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Given a causal curve segment 3, let L(3) denote the length of f.

Basic Lemma Let {ax|jo 1]} be a sequence of future-directed
causal curve segements contained in a compact set K with

a,(0) = p and k(1) — q # p.

If the strong causality condition holds at every point in K, then
there exists a future-directed causal curve Mg 1) from p to q,
which is a piecewise smooth geodesic, such that

L(A) > liminf L(c).

m—>00
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In a spacetime M, the analogue of the Riemannian distance is:
7(p, q) = sup{L(«) | « is a future causal curve from p to q}.

Thus
»q¢ JT(p)=7(p,q) =0
» g l*(p)=T1(p,q) >0
» g€ JH(p)\ I*(p) = 7(p,q) = 0.

Hence 7(p,q) > 0 < g € I (p).

Exercise 7(-,-): M x M — [0, 0] is lower semi-continuous.
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Given p < g, it is natural to consider the set
J(p,q) == I (p)N I (q).

Proposition Given p < q, suppose
> J(p,q) = J"(p) N J~(q) is compact
» the strong causality condition holds at every point in J(p, q).

Then there exists a smooth future-directed causal geodesic A from
p to g with L(\) = 7(p, q).
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An open set H in M is called a globally hyperbolic open set if

> the strong causality condition holds at any p € H

» If p,g € H and p < g, then J(p, q) is compact and is
contained in H.

The spacetime M is called globally hyperbolic if the above two
conditions holds with H replaced by M.

Lemma If H C M is a globally hyperbolic open set, then the
relation < is closed on H, that is

Upet{ak} C U, pk < quspk > p€U, gy >qelU” = p<aq.

Therefore, J*(p), J=(p) are always closed sets in a globally
hyperbolic spacetime.

Causality in a Spacetime |11



A C M is achronal. The future domain of dependence of A is

D*(A) = {p| every past inextendible causal curve from p meets A}

Clearly, Ac D*(A) Cc (AUIT(A)) C JT(A).
The past domain of dependence of A is

D~ (A) = {p| every future inextendible causal curve from p meets A}.
The (total) domain of dependence of A is

D(A) = D*(A) U D~ (A).

Proposition Let A be an achronal set. Then int(D(A)), if
nonempty, is a globally hyperbolic open set in M.
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Ask: for which achronal set A, is D(A) necessarily an open set?

One simple sufficient condition is

“Suppose A is an achronal set that does not contain edge points.
If in addition A is known to be acausal, i.e. no causal curve meets
A more than once, then D(A) is an open set. "
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An achronal set S C M is called a Cauchy hypersurface if
D(S) =M,

that is, S is met by every inextendible causal curve in M.
If S is a Cauchy hypersurface, then

» M is the disjoint union of 1=(S), S and I1(S)

» Sis a closed set and edge(S) = ). Hence, S is a C°
hypersurface

» M is globally hyperbolic.
If S is a Cauchy hypersurface, then S is met exactly once by any

inextedible timelike curve. This suggests one use timelike vector
fields to study S.
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Let T be a smooth timelike vector field on M. Let F(p, t) be the
maximal integral curve of T passing p € M. Then

F(-,-) : D — M is a smooth map, where D C M x R! is an open
set of the form ({p} x RY)ND = {p} x I, where I, is an open
interval.

Suppose S C M is a Cauchy hypersurface, then
Fp(t) meets S exactly once, V p e M.

Consider H= F(-,-) : (S x RY))N'D — M. Then H(-,") is
continuous, one-to-one and onto. Thus, H is a homeomorhism by
the invariance of domain.

Llet p=7moH™1: M= S where 7:S xR = S is the projection.
Then p is a continuous, open and onto map with p|s = id.
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Corollary Suppose S is a Cauchy hypersurface in M. Then
1. S is necessarily connected.

2. If S is another Cauchy hypersurface, then S and S are
homeomorphic.

3. Suppose A is an achronal, C® hypersurface. If A is compact,
then p|a : A — S is a homeomorphism. Consequently, S must
be compact.
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