u(|x|) (slight abuse
of notation), then with r = |x|, gg = dr? + r"1gg.1, so

1 d

du n—1
R B, Lol Sashallh WY /
Bu=— dr(r dr) o'(r) + = (r).

So Au =0 is equivalent to 0 = %(r”_l%).
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Spherically symmetric harmonic functions

On a Riemannian manifold (M, g), it is not a hard exercise to show

1 0 —— ;i ou
g \/det g Ox' ( cEE 8XJ)

Now consider R” with the Euclidean metric. If u(x) = u(|x|) (slight abuse
of notation), then with r = |x|, gg = dr? + r"1gg.1, so

1 d iy duy n—1,
Au—rn_ldr(r dr>—u(r)—|— —u/(r).

So Au =0 is equivalent to 0 = %(r”_l%).

Integrating we obtain (A and B are constants)

Ar+ B, n=1
u(ry=1< Alogr+ B, n=2
Ar’ "+ B, n>2
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Fundamental solution

We will stick to n > 2.

Justin Corvino (Lafayette) Harmonic Functions on R” June 10, 2012 6/ 46



Fundamental solution

We will stick to n > 2.

Note that in dimension n = 2, log r is unbounded either above or below on
R?\ {0}, whereas r>~" > 0 and goes to 0 as |x| — oo for n > 2.

Justin Corvino (Lafayette)

Harmonic Functions on R"

June 10, 2012 6 /46



Fundamental solution

We will stick to n > 2.

Note that in dimension n = 2, log r is unbounded either above or below on
R2 \ {0}, whereas r>=" > 0 and goes to 0 as |x| — co for n > 2.

n = 2 special: harmonic functions tied in with holomorphic function theory.
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Fundamental solution

We will stick to n > 2.

Note that in dimension n = 2, log r is unbounded either above or below on
R2 \ {0}, whereas r>=" > 0 and goes to 0 as |x| — co for n > 2.

n = 2 special: harmonic functions tied in with holomorphic function theory.

Fundamental Solution

As distributions,
A (% log |x|) = o
1 2—n
5 (= ") =

Q, = vol(B"(1)) is the volume of the Euclidean unit ball. Note
n€2, = wp_1 is the area of the unit sphere.
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Fundamental solution

We will stick to n > 2.

Note that in dimension n = 2, log r is unbounded either above or below on
R2 \ {0}, whereas r>=" > 0 and goes to 0 as |x| — co for n > 2.

n = 2 special: harmonic functions tied in with holomorphic function theory.

Fundamental Solution

As distributions,
A (% log |x|) = o
1 2—n
5 (= ") =

Q, = vol(B"(1)) is the volume of the Euclidean unit ball. Note
n€2, = wp_1 is the area of the unit sphere.

Let [(x,y) = m]x— y|?=" for n > 2, and T'(x,y) = 5 log |x — |
for n = 2.
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Fundamental Solution

Fundamental Solution
What this means is that for u € C2(R"),

u) = 4 I o log|x —ylAu(y) dy,  n=2
Jan m X — Y Au(y) dy, > 2
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Fundamental Solution

Fundamental Solution

What this means is that for u € C2(R"),

u) = 4 I o log|x —ylAu(y) dy,  n=2
Jan m X — Y Au(y) dy, > 2

v

Exercise

If Au= f compactly supported, n > 2, expand |x — y|>~" for large |x| to
obtain an expansion of u near infinity:

A x'B;
0= e

+O(Ix[™").

[x|"

Find the constants A, B;.

v

Justin Corvino (Lafayette) Harmonic Functions on R" June 10, 2012 7/ 46



Mean Value Property

Again, we are discussing the Laplace operator on domains in Euclidean
space.
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Mean Value Property

Again, we are discussing the Laplace operator on domains in Euclidean
space.

Mean Value Property

If u e C(Bgr(a)) is harmonic on Bg(a), then

u(a) = # / u(x) do = Q,,lR” / u(x) dx.
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Mean Value Property

Again, we are discussing the Laplace operator on domains in Euclidean
space.

Mean Value Property

If u e C(Bgr(a)) is harmonic on Bg(a), then

1 1
u(a) = TR / u(x) do = QR / u(x) dx.
|x—a|=R Br(a)

Proof: Apply Green's identity [o(uAv — vAu) dx = faﬂ(u% - v%) do
with v = |x — a]?>~" (in case n > 2, and analogously in case n = 2), with

Q={x:e<|x—al <R} Lete— 0" and use continuity.
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Maximum Principle

MVP implies Maximum Principle

If uis harmonic on €2 a connected domain, then if v attains a max or min
inside €, then u is constant.
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Maximum Principle

MVP implies Maximum Principle

If uis harmonic on €2 a connected domain, then if v attains a max or min
inside €, then u is constant.
If Q bounded, u is harmonic on Q and continuous on €, then the max and
min of u are attained on Of2.
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Dirichlet problem on a ball

Let Br = Bg(0). Let P(x,y) = %. Then for x € Bg,
fyeaBR P(x,y) do, = 1.
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Dirichlet problem on a ball

Rz—‘X|2

Let Br = Bg(0). Let P(x,y) = T Rx—y[- | hen for x € B,
fyeaBR P(x,y) do, = 1.

Dirichlet problem

If ¢ € C(OBR), then u(x) = f

y
continuous on Bg, and u = ¢ on 0Bg.

cos, (V)P (x,y) doy is harmonic on Bk,
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Poisson equation on a ball

For any y € Bg, solve Ah,(x) =0 on Bg with h,(x) = —I(x, y) for
x € O0Bg. Let G(x,y) =T(x,y)+ hy(x).
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Poisson equation on a ball

For any y € Bg, solve Ah,(x) =0 on Bg with h,(x) = —I(x, y) for
x € OBg. Let G(x y) =T(x,y)+ hy(x).

Fact: P = an = a|x| on 0Bg.
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Poisson equation on a ball

For any y € Bg, solve Ah,(x) =0 on Bg with h,(x) = —I(x, y) for

x € 0Bg. Let G(X y) =T(x,y)+ hy(x).

Fact: P = an = a|x| on 0Bg.

