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The Abstract In terp olation Problem and
Applications

ALEXANDER KHEIFETS

Abstra ct . A number of classical interp olation problems can be reduced to
the following scheme. One is interested in the �nding Schur class operator
functions w(� ) : E1 ! E2 , with � 2 D, that satisfy certain interp olation
conditions. The data of the problem are encoded in the Lyapunov identit y

D (T2x; T2y) � D (T1x; T1y) = hM 1x; M 1yi � hM 2x; M 2yi ;

where x; y are elements of a vector space X, D is a positiv e semide�nite
quadratic form on X, T1 and T2 are linear operators on X, and M 1 ; M 2
are linear operators from X to the separable Hilb ert spacesE 1 ; E2 . After
intro ducing the de Branges{Ro vnyak function space H w associated with
w, we can formulate the interp olation conditions th us: w is a solution
to the interp olation problem if and only if there exists a linear mapping
F : X ! H w such that

kF xk2
H w � D (x; x)

and

(F T1x)( t ) = t (F T2x)( t ) �
�

11 w(t )
w(t ) � 11

� �
� M 2x

M 1x

�

for a.e. t with jt j = 1. The solutions w turn out to be the scattering
matrices of the unitary colligations that extend the isometric colligation
de�ned by the Lyapunov identit y. These extensions and their scattering
functions can be described using a \univ ersal" extension and its scattering
operator function. The description formula for solutions looks lik e

w = s0 + s2 (1 � ! s) � 1 ! s1 ;

where

S =
�

s s1
s2 s0

�
: N 2 � E1 ! N 1 � E2

is the scattering matrix of the \univ ersal" extension and ! : N 1 ! N 2 is an
arbitrary parameter from the Schur class. The matrix S is de�ned essen-
tially uniquely by the data of the problem and is called the scattering matrix
of the problem. Using the functional model and the Fourier representation
of the \univ ersal" extension one can investigate analytic prop erties of the
scattering matrices S for classesof interp olation problems.

Work partly supported by MSRI under NSF grant DMS-9022140.

351



352 ALEXANDER KHEIFETS

Contents

Lecture 1. The Abstract Interpolation Problem 352
Lecture 2. Examples 355
Lecture 3. Solutions of the Abstract Interpolation Problem 362
Lecture 4. Description of the Solutions of the AIP 370
Acknowledgements 377
References 378

Lecture 1. The Abstract In terp olation Problem

I will begin with the formal setup of the Abstract Interpolation Problem, or
AIP, then consider several examples and discuss the role of the AIP in their
investigation.

The data of the AIP are encoded in the Fundamental Identit y:

D (T2x; T2y) � D (T1x; T1y) = hM 1x; M 1yi E 1 � hM 2x; M 2yi E 2 ; (1{1)

where x; y are elements of a vector spaceX (which has no a priori topological
structure), D is a positive-semide�nite quadratic form on X, T1 and T2 are linear
operators on X, E1 and E2 are separableHilb ert spaces,and M 1; M 2 are linear
mappings from X into E1; E2.

De Branges{Ro vn yak function spaces. Let w be a Schur class operator
function; that is, w associates to each � in the unit disk D = f � : j� j � 1g
a contraction w(� ) : E1 ! E2, varying analytically with � . The de Branges{
Rovnyak space L w consists of the functions f : T ! E2 � E1 (where T =
f � : j� j = 1g is the unit circle) having the form

f =
�

11E 2 w
w� 11E 1

� 1=2

g (1{2)

for someg 2 L 2(E2 � E1). We set

kf kL w
def= inf kgkL 2 ;

where the in�m um is taken over all g 2 L 2(E2 � E1) such that (1{2) is satis�ed.
All such preimagesg di�er by the addition of (arbitrary) elements of Ker

� 11
w �

w
11

�
,

and the in�m um is attained when

g(t) ? Ker
�

11 w(t)
w(t) � 11

�
a.e. on T.

Let � � 1
w f denote the particular g that achievesthe in�m um. Thus

kf k2
L w = k� � 1

w f k2
L 2 =

Z

T




 (� � 1

w f )( t)



 2

E 2 � E 1
m(dt);
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where m(dt) is Lebesguemeasure.The inner product in L w is de�ned by

hf ; hi L w =


� � 1

w f ; � � 1
w h

�
L 2 :

Now L w is a Hilb ert space.As a set it is contained in L 2. It might happen that
a function f 2 L w admits the representation

f (t) =
�

11 w(t)
w(t) � 11

�
�g(t) a.e.;

where �g(t) neednot be in L 2; then, for any h 2 L w ,

hf ; hi L w =

� �
11 w

w� 11

� 1=2

�g(t); � � 1
w h

�

L 2

=
Z

T



�g(t); h(t)

�
E 2 � E 1

m(dt):

We also de�ne the spaceH w as the subspaceof L w consisting of

f =
�

f 2

f 1

�
with f 2 2 H 2

+ (E2) and f 1 2 H 2
� (E1);

where H 2
+ and H 2

� are the standard Hardy classes.