Applying Green’s identity, and the distributional Laplacian of ' (and hence
of the Green’s function G), we have

Poisson equation on ball

u(x) = [ ¢(y)P(x,y) doy + [ G(x,y)f(y) dy
dBg B
solves Au = f on Bg, u = ¢ on 0Bg.
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Removable Singularity Theorem
An isolated singularity of a bounded harmonic function is removable. I
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Removable Singularity Theorem
An isolated singularity of a bounded harmonic function is removable. I

Proof: WLOG, u is bounded and harmonic on B\ {0}, where B = B;(0).
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Removable Singularity Theorem
An isolated singularity of a bounded harmonic function is removable. \

Proof: WLOG, u is bounded and harmonic on B\ {0}, where B = B;(0).

Let v be harmonic on B, continuous on B, with the same boundary values
as u.

Justin Corvino (Lafayette) Harmonic Functions on R"

June 10, 2012 12 / 46



Removable Singularity Theorem
An isolated singularity of a bounded harmonic function is removable. \

Proof: WLOG, u is bounded and harmonic on B\ {0}, where B = B;(0).
Let v be harmonic on B, continuous on B, with the same boundary values
as u.

For n > 2, let ve(x) = u(x) — v(x) + ¢(|x|>~" — 1).
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Removable Singularity Theorem
An isolated singularity of a bounded harmonic function is removable. \

Proof: WLOG, u is bounded and harmonic on B\ {0}, where B = B;(0).
Let v be harmonic on B, continuous on B, with the same boundary values
as u.

For n > 2, let ve(x) = u(x) — v(x) + ¢(|x|>~" — 1).

Then v, = 0 on 9B, while (v and v are bounded) v.(x) — +o00 as x — 0.
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Removable Singularity Theorem
An isolated singularity of a bounded harmonic function is removable. \

Proof: WLOG, u is bounded and harmonic on B\ {0}, where B = B;(0).
Let v be harmonic on B, continuous on B, with the same boundary values
as u.

For n > 2, let ve(x) = u(x) — v(x) + ¢(|x|>~" — 1).

Then v, = 0 on 9B, while (v and v are bounded) v.(x) — +o00 as x — 0.
By MP, v,(x) > 0 on B\ {0}.
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Removable Singularity Theorem
An isolated singularity of a bounded harmonic function is removable. \

Proof: WLOG, u is bounded and harmonic on B\ {0}, where B = B;(0).
Let v be harmonic on B, continuous on B, with the same boundary values
as u.

For n > 2, let ve(x) = u(x) — v(x) + ¢(|x|>~" — 1).

Then v, = 0 on 9B, while (v and v are bounded) v.(x) — +o00 as x — 0.
By MP, v,(x) > 0 on B\ {0}.

Let € go to zero: u — v > 0. By replacing u with (—u), we can also
conclude v — v <0.
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Removable Singularity Theorem
An isolated singularity of a bounded harmonic function is removable. \

Proof: WLOG, u is bounded and harmonic on B\ {0}, where B = B;(0).
Let v be harmonic on B, continuous on B, with the same boundary values
as u.

For n > 2, let ve(x) = u(x) — v(x) + ¢(|x|>~" — 1).

Then v, = 0 on 9B, while (v and v are bounded) v.(x) — +o00 as x — 0.
By MP, v,(x) > 0 on B\ {0}.

Let € go to zero: u — v > 0. By replacing u with (—u), we can also
conclude v — v <0.

Hence u = v.
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Positive harmonic functions

Note: We will need our conformal factors to have a sign.
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Positive harmonic functions

Note: We will need our conformal factors to have a sign.

Liouville Theorem

Any bounded harmonic function on R” is constant.
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Positive harmonic functions

Note: We will need our conformal factors to have a sign.

Liouville Theorem
Any bounded harmonic function on R” is constant. In fact, any positive

harmonic function on R” is a constant.
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Positive harmonic functions

Note: We will need our conformal factors to have a sign.

Liouville Theorem
Any bounded harmonic function on R” is constant. In fact, any positive

harmonic function on R" is a constant. Thus any harmonic function on R”
bounded either above or below must be constant.
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Positive harmonic functions

Note: We will need our conformal factors to have a sign.

Liouville Theorem

Any bounded harmonic function on R” is constant. In fact, any positive

harmonic function on R" is a constant. Thus any harmonic function on R”
bounded either above or below must be constant.

Proof: Let u > 0 be harmonic on R". Use MVP.
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Positive harmonic functions

Note: We will need our conformal factors to have a sign.

Liouville Theorem

Any bounded harmonic function on R” is constant. In fact, any positive

harmonic function on R" is a constant. Thus any harmonic function on R”
bounded either above or below must be constant.

Proof: Let u > 0 be harmonic on R". Use MVP. Let R > |x|.
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Positive harmonic functions

Note: We will need our conformal factors to have a sign.

Liouville Theorem

Any bounded harmonic function on R” is constant. In fact, any positive

harmonic function on R" is a constant. Thus any harmonic function on R”
bounded either above or below must be constant.

Proof: Let u > 0 be harmonic on R". Use MVP. Let R > |x|.
u(x) — u(0) = omm [ | = f udy]. Since v > 0 and

Br(x)  Br(0)
BR(X)ABR(O) - BR+|X|(O) \ BR—lX'(O)Y we have
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Positive harmonic functions

Note: We will need our conformal factors to have a sign.

Liouville Theorem

Any bounded harmonic function on R” is constant. In fact, any positive

harmonic function on R" is a constant. Thus any harmonic function on R”
bounded either above or below must be constant.

Proof: Let u > 0 be harmonic on R". Use MVP. Let R > |x|.

u(x) — u(0) = omm [ | = f udy]. Since u > 0 and
Br(x) Bgr(0)

BR(X)ABR(O) - BR+|X|(O) \ Br_ |x|(0)1 we have

u(x) — ()|<QRn / udy =
Br|x|(0)\Br_|x/(0)

ri((R+[x)" = (R = |x|)")u(0) = O(R™).
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Positive harmonic functions

Note: We will need our conformal factors to have a sign.

Liouville Theorem

Any bounded harmonic function on R” is constant. In fact, any positive

harmonic function on R" is a constant. Thus any harmonic function on R”
bounded either above or below must be constant.

Proof: Let u > 0 be harmonic on R". Use MVP. Let R > |x|.

u(x) — u(0) = omm [ | = f udy]. Since u > 0 and
Br(x) Bgr(0)

BR(X)ABR(O) - BR+|X|(O) \ Br_ |x|(0)1 we have

u(x) — ()|<QRn / udy =
Br|x|(0)\Br_|x/(0)

rr((R+|x))" = (R = |x])")u(0) = O(R™).

Let R — +o0.
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Positive harmonic functions

Harnack inequality

Q connected domain, K C 2 compact. There exists C > 0 so that for all
positive harmonic functions on €, for all x,y € K,

_1_ u(x)
C gu(y)<C.
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Positive harmonic functions

Harnack inequality

Q connected domain, K C 2 compact. There exists C > 0 so that for all
positive harmonic functions on €, for all x,y € K,

_1_ u(x)
C gu(y)<C.

Idea: Use MVP. On unit ball B, the following estimate holds for u > 0:

1—|x|?

1 1—[x[? )
o) = =& | uly) doy < gy 0)

B |x—y|
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Positive harmonic functions

Harnack inequality

Q connected domain, K C 2 compact. There exists C > 0 so that for all
positive harmonic functions on €, for all x,y € K,

_1_ u(x)
C gu(y)<C.

Idea: Use MVP. On unit ball B, the following estimate holds for u > 0:

1 1—|x|? 1—|x|?
- P a l _
0= [ ey 9 < )
Similarly,
1 1— |x|? 1— |x|?
= do, > —M— .
0 =00, Jos =y ) 97 = iy O
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Positive harmonic functions

What about positive harmonic functions on R"” \ {0}?
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Positive harmonic functions

What about positive harmonic functions on R"” \ {0}?

Bocher's Theorem

If u > 0 and harmonic on B\ {0}, then there exists a harmonic function v
on B, and a constant b > 0 so that on B\ {0},
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Positive harmonic functions

What about positive harmonic functions on R"” \ {0}?

Bocher's Theorem

If u > 0 and harmonic on B\ {0}, then there exists a harmonic function v
on B, and a constant b > 0 so that on B\ {0},

u(x) = {blog(|x|_1)+v(x) , n=2

b|x|?~" + v(x) , n>2
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Positive harmonic functions

What about positive harmonic functions on R"” \ {0}?

Bocher's Theorem

If u > 0 and harmonic on B\ {0}, then there exists a harmonic function v
on B, and a constant b > 0 so that on B\ {0},

u(x) = {blog(|x|_1)+v(x) , n=2

b|x|?~" + v(x) , n>2

n > 2, u> 0 and harmonic on R"\ {0}.
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Positive harmonic functions

What about positive harmonic functions on R"” \ {0}?

Bocher's Theorem

If u > 0 and harmonic on B\ {0}, then there exists a harmonic function v
on B, and a constant b > 0 so that on B\ {0},

u(x) = {blog(|x|_1)+v(x) , n=2

b|x|?~" + v(x) , n>2

n > 2, u> 0 and harmonic on R"\ {0}. Then there exist numbers
b,c > 0 so that u(x) = b|x|>" + c.
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Positive harmonic functions

What about positive harmonic functions on R"” \ {0}?

Bocher's Theorem

If u > 0 and harmonic on B\ {0}, then there exists a harmonic function v
on B, and a constant b > 0 so that on B\ {0},

u(x) = blog(|x|™%) + v(x) , n=2
b|x|?~" + v(x) , n>2

n > 2, u> 0 and harmonic on R"\ {0}. Then there exist numbers
b,c > 0 so that u(x) = b|x|>" + c.

Proof: On B\ {0}, u(x) = b|x|?>~" + v(x). Thus u(x) — b|x|> " is
harmonic on punctured Euclidean space and bounded near the origin.
Thus it extends v(x) to a harmonic function on all of R".
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Positive harmonic functions

What about positive harmonic functions on R"” \ {0}?

Bocher's Theorem

If u > 0 and harmonic on B\ {0}, then there exists a harmonic function v
on B, and a constant b > 0 so that on B\ {0},

u(x) = {blog(|x|_1)+v(x) , n=2

b|x|?~" + v(x) , n>2

n > 2, u> 0 and harmonic on R"\ {0}. Then there exist numbers
b,c > 0 so that u(x) = b|x|>" + c.

Proof: On B\ {0}, u(x) = b|x|?>~" + v(x). Thus u(x) — b|x|> " is
harmonic on punctured Euclidean space and bounded near the origin.
Thus it extends v(x) to a harmonic function on all of R". But

lim inf|X|_>+oo V(X) > 0.
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Positive harmonic functions

What about positive harmonic functions on R"” \ {0}?

Bocher's Theorem

If u > 0 and harmonic on B\ {0}, then there exists a harmonic function v
on B, and a constant b > 0 so that on B\ {0},

u(x) = {blog(|x|_1)+v(x) , n=2

b|x|?~" + v(x) , n>2

n > 2, u> 0 and harmonic on R"\ {0}. Then there exist numbers
b,c > 0 so that u(x) = b|x|>" + c.

Proof: On B\ {0}, u(x) = b|x|?>~" + v(x). Thus u(x) — b|x|> " is
harmonic on punctured Euclidean space and bounded near the origin.
Thus it extends v(x) to a harmonic function on all of R". But
liminf|,| 4o v(x) > 0. Thus v is constant.
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Schwarzschild metric

4/(n—2)
gs = (1 + an‘z) gE is the spatial Schwarzschild metric of mass

m.
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Schwarzschild metric

4/(n—2)
gs = (1 + an‘z) gE is the spatial Schwarzschild metric of mass
m.

Since ‘X‘% is harmonic on R"” \ {0}, we have R(gs) =0. It is
asymptotically flat with two ends if m > 0.
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Schwarzschild metric

)4/("—2)

gs = (1 + an‘z gE is the spatial Schwarzschild metric of mass
m.

Since ‘X‘% is harmonic on R"” \ {0}, we have R(gs) =0. It is
asymptotically flat with two ends if m > 0.
A simple computation shows (Exercise!)
1 n .
M= = Dwma Jim / > (giji — giij)VL doe.

xf=r =1

Note v/} = X
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Schwarzschild metric

)4/("—2)

gs = (1 + an‘z gE is the spatial Schwarzschild metric of mass
m.

Since ‘X‘% is harmonic on R"” \ {0}, we have R(gs) =0. It is
asymptotically flat with two ends if m > 0.

A simple computation shows (Exercise!)

1 ) n .
m= 2(n— 1)wn_1 JTOO / Z (gij,i — &iij)V% doe.
|x|=r ij=1
i j
Note /4 = |>)<<|.

3 .
Incase n=3, m= ﬁ lim [ > (gj,i— &ij)vé doe.

roFo0 i=r ij=1
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Schwarzschild metric

)4/("—2)

gs = (1 + an‘z gE is the spatial Schwarzschild metric of mass
m

Since ‘X‘% is harmonic on R"” \ {0}, we have R(gs) =0. It is
asymptotically flat with two ends if m > 0.