Setup of the AIP . The Schur classfunction w : E1 ! E2 is said to bea solution
of the AIP (with the data speci�ed above) if there exists a linear mapping F :
X ! H w such that, for all x 2 X , the following conditions are satis�ed:

(i) kF xk2
H w � D (x; x).

(ii) tF T2x � F T1x =
�

11 w
w� 11

� �
� M 2x

M 1x

�
for a.e. t 2 T.

Property (ii) is, in fact, an implicit formula for the mapping F . Sometimesit
de�nes F uniquely, sometimesnot; but any mapping F that possesses(ii) is very
special. We will describe all such maps in Lecture 4.

If we write

F x =
�

F+ x
F� x

�
;

the conditions F x 2 H w and kF xk2
H w � D (x; x) are equivalent to the conjunc-

tion of three conditions:

(a) F+ x 2 H 2
+ (E2).

(b) F� x 2 H 2
� (E1).

(c) kF xk2
L w � D (x; x).

By the de�nition of the inner product in L w , property (c) is actually an upper
bound for the averageboundary valuesof F x.

My goal now is to explain why this abstract problem is an \in terpolation"
problem. Before passingto examplesI would like to consider a special caseof
the data (which was consideredearlier than the generalcase).
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A special case. Assume that the operators (� T2 � T1) and (T2 � �� T1) are
invertible for all � 2 D except possibly for a discrete set. Becausethe �rst
components of the sidesof relation (ii) above are H 2

+ functions, onecan consider
the analytic continuation of the relation inside the unit disk D:

� (F+ T2x)( � ) � (F+ T1x)( � ) = � M 2x + w(� )M 1x: (1{3)

We emphasizethat the vectors M 2x 2 E2 and M 1x 2 E1 are independent of � .
Fix � 2 D. Becausethe mapping F is linear, we have

� (F+ T2x)( � ) =
�
F+ (� T2x)

�
(� ):

Actually , for any complex number � ,

� (F+ T2x)( � ) =
�
F+ (�T 2x)

�
(� );

in particular, this is true for � = � . We can reexpress(1{3) now as
�
F+ (( � T2 � T1)x)

�
(� ) =

�
� M 2 + w(� )M 1

�
x:

Replacing x by (� T2 � T1) � 1x, we end up with

(F w
+ x)( � ) = (w(� )M 1 � M 2)( � T2 � T1) � 1x: (1{4)

One can seebetter now the interpolation meaning of the property F+ x 2 H 2
+ :

the \zeros" of the numerator cancelthe \zeros" of the denominator, which means
that w obeys the interpolation constraint

w(� )M 1x = M 2x

at certain \p oints" � .
In a similar way, the secondcomponents of the two sidesof equality (ii) can

be reexpresed,under the assumptionsat hand, as

(F w
� x)( � ) = �� (M 1 � w(� ) � M 2)(T2 � �� T1) � 1x: (1{5)

The interpolation meaning of the property F w
� x 2 H 2

� is similar to the one
consideredabove, but now for w(� ) � .

The meaning of property (c) will be discussedin the examples.

Remark. Under the assumptionsof this section,condition (ii) de�nes F uniquely
and explicitly for any solution w. This allows us to write F w instead of F . Thus,
under theseassumptions,one can give a more explicit setup for the AIP:

Let

F w x =
�

F w
+ x

F w
� x

�

be de�ned by the formulas (1{4) and (1{5). The Schur classfunction w is said
to be a solution of the AIP if F w possessesproperties (a), (b), and (c).

Generally, condition (ii) doesnot de�ne F in a unique way, but we will seein
Lecture 4 how to describe all such mappings F .
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Referencesfor Lecture 1 are [Katsnelson et al. 1987; Kheifets 1988a; 1988b;
1990b;Kheifets and Yuditskii 1994].

Lecture 2. Examples

Example 1: The Nev anlinna{Pic k Problem. Let � 1; : : : ; � n ; : : : be a �nite
or in�nite sequenceof points in the unit disk D; let w1; : : : ; wn ; : : : be a sequence
of complex numbers. One is interested in describingall the Schur classfunctions
w such that

w(� k ) = wk :

The well-known solvabilit y criterion is
�

1 � �wk wj

1 � �� k � j

� n

k ;j =1

� 0 for all n:

We de�ne the data of the AIP associated with this problem. Becausethe func-
tions w are scalar, E1 = E2 = C1. Consider the spaceX that consists of all
sequences

x =

2

6
6
6
4

x1
...

xn
...