A simple computation shows (Exercise!)

1 ) n .
m= 2(n— 1)wn_1 rLToo / Z (gij,i — &iij)V% doe.
|x|=r ij=1
j j
Note /4 = |>)<<|.
1 3 .
Incase n =3, m= 35— r—IgToo‘X‘f:r I_dzzl(gij,i — gii j)Vt doe.

The flux integral limit provides the definition of mass/energy for more
general asymptotically flat metrics.
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Harmonic functions at oo

Inversion in the unit sphere:

x = x* =|x|72x, 000, o0+ 0.
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Harmonic functions at oo

Inversion in the unit sphere:
x = x* =|x|72x, 000, o0+ 0.

In R? ~ C, this is z +— 1/z.
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Harmonic functions at oo

Inversion in the unit sphere:

x = x* =|x|72x, 000, o0+ 0.

In R? ~ C, this is z +— 1/z.

This is a conformal transformation.
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Harmonic functions at oo

Inversion in the unit sphere:
x = x* =|x|72x, 000, o0+ 0.

In R? ~ C, this is z +— 1/z.

This is a conformal transformation.

Kelvin Transform
For functions u defined on Q C R" \ {0}, define K[u] on Q* by

K{ul(x) = [x[*~"u(x").
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Harmonic functions at oo

Inversion in the unit sphere:
x = x* =|x|72x, 000, o0+ 0.

In R? ~ C, this is z +— 1/z.

This is a conformal transformation.

Kelvin Transform
For functions u defined on Q C R" \ {0}, define K[u] on Q* by

K{ul(x) = [x[*~"u(x").

Key exercise: u harmonic if and only if K[u] is harmonic.
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Harmonic functions at oo

K C R" is compact.
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Harmonic functions at oo

K C R" is compact.

Definition

We say a function u which is harmonic on R" \ K (“near infinity") is
harmonic at infinity provided K[u] has a removable singularity at 0.
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Harmonic functions at oo

K C R" is compact.

Definition

We say a function u which is harmonic on R" \ K (“near infinity") is
harmonic at infinity provided K[u] has a removable singularity at 0.

Lemma

| A\

n > 2. uis harmonic on R”\ K. u is harmonic at infinity if and only if
lim u(x) =0.
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Harmonic functions at oo

K C R" is compact.

Definition

We say a function u which is harmonic on R" \ K (“near infinity") is
harmonic at infinity provided K[u] has a removable singularity at 0.

Lemma

| A\

n > 2. uis harmonic on R”\ K. u is harmonic at infinity if and only if
lim u(x) =0.

Proof: Exercise! Uses u(x) = |x*|""2K[u](x*).
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Harmonic functions at oo

The Kelvin transform can be used to solve the exterior Dirichlet problem,
by inverting solution of the interior Dirichlet problem on ball.
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Harmonic functions at oo

The Kelvin transform can be used to solve the exterior Dirichlet problem,
by inverting solution of the interior Dirichlet problem on ball.

The result is a function which is harmonic at infinity.
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Harmonic functions at oo

The Kelvin transform can be used to solve the exterior Dirichlet problem,
by inverting solution of the interior Dirichlet problem on ball.

The result is a function which is harmonic at infinity.

Example: u(x) = (1 — |x|2>~") is harmonic and u = 0 on dB. The unique
solution of the exterior Dirichlet problem with zero BC's is the zero
function. u(x) here is not harmonic at infinity, but u — 1 is.

Justin Corvino (Lafayette) Harmonic Functions on R" June 10, 2012 19 / 46



Harmonic functions at oo

For n > 2, u harmonic on R" \ K, the following are equivalent.

e u is bounded near infinity
e u is bounded above or below near infinity

e There is a constant ¢ so that u — ¢ is harmonic at infinity

u has a finite limit as |x| — oo

Justin Corvino (Lafayette) Harmonic Functions on R" June 10, 2012 20 / 46



Harmonic functions at oo

Theorem

For n > 2, u harmonic on R" \ K, the following are equivalent.
e u is bounded near infinity
e u is bounded above or below near infinity

e There is a constant ¢ so that u — ¢ is harmonic at infinity

e u has a finite limit as |x| — oo

Proof: Mostly easy. One real step involves using Bocher's Theorem: if

u > 0 near infinity, K[u] > 0 near the origin, so by Bdcher, there is a ¢ so
that K[u](x) — c|x|>~" = v(x) is harmonic near 0. So K[v](x) = u(x) — ¢
is harmonic near infinity.
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Spherical harmonic expansion

If v harmonic at infinity,
XFP7v(x) = KIVI(x*) = a0 + ai(x*) + - -

by Taylor expansion of K[v] about x* = 0.
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Spherical harmonic expansion

If v harmonic at infinity,
XFP7v(x) = KIVI(x*) = a0 + ai(x*) + - -

by Taylor expansion of K[v] about x* = 0.
Thus v(x) = aolx|"2 () X772 oo = ity - 2

+ O(Ix[™").
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Spherical harmonic expansion

If v harmonic at infinity,
XFP7v(x) = KIVI(x*) = a0 + ai(x*) + - -

by Taylor expansion of K[v] about x* = 0.

Thus v(x) = ao|x*|"72 + a;(x*)/|x*|"~2? 4 - - |X|,, =+ a;l(,, + O(|x]™™).
One can compute higher-order terms. If you group the Taylor expansion

into homogeneous polynomials, each such is harmonic.
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Spherical harmonic expansion

If v harmonic at infinity,
XPv(x) = KIVI(x*) = a0 + ai(x*)" + - --

by Taylor expansion of K[v] about x* = 0.

Thus v(x) = ao|x>"|”_2 + a,-(x*)i|x*|"—2 4. =&

One can compute higher-order terms. If you group the Taylor expansion
into homogeneous polynomials, each such is harmonic.

x|n

i 220 4 O[] ).

Exercise: In the n = 3 case, compute the next term in the expansion of v.
What is the dimension of homogeneous harmonic polynomials of degree
two in dimension three?
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Spherical harmonic expansion

If v harmonic at infinity,
XFP7v(x) = KIVI(x*) = a0 + ai(x*) + - -

by Taylor expansion of K[v] about x* = 0.

Thus v(x) = ao]x*[72 4 a;(x*)|x* 172 4. = 20 4 2 4 O(|x| 7).
One can compute higher-order terms. If you group the Taylor expansion
into homogeneous polynomials, each such is harmonic.