3

7
7
7
5

that have only a �nite number of nonvanishing components. No topology is
assumedon X .

De�ne the sesquilinearform D on X by

D(x; y) =
X

k ;j

�yk
1 � �wk wj

1 � �� k � j
x j ; for x; y 2 X :

The (diagonal) linear operators

T = T1 =

2

6
6
6
4

� 1
. . .

� n
. . .

3

7
7
7
5

and T2 = 11X are well de�ned on the spaceX . We can now check the Funda-
mental Identit y (1{1):

D (x; y) � D (Tx; Ty) =
X

k ;j

�yk (1 � �wk wj )x j

=
X

k ;j

�yk x j �
X

k ;j

�yk �wk wj x j

=
X

k

�yk �
X

j

x j �
X

k

�yk �wk �
X

j

wj x j :
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By de�ning M 1x =
P

j x j and M 2x =
P

j wj x j , we end up with

D(x; y) � D (Tx; Ty) = M 1y � M 1x � M 2y � M 2x:

The products on the right-hand side are actually the standard inner product in
C1.

Considernow the AIP associated with thesedata. Let w be a solution of this
AIP. This meansthat there exists a mapping F : X ! H w such that conditions
(i) and (ii) on page 353 hold. Because(� 11 � T) � 1 exists for all � , such that
j� j < 1 and � 6= � j , and because(11� �� T) � 1 exists for all � with j� j < 1, we know
that F has the following form (seeLecture 1, special caseon page354):

(F w
+ x)( � ) = (w(� )M 1 � M 2)( � 11 � T) � 1x

(F w
� x)( � ) = (M 1 � w(� )M 2)(11 � �� T) � 1x:

Thus, F w is de�ned uniquely for any solution w. It is easy to compute these
expressionsmore explicitly for this example. Because

(� 11 � T) � 1

2

6
6
6
4

x1
...

xn
...

3

7
7
7
5

=

2

6
6
6
6
4

1
� � � 1

x1

...
1

� � � n
xn

...

3

7
7
7
7
5

;

we obtain

(F w
+ x)( � ) = w(� )

X

j

1
� � � j

x j �
X

j

wj x j

� � � j
=

X

j

w(� ) � wj

� � � j
x j ;

in the sameway

(F w
� x)( � ) = ��

X

j

1 � w(� )wj

1 � �� � j
x j :

The function w is a solution of the AIP if and only if F w x 2 H w and
kF w xk2

H w � D (x; x) for all x 2 X ; that is, if and only if properties (a), (b),
(c) of page 353 hold. One can seefrom the explicit formula that property (a)
holds if and only if w(� j ) = wj . Property (b) holds automatically. To seewhat
property (c) means,compute the left-hand side. On the boundary (f orjt j = 1),
F w

+ x and F w
� x look like

(F w
+ x)( t) = w(t)

X

j

x j

t � � j
�

X

j

wj x j

t � � j
;

(F w
� x)( t) =

X

j

x j

t � � j
� w(t)

X

j

wj x j

t � � j
:

Or we can put thesetwo formulas together:

(F w x)( t) =
�

11 w(t)
w(t) � 11

� �
�

P
j

w j x j

t � � jP
j

x j

t � � j

�
:
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Now,

kF w xk2
H w =

� �
F w

+ x
F w

� x

�
;

�
�

P
j

w j x j

t � � jP
j

x j

t � � j

� �

L 2

=

�
F w

� x;
X

j

x j

t � � j

�

L 2

=
X

j

�x j
(F w

� x)( � j )
�� j

=
X

j

�x j

X

k

1 � �wj wk

1 � �� j � k
xk = D(x; x):

The latter computation dependson property (a), F w
+ x 2 H 2

+ . Thus, we can see
that w is a solution of the AIP with thesedata if and only if w is a solution of
the Nevanlinna{Pick problem. For this particular problem, condition (a) actually
carriesall the interpolation information, (b) holds automatically, and (c) follows
from (a). Moreover, we emphasizethat for any solution w of this problem we
have the equality kF w xk2

H w = D(x; x) for all x 2 X , instead of inequality.
To continue on to the second(more general) example, I will reformulate the

�rst one. Consider the closedlinear span of the functions
n 1

t � � j

o

and denote by K �� � H 2
� the spaceH 2

� 	 �� H 2
� , where � is the Blaschke product

with zeros� j if they satisfy the Blaschke condition and � � 0 otherwise (in this
caseK �� = H 2

� ). We can associate the function

~x(t) =
X

j

x j

t � � j
2 K ��

with any x 2 X of the �rst example. K �� is invariant under P� t, where t is
the independent variable, and P� is the orthogonal projection onto H 2

� . It is
easy to seethat the operator T from the �rst example acts as P� t under this
correspondence;in fact,

P� t
X

j

x j

t � � j
=

X

j

� j x j

t � � j
:

Let W be the operator on the spaceX de�ned by

W

2

6
6
6
4

x1
...

xn
...

3

7
7
7
5

=

2

6
6
6
4

w1x1
...

wn xn
...

3

7
7
7
5

:

Obviously WT = TW. Under the correspondence,

gWx(t) =
X

j

wk x j

t � � j
:
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A Schur class function w is a solution of the Nevanlinna{Pic k problem if and
only if gWx = P� w~x. In fact,

P� w
1

t � � j
= P�

w � w(� j )
t � � j

+ P�
w(� j )
t � � j

=
w(� j )
t � � j

:

Observe that

M 1x =
X

j

x j = (~x) � 1;

where the last notation stands for the Fourier coe�cien t of index � 1 of the H 2
�

function ~x. And M 2x = ( gWx) � 1. Since gWx = P� w~x for any solution w of
the Nevanlinna{Pic k problem, then kgWxkH 2

�
� k~xkH 2

�
. We can reexpressthe

quadratic form D as

D(x; y) = h~x; ~yi H 2
�

� hgWx; gWyi H 2
�

:

In fact, let

~x =
1

t � � j
and ~y =

1
t � � k

;

then
gWx =

wj

t � � j
;

h~x; ~yi =
1

1 � �� k � j
;

gWy =
wi

t � � i
;

hgWx; gWyi =
�wk wj

1 � �� k � j
:

If ~x =
X

j

x j

t � � j
, then

k~xk2 � kgWxk2 =
X

k ;j

�xk
1 � �wk wj

1 � �� k � j
x j = D(x; x):

De�ne the operator eW on K �� by

eW(~x) = gWx:

This is well de�ned and D � 0 if and only if eW is a contraction.

Example 2. Sarason's Problem. Now let � be an arbitrary inner function
(not necessarilya Blaschke product). Set K �� = H 2

� 	 �� H 2
� ; this spaceis invariant

under P� t. Set T = P� t jK �� . Let W be a contractiv e operator on K �� with
WT = TW. One is interested in �nding all the Schur class functions w such
that

Wx = P� wx for all x 2 K �� :

Associate the following AIP data to the Sarasonproblem: X = K �� , T1 = T,
T2 = 11, D(x; x) = kxk2 � kWxk2, M 1x = (x) � 1, M 2x = (Wx) � 1; here
E1 = E2 = C1. One can check the Fundamental Identit y (see the beginning
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of Lecture 1). For this data the implicit de�nition (ii) of the mapping F yields
an explicit formula for F :

F w x =
�

1 w
�w 1

� �
� Wx

x

�
a.e. t 2 T;

for all x 2 X and any solution w of the AIP. Thus, F w is unique for any solution
w. Then again w is a solution of the AIP if and only if F w x 2 H w for all x 2 X
and kF w xk2

H w � D (x; x), that is, if and only if conditions (a), (b) and (c) of
page353 hold.

For condition (a) we have

F w
+ x = wx � Wx 2 H 2

+ ( ) P� (wx � Wx) = 0 ( ) P� wx = Wx

for all x 2 X . In other words, condition (a) is satis�ed if w solves the Sarason
problem.

Condition (b), F w
� x = x � �w � Wx 2 H 2

� , holds automatically for any Schur
classfunction w.

For condition (c) we get

kF w xk2
L w =

� �
F w

+ x
F w

� x

�
;

�
� Wx

x

� �

L 2

= hF w
� x; xi L 2

= hx � �w � Wx; xi = hx; xi � hWx; wxi

= hx; xi � hWx; P� wxi = hx; xi � hWx; Wxi = D(x; x):

Thus, for this data w is a solution of the AIP if and only if w is a solution of
the Sarason problem. Property (a) carries all the interpolation information, (b)
holds automatically, and (c) follows from (a). And we again have the equality
kF w xk2

H w = D(x; x) for all x 2 X and for all solutions w, instead of inequality.

Example 20. We now associate another AIP to the same Sarason problem.
This AIP is best consideredas being di�eren t (nonequivalent) from the one in
Example 2, though they have a common set of solutions. The reasonis that the
coe�cien t matrices in the description formulas for the solution sets(seethe last
theorem of Lecture 4) are di�eren t and the associated universal colligations (see
Section 2 of Lecture 4) are nonequivalent.