Exercise: In the n = 3 case, compute the next term in the expansion of v.
What is the dimension of homogeneous harmonic polynomials of degree
two in dimension three?

Remark: The eigenfunctions of A, on the unit sphere (S”, go) are given
by restrictions of homogeneous harmonic polynomials on R™*1. The first

eigenvalue \p = 0 (constant functions), and the next eigenvalue is A\; = n,
with eigenfunctions x', i = 1,...,n+ 1 restricted to the sphere.
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And now, for something completely different...
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Asymptotically Euclidean Metrics and the Positive Mass

Theorem

Justin Corvino

Lafayette College
U.S.A.

June 12, 2012
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Asymptotically flat metrics

Definition

A complete Riemannian manifold (M", g), with an associated symmetric

(0,2) tensor K (or m = K — (trgK)g) is called asymptotically flat (or

asymptotically Euclidean) if there is a compact set £ C M so that M\ K
k

equals a disjoint union of asymptotic ends |J E;, where each asymptotic
j=1

end E; is diffeomorphic to R" \ {|x| < 1}, with asymptotically flat

coordinates x' in which the following decay estimates hold for

multi-indices o and j3:

v
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Asymptotically flat metrics

Definition

A complete Riemannian manifold (M", g), with an associated symmetric

(0,2) tensor K (or m = K — (trgK)g) is called asymptotically flat (or

asymptotically Euclidean) if there is a compact set £ C M so that M\ K
k

equals a disjoint union of asymptotic ends |J E;, where each asymptotic
j=1

end E; is diffeomorphic to R" \ {|x| < 1}, with asymptotically flat

coordinates x' in which the following decay estimates hold for

multi-indices o and j3:

92(85 = 8)()| = O(lx|71=9)
fKy(x)| = O(lx|71=1-a)

for la| <€+1, |8 < ¢, qg> 252 (so q>1/2in case n=3).

v
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Example: Schwarzschild

Schwarzschild m > 0
(R™\ {0}, gs) with

4/(n—2)
a5 = (1 + W"L_z) gE is asymptotically flat with two ends if m > 0.

g = n — 2 in this case.

Schwarzschild m < 0
Case n=3: (R3\ {|x| < —m/2}, g5).
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Example: Schwarzschild

Schwarzschild m > 0

(R"\ {0}, gs) with

4/(n—2)
a5 = (1 + W"L_z) gE is asymptotically flat with two ends if m > 0.
g = n — 2 in this case.

Schwarzschild m < 0

Case n=3: (R3\ {|x| < —m/2}, g5).
Wait a second, what about positivity of mass?
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Example: Schwarzschild

Schwarzschild m > 0
(R™\ {0}, gs) with

4/(n—2)
) gE is asymptotically flat with two ends if m > 0.

g5=(l+W";_2
g = n — 2 in this case.

Schwarzschild m < 0

Case n=3: (R3\ {|x| < —m/2}, g5).
Wait a second, what about positivity of mass?
This metric is not complete.
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Example: Schwarzschild

Schwarzschild m > 0
(R™\ {0}, gs) with

4/(n—2)
) gE is asymptotically flat with two ends if m > 0.

gS=(1+W",77_z
g = n — 2 in this case.

Schwarzschild m < 0

Case n=3: (R3\ {|x| < —m/2}, g5).
Wait a second, what about positivity of mass?
This metric is not complete.

Note: if we allow manifolds with boundary, we need to impose something
on the boundary: compare Schwarzschild m > 0 and m < 0.
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Example: Schwarzschild

Schwarzschild m > 0

R\ {0}, g) with
8s = (1+ 5572

g = n — 2 in this case.

gE is asymptotically flat with two ends if m > 0.

Schwarzschild m < 0

Case n=3: (R3\ {|x| < —m/2}, gs).
Wait a second, what about positivity of mass?
This metric is not complete.

Note: if we allow manifolds with boundary, we need to impose something
on the boundary: compare Schwarzschild m > 0 and m < 0.

For simplicity, let's stick to the boundary-less case.
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Example: harmonically flat metrics

Consider an asymptotically flat metric with an end E with asymptotically

flat coordinates x = (x'), so that for |x| > ro, g = u*ge, u — 1 at infinity,
and R(g) =0, i.e. Au=0.
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Example: harmonically flat metrics

Consider an asymptotically flat metric with an end E with asymptotically
flat coordinates x = (x'), so that for |x| > ry, g = u*ge, u — 1 at infinity,
and R(g) =0, i.e. Au=0.

As we saw earlier, u admits an expansion:

u) =14 oy X

M2 T

where A is a constant and (3 is a vector. Note that g = n — 2 here.
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Example: harmonically flat metrics

Consider an asymptotically flat metric with an end E with asymptotically
flat coordinates x = (x'), so that for |x| > ry, g = u*ge, u — 1 at infinity,
and R(g) =0, i.e. Au=0.

As we saw earlier, u admits an expansion:

A 8- x
14 PR
ub) =1t e T e T

where A is a constant and (3 is a vector. Note that g = n — 2 here.
x| !

Note also that derivatives fall off one order faster: =5

= —|x|3x".
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Example: harmonically flat metrics

Take n = 3 for simplicity.

A [B-x

x| Ix[?
Then we'll see m = 2A (as in Schwarzschild), and if A # 0, we define
c=p/A: a straightforward computation shows

B(y) == u(y +¢) =1+ 5 + O(ly| ).
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Example: harmonically flat metrics

Take n = 3 for simplicity.

A [B-x
x| xP

Then we'll see m = 2A (as in Schwarzschild), and if A # 0, we define
c=p/A: a straightforward computation shows

B(y) == u(y +¢) =1+ 5 + O(ly| ).

It makes sense then to identify ¢ as the center of mass.
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Expansion of scalar curvature

We have g;j — d; = O(|x|~9) (and same for inverse metric g¥),
dgjj = O(]x|~9) and 82g,-j = O(|X’qu2)_
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Expansion of scalar curvature

We have g;j — d; = O(|x|~9) (and same for inverse metric g¥),
dgi = O(|x|~971) and &g = O(|x|~972). Now

M = 28" (gim.j + &mj,i — &im) = O(|x|7971).
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Expansion of scalar curvature

We have g;j — d; = O(|x|~9) (and same for inverse metric g¥),
dgi = O(|x|~971) and &g = O(|x|~972). Now

rk 2gkm(glm,1 + &mj,i — 8ijm) = O(|x|=971).