Let � be an inner function, and set K � = H 2
+ 	 � H 2

+ and T �
� x2 = P+ �tx2

for x2 2 K � . Let W �
2 be a contractiv e operator on K � that commutes with

T �
� : W �

2 T �
� = T �

� W �
2 . Find all the Schur classfunctions w such that

W �
2 x2 = P+ �wx2:

One can check that the solutions of this problem and of the one in the previous
example coincide (if the operator W of Example 2 and the operator W2 are
properly connected). Consider the AIP with the data X = K � , T1 = 11, T2 = T �

� ,
E1 = E2 = C1, M 1x2 = (W � x2)0, and M 2x2 = (x2)0, where the notation ( � )0

stands for the Fourier coe�cien t of index 0 of an H 2
+ function. As in Example 2,
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F can be expressedexplicitly and uniquely for any solution w of the AIP with
this data:

F w x2 =
�

1 w
�w 1

� �
x2

� W �
2 x2

�
:

Now considerproperties (a), (b) and (c). For (a) we have

F w
+ x2 = x2 � w � W �

2 x2 2 H 2
+ ;

this holds automatically for any Schur classfunction w. Property (b) becomes

F w
� x2 = �wx2 � W �

2 x2 2 H 2
� ;

this holds if and only if P+ �wx2 = W �
2 x2; that is, if and only if w solves the

Sarasonproblem. Finally, for (c) we can write

kF w x2k2
L w = D(x2; x2) for all x2 2 X

for any solution w. Thus, for thesedata property (b) carriesall the interpolation
information, (a) holds automatically for any Schur classw, and (c) follows from
(b). The equality

kF w x2k2
H w = D(x2; x2) for all x2 2 X

holds for any solution w.

Example 3. The boundary in terp olation problem. Property (c) domi-
nates in this exampleand (a) and (b) follow. The equality in condition (c) holds
for somesolutions but not for all of them. We will needsomepreliminaries.

A Schur classfunction w in the unit disk D is said to havean angular derivative
in the senseof Carath�eodory at the point t0 2 T if w(� ) has a nontangential
unimodular limit w0 as � goesto t0, jw0j = 1, and

w(� ) � w0

� � � 0

has a nontangential limit w0
0 at t0.

Theorem (Cara th �eodor y). A Schur class function w(� ) has an angular
derivative at t0 2 T if and only if

Dw;t 0

def= lim inf
� ! t 0

1 � jw(� )j2

1 � j� j2
< 1

(here j� j � 1 and � ! t0 in an arbitrary way). In this casew0
0 = Dw;t 0 �

w0

t0
and

1 � jw(� )j2

1 � j� j2
� ! Dw;t 0

as � goes to t0 nontangentially . Dw;t 0 vanishesif and only if w is a constant of
modulus 1.



THE ABSTRA CT INTERPOLA TION PROBLEM AND APPLICA TIONS 361

Moreover, a Schur class function w has an angular derivative in the senseof
Carath�eodory at the point t0 2 T if and only if there existsa unimodular constant
w0 such that

�
�
�
w(t) � w0

t � t0

�
�
�
2

+
1 � jw(t)j2

jt � t0j2
2 L 1;

that is, if and only if this function is integrable over T against Lebesguemeasure.
In particular, this guaranteesthat

w � w0

t � t0
2 H 2

+ ;

becausethe denominator is an outer function. In that case
Z

T

� �
�
�
w(t) � w0

t � t0

�
�
�
2

+
1 � jw(t)j2

jt � t0j2

�
m(dt) = Dw;t 0 :

Now consider the following interpolation problem. Let t0 be a point of the
unit circle T, let w0 be a complex number with jw0j = 1, and let 0 � D < 1 be
a given nonnegative number. One wants to describe all the Schur classfunctions
w such that w(� ) ! w0 as � ! t0 (nontangentially) and D w;t 0 � D .

Associate to this problem the AIP data X = C1, D (x; x) = �xD x, T1x = t0x,
T2x = x, M 1x = x, M 2x = w0x, E1 = E2 = C1; then we can check the
Fundamental Identit y (1{1). The left-hand side of the identit y is

�xDx � �x�t0Dt0x = 0;

and the right-hand side is

M 1x � M 1x � M 2x � M 2x = �xx � �x �w0w0x = 0:

The mapping F of Lecture 1 (pages353{354) is unique for any solution w and
can be computed explicitly for this data:

F w x =
�

1 w
�w 1

� "
� w0

t � t 0

1
t � t 0

#

x

We can analyse now what conditions (a), (b), and (c) tell us. Condition (a)
becomes

F+ x =
w � w0

t � t0
x 2 H 2

+ ; that is,
w � w0

t � t0
2 H 2

+ :

Condition (b) becomes

F� x =
1 � �ww0

t � t0
x = �t

�w � �w0

�t � �t0
�

w0

t0
x 2 H 2

� :



362 ALEXANDER KHEIFETS

Hence(a) and (b) coincide. Finally, condition (c) becomes

kF xk2
L w =

Z

T

�
(F x)( t);

�
� w0

t � t 0
1

t � t 0

�
x

�

C2

m(dt)

=
Z

T
�x

� �w0(w � w0) + (1 � �ww0)
jt � t0j2

x m(dt)

= �x
Z

T

( �w � �w0)(w � w0) + 1 � �ww
jt � t0j2

m(dt) x

= �x
Z

T

� �
�
�
w � w0

t � t0

�
�
�
2

+
1 � jwj2

jt � t0j2

�
m(dt) x = �xDw;t 0 x:

Thus, kF xk2
L w � D if and only if Dw;t 0 � D ; that is, w is a solution of the

AIP with this data if and only if w is a solution of the boundary interpolation
problem.

A referencefor Examples 2 and 20 is [Kheifets 1990a]. Referencesfor Exam-
ple 3 are [Kheifets 1996;Sarason1994].

Lecture 3. Solutions of the Abstract In terp olation Problem

Role of the AIP . In Lecture 2 we showed how somespeci�c analytic problems
can be included in the AIP scheme. The AIP, as formulated in Lecture 1, is very
well adapted to this inclusion (actually it arosefrom the experienceof treating
a number of problems of this type). To include a speci�c problem in the scheme
one has to realize (if it is possible)what the associated data is and to prove the
coincidenceof two solution sets: that of the original analytic problem and that
of the AIP with the associated data. The mapping F suggestsan algorithm for
what exactly is to be checked to prove this coincidence.

In this lecture wewill slightly reformulate the AIP to adapt it better to solving
the problem (now the origin of the data is unimportant to a certain extent).

Thus, the AIP can be viewed as an intermediate link betweenspeci�c inter-
polation problems and their resolution. It has two sides: one of them looks at
the speci�c interpolation problem and is devoted to proving the equivalenceof
the original problem and associated AIP, the secondconcernssolutions. As soon
as a speci�c problem is included in the scheme,the analysisof its solutions goes
in a standard and universal way.

Isometric colligation associated with the AIP data. Reform ulation
of the AIP . Let [x] stand for the equivalence class of x with respect to the
quadratic form D. (The equivalencerelation is de�ned as follows: x � 0 if and
only if D (x; y) = 0 for all y 2 X , and x1 � x2 if and only if x1 � x2 � 0).
Consider the linear spaceof equivalence classes

�
[x] : x 2 X

	
and de�ne an

inner product in it by


[x]; [y]

� def= D(x; y):
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This product is well de�ned. One can complete it and obtain a Hilb ert space,
which we denote by H 0.

Rewrite the Fundamental Identit y (1{1) as

D(T1x; T1y) + hM 1x; M 1yi E 1 = D(T2x; T2y) + hM 2x; M 2yi E 2 :

Using the notations intro duced above one can reexpressthis as


[T1x]; [T1y]

�
H 0

+ hM 1x; M 1yi E 1 =


[T2x]; [T2y]

�
H 0

+ hM 2x; M 2yi E 2 : (3{1)

Set

dv
def= Clos

��
[T1x]
M 1x

�
: x 2 X

�
� H0 � E1

and

� v
def= Clos

��
[T2x]
M 2x

�
: x 2 X

�
� H0 � E2:

De�ne a mapping V : dv ! � v by the formula

V :
�

[T1x]
M 1x

�
� !

�
[T2x]
M 2x

�
: (3{2)

Becauseof (3{1), V is an isometry. This implies that V is well-de�ned. In fact,
if �

[T1x0]
M 1x0

�
=

�
[T1x00]
M 2x00

�
; that is,

�
[T1(x0 � x00)]
M 1(x0 � x00)

�
= 0;

then (3{1) implies that �
[T2(x0 � x00)]
M 2(x0 � x00)

�
= 0:

Now, if x0 and x00generatethe samevector on the left-hand side of (3{2), they
generatethe samevector on the right-hand side of (3{2), which shows that V is
well-de�ned.