1
rfj 0= 2gg " (gimj + &mj,i — &ijm) + §gkm(gim,jé + &mjit — 8ij,mt)

= O(|x|72972) + §5km(gim,je + 8mj.it — 8ij,mt)
+ E(gkm — K™Y (gim jo + Emj.ie — &ij.me)

1 g
= E(gik,jé + gujie — Gijke) + O(]x|2972).
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Expansion of scalar curvature

Recall R(g) = gV <r/l'(j,k - rll.;(,j + F’;erfj - rjférfik)' Thus

Rlg) = g7 (Tl = Thoy) + Ox|202) = o7 (T, = T4 )+ O(1x| 22)
because g — & ~ |x|™9 and OI ~ |x|7972,
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Expansion of scalar curvature

Recall R(g) = g (I, — Th ; + Tkl = T4T,). Thus
R(g) = g7 (T§ = Th ) +O(x|7292) = o7 (T% , — Th ) +O(Ix|29-2)

because g — & ~ |x|™9 and OI ~ |x|7972,

Proposition

Thus using previous expansions,

R(g) =Y _(gij — &) + O(Ix|7277%).

i
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Expansion of scalar curvature
Recall R(g) = g7 (Tk, - Th T = TS ). Thus

Rlg) = g7 (Tl = Thoy) + Ox|202) = o7 (T, = T4 )+ O(1x| 22)
because g — & ~ |x|™9 and OI ~ |x|7972,

k
— ik

Proposition

Thus using previous expansions,

R(g) =Y _(gij — &) + O(Ix|7277%).

i

Note that the error term is in L1(E): for ¢ > (n—2)/2, 2 +2 > n.
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The mass (energy) integral

Recall the mass (energy) integral is given by

1
Y2 I ij,i 1 VJ @o
2(!7 — l)w,, 1 rJToo / Z J ~ &ii ’J el

Ix|=r ij=1

Note 1/, = |X|

In case n = 3, this is 16 i Z (&iji — g;i,j)Vé doe.
% x|=r i=1
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The mass (energy) integral

Recall the mass (energy) integral is given by

1
Y2 I ij,i 1 VJ @o
2(!7 — l)w,, 1 rJToo / Z J ~ &ii ’J el

Ix|=r ij=1

Note 1/, = |X|

In case n = 3, this is 16 i Z (&iji — g;i,j)Vé doe.
% x|=r i=1

Does the limit exist?
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The mass (energy) integral

Well, by the divergence theorem,

Ix|=r Ix|=ro

n

ij=1

n

> (&, — giij)vl doe = / > (gi. — giis) dx

<|x|<r =1
n

= [ S (R@+ 0l o

ro<ix|<r =1
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The mass (energy) integral

Well, by the divergence theorem,

n n
/ - / > (&, — giij)vl doe = / > (& — &) dx
x|=r |x|=r =1 <|x|<r =1
n

= [ S (R@+ 0l o

ro<ix|<r =1

So if R(g) € L, then the limit exists.
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The mass (energy) integral

Well, by the divergence theorem,

/ - / > (i — giij)VL doe = / > (gij.i — girgj) dx

x|=r |x|=r =1 <|x|<r =1

= [ S (R@+ 0l o

ro<ix|<r =1

So if R(g) € L, then the limit exists.

From the constraint R(g) — HKH; + H? = 2kp, with K;j = O(|x|7971), we
see R(g) € LY(E) if and only if p € L1(E), e.g. vacuum case p = 0.
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The energy-momentum four-vector

e The limit can be non-zero even if R(g) = 0 (vacuum), e.g.
Schwarzschild.
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The energy-momentum four-vector

e The limit can be non-zero even if R(g) = 0 (vacuum), e.g.
Schwarzschild.

e One can show (Bartnik, CPAM, 1986) that the mass/energy is
independent of AF coordinates.
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The energy-momentum four-vector

e The limit can be non-zero even if R(g) = 0 (vacuum), e.g.
Schwarzschild.

e One can show (Bartnik, CPAM, 1986) that the mass/energy is
independent of AF coordinates.

Now recall the second constraint equation divg(m) = kJ. Now

(divgm); = gjk(WU,k — Tkmmj — Tgmim) = dive(m) + O(|x|72972)
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The energy-momentum four-vector

e The limit can be non-zero even if R(g) = 0 (vacuum), e.g.
Schwarzschild.

e One can show (Bartnik, CPAM, 1986) that the mass/energy is
independent of AF coordinates.

Now recall the second constraint equation divg(m) = kJ. Now
(divgm)i = g™ (mjk — Temm; — Tigmim) = dive(m) + O(|x|7277?)

So for |J| € LY(E), e.g. J =0, the following limit exists:

1 |
Pi= Do M / Tive doe.
|x|=r
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The energy-momentum four-vector

Ifwelet E=5—4— lim [ > (g — gij)VL doe, then E and P

2(n—1)wn,_

R =
fit together to given the ADM energy-momentum four-vector of the
asymptotically flat end.
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The energy-momentum four-vector

Ifwelet E=5—4— lim [ > (g — gij)VL doe, then E and P

2(n—1)wn_1 r_>+oo\x|:r Pt
fit together to given the ADM energy-momentum four-vector of the
asymptotically flat end.
What do we expect?
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The energy-momentum four-vector

Ifwelet E=5—4— lim [ > (g — gij)VL doe, then E and P

2(n—1)wn_1 r_>+oo\x|:r Pt
fit together to given the ADM energy-momentum four-vector of the
asymptotically flat end.
What do we expect?

For reasonable matter, say corresponding to T satisfying an energy
condition, we expect E > 0, and in E > |P], i.e. the energy-momentum
vector is future-pointing causal.
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The energy-momentum four-vector

Ifwelet E=5—4— lim [ > (g — gij)VL doe, then E and P

2(n—1)wn_1 r_>+oo\x|:r Pt
fit together to given the ADM energy-momentum four-vector of the
asymptotically flat end.
What do we expect?

For reasonable matter, say corresponding to T satisfying an energy
condition, we expect E > 0, and in E > |P], i.e. the energy-momentum
vector is future-pointing causal.

This is the content of the Positive Mass Theorem.
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Positive Mass Theorem

Recall that the dominant energy condition (DEC) implies on the initial
data that p > |J], i.e.

1 )
S(R(8) = IKIIZ + H?) > [divgr].

(M, g, K) is an asymptotically flat initial data set satisfying DEC.
Then E > |P|.
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Positive Mass Theorem

Recall that the dominant energy condition (DEC) implies on the initial
data that p > |J], i.e.