Let w be a solution of the AIP; that is, suppose there exists a mapping
F : X ! H w possessingproperties (i) and (ii) of page 353. Property (i) says
that

kF xk2
H w � D (x; x) �




 [x]




 2

H 0
:

Hence,F x depends only on the equivalenceclass[x], not on the representativ e
x. This meansthat F generatesa mapping G of the equivalenceclasses

G[x] def= F x; (3{3)

and
kG[x]k2

H w � kF xk2
H w �




 [x]




 2

H 0
:

Thus G is a contraction. Since
�

[x] : x 2 X
	

is densein H0 and G is a contrac-
tion, it can be extendedto a contraction of H 0 into H w . Thus, any F : X ! H w

with properties (i) and (ii) (actually up to now we used only (i)) generates a
contraction G : H0 ! H w such that G[x] = F x for all x 2 X .
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We now try to interpret property (ii). To this end we reexpress(ii) as

F T2x + �t
�

11
w�

�
M 2x = �t

�
F T1x +

�
w
11

�
M 1x

�
;

or

G[T2x] + �t
�

11
w�

�
M 2x = �t

�
G[T1x] +

�
w
11

�
M 1x

�
(3{4)

Our further goal is to realize the latter equality as one of the form
�

G[T2x]
M 2x

�
= Aw

�
G[T1x]
M 1x

�
; (3{5)

where Aw : H w � E1 ! H w � E2 is a linear operator. As we know, G maps H 0

into H w , M 1 maps H0 into E1, and M 2 maps H0 into E2. The relation (3{4) is
of the type

f 00+ �t
�

11
w�

�
e2 = �t

�
f 0+

�
w
11

�
e1

�
; (3{6)

where f 0; f 002 H w and e1 2 E1, e2 2 E2. Observe that the three subspaces
� �

w
11

�
e1 : e1 2 E1

�
; H w ;

�
�t
�

11
w�

�
e2 : e2 2 E2

�

are mutually orthogonal in L w (seepage352 for the de�nition of L w ). Let Pw

be the orthogonal projection from L w onto H w ; then, for any

f =
�

f 2

f 1

�
2 L w ;

we have

Pw
�

f 2

f 1

�
=

�
f 2

f 1

�
�

�
11 w

w� 11

� �
P� f 2

P+ f 1

�
(3{7)

Obviously this di�erence is in L w . It can be rewritten as

Pw
�

f 2

f 1

�
=

�
P+ f 2 � wP+ f 1

P� f 1 � w�P� f 2

�
:

Hence,it is in H w . Because
�

11 w
w� 11

� �
P� f 2

P+ f 1

�

is orthogonal to H w , Pw is really the orthogonal projection.
Because

f 0 =
�

f 0
+

f 0
�

�
2 H w ;

we can obtain from (3{6) and (3{7)

�t
�

11
w�

�
e2 = (11L w � Pw )

�
�t
�

f 0+
�

w
11

�
e1

� �
=

�
11 w

w� 11

� �
P� �t(f 0

+ + we1)
P+ �t(f 0

� + e1)

�

=
�

11 w
w� 11

� � �t(f 0
+ (0) + w(0))e1

0

�
= �t

�
11

w�

�
�
f 0

+ (0) + w(0)e1
�
:
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Thus

e2 = f 0
+ (0) + w(0)e1: (3{8)

Now, from (3{6) and (3{8),

f 00= �t(f 0+
�

w
11

�
e1) � �t

�
11

w�

�
e2 = �t(f 0+

�
w
11

�
e1) �

�
11

w�

�
�
f 0

+ (0) + w(0)e1)
�
:

That is,

f 00= �t
�

f 0 �
�

11 w
w� 11

� �
f 0

+ (0)
0

� �
+ �t

�
11 w

w� 11

� �
� w(0)

11

�
e1: (3{9)

Putting (3{8) and (3{9) together we obtain

�
f 00

e2

�
= Aw

�
f 0

e1

�
; Aw =

�
Aw

in (Aw
1 ) �

Aw
2 Aw

12

�
:

�
H w

E1

�
!

�
H w

E2

�

where

Aw
in f = Pw �t f = �t

�
f �

�
11 w

w� 11

� �
f + (0)

0

� �
: H w ! H w ;

(Aw
1 ) � e1 = �t

�
11 w

w� 11

� �
� w(0)

11

�
: E1 ! H w ;

Aw
2 f = f + (0) : H w ! E2;

Aw
12e1 = w(0)e1 : E1 ! E2:

Thus, condition (ii) of the AIP, equivalently (3{4) or (3{5), can be expressedas

�
G 0
0 11E 2

� �
[T2x]
M 2x

�
= Aw

�
G 0
0 11E 1

� �
[T1x]
M 1x

�
: (3{10)

According to the de�nition (3{2) of the isometry V ,

�
[T2x]
M 2x

�
= V

�
[T1x]
M 1x

�
:

Combining this with (3{10) we concludethat

�
G 0
0 11E 2

�
V

�
� dv = Aw

�
G 0
0 11E 1

� �
� dv : (3{11)

To give(3{11) a further interpretation wedigressto recall somebasicfacts related
to unitary colligations, their characteristic functions, and functional models.
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Digression on unitary colligations, characteristic functions, and func-
tional mo dels. Let H ; E1; E2 be separableHilb ert spaces.A unitary mapping
A of H � E1 onto H � E2 is said to be a unitary colligation. The spaceH is
called the state space of the colligation, E1 is called the input space, and E2 is
called the responsespace. Both E1 and E2 are called exterior spaces.