1 )
S(R(8) = IKIIZ + H?) > [divgr].

PMT

(M, g, K) is an asymptotically flat initial data set satisfying DEC.
Then E > |P|.

PET

(M, g, K) is an asymptotically flat initial data set satisfying DEC.
Then E > 0.

v
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Positive Mass Theorem

Riemannian case

(M, g) is an asymptotically flat initial data set satisfying R(g) > 0. Then
E > 0.
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(M, g) is an asymptotically flat initial data set satisfying R(g) > 0. Then
E > 0. E =0 implies (M, g) isometric to (R", gg).
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Positive Mass Theorem

Riemannian case

(M, g) is an asymptotically flat initial data set satisfying R(g) > 0. Then
E > 0. E =0 implies (M, g) isometric to (R", gg).

Notes

e Riemannian case: Schoen-Yau, 1979 (3 < n < 7), Witten 1981 (spin
manifolds).

e PET: Schoen-Yau, 1981 (n = 3), Witten (spin); Eichmair
(4<n<7).

e PMT: Witten, 1981 (spin); Eichmair, Huang, Lee, Schoen, 2011
(3<n<7).
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Positive Mass Theorem

Riemannian case

(M, g) is an asymptotically flat initial data set satisfying R(g) > 0. Then
E > 0. E =0 implies (M, g) isometric to (R", gg).

Notes

e Riemannian case: Schoen-Yau, 1979 (3 < n < 7), Witten 1981 (spin
manifolds).

e PET: Schoen-Yau, 1981 (n = 3), Witten (spin); Eichmair
(4<n<7).

e PMT: Witten, 1981 (spin); Eichmair, Huang, Lee, Schoen, 2011
(3<n<7).

The rigidity statement in the PMT is: E = |P| only in case M" is a
space-like hypersurface in Minkowski space-time M"+1 with induced
metric and second fundamental form g and K.

Justin Corvino (Lafayette) Harmonic Functions on R" June 12, 2012 35 /46



Positive Mass Theorem

Riemannian case

(M, g) is an asymptotically flat initial data set satisfying R(g) > 0. Then
E > 0. E =0 implies (M, g) isometric to (R", gg).

Notes

e Riemannian case: Schoen-Yau, 1979 (3 < n < 7), Witten 1981 (spin
manifolds).

e PET: Schoen-Yau, 1981 (n = 3), Witten (spin); Eichmair
(4<n<7).

e PMT: Witten, 1981 (spin); Eichmair, Huang, Lee, Schoen, 2011
(3<n<7).

The rigidity statement in the PMT is: E = |P| only in case M" is a
space-like hypersurface in Minkowski space-time M"+1 with induced
metric and second fundamental form g and K. This is established in the
spin case. Also, in case E = 0: Schoen-Yau, Eichmair.
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Positive Mass Theorem

Please see arXiv preprint of Eichmair, Huang, Lee and Schoen (2011), and
Eichmair (2012) for references and history.
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Positive Mass Theorem

Please see arXiv preprint of Eichmair, Huang, Lee and Schoen (2011), and
Eichmair (2012) for references and history.

We will sketch a proof the Riemannian case of the PET, at least in case
n = 3. In this case, the energy E is often just referred to as the mass m,
and we'll use the same abuse of notation/miscarriage of justice?
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Positive Mass Theorem

Please see arXiv preprint of Eichmair, Huang, Lee and Schoen (2011), and
Eichmair (2012) for references and history.

We will sketch a proof the Riemannian case of the PET, at least in case
n = 3. In this case, the energy E is often just referred to as the mass m,
and we'll use the same abuse of notation/miscarriage of justice?

It's OK—in the Riemannian case, can consider K = 0, so that P =0, and
there is no ambiguity between E and m in this case.
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Positive Mass Theorem

Please see arXiv preprint of Eichmair, Huang, Lee and Schoen (2011), and
Eichmair (2012) for references and history.

We will sketch a proof the Riemannian case of the PET, at least in case
n = 3. In this case, the energy E is often just referred to as the mass m,
and we'll use the same abuse of notation/miscarriage of justice?

It's OK—in the Riemannian case, can consider K = 0, so that P =0, and
there is no ambiguity between E and m in this case.

The proof we will sketch blends ideas from the original Schoen-Yau proof,
with observations of Bray and Lohkamp on the asymptotics.
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Riemannian case

e Use conformal deformation to reduce to vacuum case R(g) = 0.

e Normalize asymptotics |: harmonically flat near infinity

e Simplify: compactify all but one end

e Normalize asymptotics II: Schwarzschild (mass m) near infinity,
keeping R > 0. (Bray)

e If m < 0, make the metric EUCLIDEAN near infinity, keeping R > 0.
(Lohkamp)

e Compactify to make a compact manifold with non-flat metric with
R > 0, which is a connected sum with torus. (Lohkamp)

e Argue this metric can be deformed to PSC. Then argue that this is a
contradiction—topological obstruction to PSC.

e Rigidity case requires separate argument
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Mass under a conformal change

lllustrate in case n = 3. Suppose g AF, g > 1/2.
g = u*g;, where u=1+ ﬁ + - -+ near infinity (implies drop off in
derivatives t0o0).
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Mass under a conformal change

lllustrate in case n = 3. Suppose g AF, g > 1/2.
g = u*g;, where u=1+ ﬁ + - -+ near infinity (implies drop off in
derivatives t0o0).

(8. — &irj) = u*(gji — girj) + 40Pu,g; — 4P u g
= (gij,i — &iij) + 4(U,'5ij — u i) + O(|X|7H)

= (gij,i — &irj) + 4(—A 5u + A

| ’3 | ’3)+O(’X’_q_2)
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Mass under a conformal change

lllustrate in case n = 3. Suppose g AF, g > 1/2.
g = u*g;, where u=1+ ﬁ + - -+ near infinity (implies drop off in
derivatives t0o0).

&ij,i — &iij) = u"(8ij,i — &iij) +4uTuigj — AuTu ;g
( ) = u*( )+ 43 403
= (g — &irj) + 4(U,'5ij — ujdi) + O(IXI*"’z)

= (gijj,i — giij) +4(—A Ix ’3 5:1 + A| ’3) +0(x|797?)
The mass integrands are thus related by
3 3 3
Z (Ei',i - giij) = Z (gij: gII,J +8A Z |X| - 2)
ij=1 ij=1 =1

The surface integral of the A-term is

_ 1 8A 2 _
1671’ f 8A Z |X|3 |X| Oe — 167 2 47re = 2A.

|x|=r
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Mass under a conformal change

lllustrate in case n = 3. Suppose g AF, g > 1/2.
g = u*g;, where u=1+ ﬁ + - -+ near infinity (implies drop off in
derivatives t0o0).

(8. — &irj) = u*(gji — girj) + 40Pu,g; — 4P u g
= (gij,i — &iij) + 4(u, '5ij — u i) + O(|X|7q72)

= (gijj,i — giij) +4(—A Ix ’3 5:1 + A| ’3) +0(x|797?)
The mass integrands are thus related by
3 3 3
Z (gij,i - giij) = Z (gij: gII,J +8A Z |X| - 2)
ij=1 ij=1 =1

The surface integral of the A-term is

167r J 8A Z |X|3 |X| Oe = 1é7r Sr? 47r? = 2A. Thus m(g) = m(g) +2A.

|x|=r
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Mass under a conformal change

m(g) = m(g) + 2A.

As a corollary, this shows the mass of the Schwarzschild metric is indeed
m(gs) = m(ge) +25 =0+ m=m.
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Mass under a conformal change

m(g) = m(g) + 2A.

As a corollary, this shows the mass of the Schwarzschild metric is indeed
m(gs) = m(ge) +25 =0+ m=m.

Note that if 0 < u < 1, then A <0, so that m(g) < m(g).
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Mass under a conformal change

m(g) = m(g) + 2A.

As a corollary, this shows the mass of the Schwarzschild metric is indeed
m(gs) = m(ge) +25 =0+ m=m.

Note that if 0 < u < 1, then A <0, so that m(g) < m(g).

So if the PET works for g (which we might have arranged to be simpler
than g in some way), then the PET holds for g.
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Laplacian in weighted spaces on AF manifolds

We will use conformal changes of metric to deform the scalar curvature,

and so we will want to understand the behavior of the Laplace operator
Ag, as for u > 0:

4 _92 A(n—1 _ n+2
R(u*("2g) = 2D 405 (Agu — 41225 R(g)u).
In particular we will be deforming to zero scalar curvature, so we want to

solve 0 = (Ag — (”n 21)R( ))u.
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Laplacian in weighted spaces on AF manifolds

We will use conformal changes of metric to deform the scalar curvature,
and so we will want to understand the behavior of the Laplace operator
Ag, as for u > 0:

R(u4/(nf2)g) — _Mu_ n—2 (Agu 4(n ]_ (g)U)

In particular we will be deforming to zero scalar curvature, so we want to

solve 0 = (Ag — (”n 21)R( ))u.

And we want the solution to be positive, u > 0, u tends to 1 at infinity (in
the relevant end), and if possible, we'd like for u to have at least a partial
expansion u(x) =1+ M% + O(]x|~("=1)) (along with derivative decay).

n=3 ulx)=1+ ﬁ + O(|x|7?)

Justin Corvino (Lafayette) Harmonic Functions on R" June 12, 2012 40 / 46



Weighted spaces

(M, g) asymptotically flat. Take o > 1 a smooth function which in AF
coordinates in any end is o(x) = |x|.
Define a weighted LP norm, p > 1:

Julles = / (Julo™)Po" dv.
=

Weighted Sobolev norm

= DY
ey = 3 I0ulie,

This gives a Banach space Wf’Tp(M,g).
(Reference: Bartnik, CPAM, 1986, e.g.)
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Weighted spaces

Weighted Holder spaces are defined analogously. Take a € (0,1).
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Weighted spaces

Weighted Holder spaces are defined analogously. Take a € (0,1).

Let o(x,y) = min(o(x),o(y)), and let d(x,y) be geodesic distance.

[Flo,— = sup(ox. )™ Ll

Weighted Holder norm

1fll e = 32 sup ((6(x))*FDYF(x)]) + [D*Fla,—g-x-
# hiskxeM
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Weighted spaces

A version of the Sobolev embedding is given in the following estimate:

Sobolev Embedding

ka
If1>k—2>a>0, then HUHCE’;‘ < CH””Wﬁf' Ifk> 2, ue wep,
then |u(x)| = o(|x|79).

Both sets of weighted spaces encode decay rates at infinity.
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Behavior of Laplacian on weighted spaces

(M, g) AF, with suitable number of derivatives decaying suitably, k > 2,
some range of p > 1 (and depends on decay rate of g).

Fredholm property
Ag : WP — W¥ 2P is Fredholm, provided
(=0)¢{meZ: m<2—n, m>0}.
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Behavior of Laplacian on weighted spaces

(M, g) AF, with suitable number of derivatives decaying suitably, k > 2,
some range of p > 1 (and depends on decay rate of g).

Fredholm property
Ag : WP — W¥ 2P is Fredholm, provided

(=0)¢ {meZ:m<2—n, m>0}. (Any comments on these
exceptional weights?)

If 6 € (0, n—2), then Ag is invertible. (cf. No Euclidean harmonic
functions decay at infinity weaker than |x|>~". ) In this case we also have
an estimate:

Wllwep < ClAgwl iz,
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Laplacian on weighted spaces

Conformal Laplacian

For g AF, the map u € XX — R(g)u € Y*=2 is compact in weighted
spaces: domain has k derivatives, say, while range has (k — 2) derivatives,
say.
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Laplacian on weighted spaces

Conformal Laplacian

For g AF, the map u € XX — R(g)u € Y*=2 is compact in weighted
spaces: domain has k derivatives, say, while range has (k — 2) derivatives,
say.

Why?
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Laplacian on weighted spaces

Conformal Laplacian

For g AF, the map u € XX — R(g)u € Y*=2 is compact in weighted
spaces: domain has k derivatives, say, while range has (k — 2) derivatives,
say.

Why? Ascoli-Arzela

So Ag — c(n)R(g) will be Fredholm of the same index as A, on the
suitable weighted spaces.
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Expansion

Let § € (0,n—2). If (M, g) AF, and suppose an equation with Az can be
re-written as Av = F € WE’(;i_z, (for suitable 7 > 0, 0* = § + 7) so that
A WE’(;i — WE’(;i_2 is Fredholm, there isa w € WE’(Sq* so that

A(v — w) =0 for |x| > Ry, say. (Why?)

Then (v — w) goes to zero and is harmonic at infinity, which means
(v—w) = A + (x|~ D),

Improve estimate on w to get right error term in expansion.

(Cf. Bartnik—weighted Sobolev spaces; N. Meyers, 1963, weighted Holder
spaces)
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