The operator-valued function w(� ) : E1 ! E2 de�ned by the formula

w(� ) = PE 2 A(11H � E 1 � � PH A) � 1
�
� E1

is called the characteristic function of the colligation A. BecauseA is unitary ,
w(� ) is well de�ned for � 2 D; w is a contractiv e-valued analytic operator-
function in D.

Using the block decomposition

A =
�

A in A1

A2 A12

�
:

�
H
E1

�
!

�
H
E2

�
;

the characteristic function can be reexpressedas

w(� ) = A12 + � A2(11H � � A in ) � 1A1:

The unitary colligation A is said to be simple with respect to the exterior
spacesE1 and E2 if there is no nonzero reducing subspacefor A in H ; that is,
if there is no nonzero subspaceH res � H that is invariant for A and A � . We
shall call the maximal reducing subspacefor A in H the residual subspace of
the colligation A. Thus a unitary colligation is simple if the residual subspaceis
trivial.

Let H res � H be the residual subspaceof A. Let H simp = H 	 H res. Then
A : H simp � E1 ! H simp � E2 is a simple unitary colligation, and A j H res is a
unitary operator on H res.

Two unitary colligations

A : H � E1 ! H � E2 and A0 : H 0 � E1 ! H 0 � E2

with the sameexterior spacesare said to be unitarily equivalent if there exists a
unitary mapping G: H ! H 0 such that

�
G 0
0 11E 2

�
A = A0

�
G 0
0 11E 1

�
:

Theorem. Two simple unitary colligations A and A0 are unitarily equivalent if
and only if their characteristic functions coincide.

Let w be a Schur classoperator function, w(� ) : E1 ! E2. The unitary colliga-
tion Aw consideredabove is simple and w is the characteristic function of this
colligation. Thus any Schur classoperator function is the characteristic function
of a unitary colligation.
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Let A : H � E1 ! H � E2 be a simple unitary colligation, with characteristic
function w. Then a unitary mapping G: H ! H w that performs an equivalence
betweenA and Aw is de�ned as follows:

(Gh)( � ) =
�

(G+ h)( � )
(G� h)( � )

�
=

�
PE 2 A(11H � E 1 � � PH A) � 1h

�� PE 1 A � (11H � E 2 � �� PH A � ) � 1h

�
(3{12)

The colligation Aw is called a functional model of A and the mapping Gis called
the Fourier representation of H .

If A is not simple, the Fourier representation G de�ned by the sameformula
(3{12) is a unitary mapping from H simp onto H w and performs an equivalence
betweenthe simple parts of A and Aw . It vanisheson H res:

�
G 0
0 11E 2

�
A = Aw

�
G 0
0 11E 1

�
:

Solutions of the AIP as characteristic functions. We are ready to proceed
with the analysis of the AIP solutions. We begin with (3{11). Assume for
simplicit y that we have the equality

kF xk2
H w = D(x; x) for all x 2 X :

We noticed in Lecture 2 that for someproblems this is the casefor any solution
w. In other words, our assumption meansthat the map G de�ned in (3{3) is an
isometry:

kGh0k2
H w = kh0k2

H 0
:

Set H1 = H w 	 GH0 and H = H0 � H1. De�ne a mapping G: H ! H w by
setting

Gj H0 = G; Gj H1 = 11H 1 ;

and observe that G is a unitary mapping of H onto H w . We can write
�

G 0
0 11E 2

�
V

�
� dV = Aw

�
G 0
0 11E 1

� �
� dV ; (3{13)

instead of (3{11), because

dV � H0 � E1 � H � E1;

� V � H0 � E2 � H � E2:

Finally, we obtain

V =
�

G� 0
0 11E 2

�
Aw

�
G 0
0 11E 1

� �
� dV : (3{14)

De�ne the operator A by

A def=
�

G� 0
0 11E 2

�
Aw

�
G 0
0 11E 1

�
: (3{15)

A is a simple unitary colligation from H � E1 onto H � E2, and is unitarily
equivalent to Aw . Hence, the characteristic function of A is w. By de�nition,
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H0 � H and A j dV = V (see(3{14)); that is, A is a unitary extensionof V . Thus
any solution w of the AIP is the characteristic function of a unitary extension
A of the isometry V associated with the data:

A : H � E1 ! H � E2 with H � H0; A j dV = V:

In general, the equality kF xk2
H w = D(x; x) for all x 2 X doesnot hold, only

the inequality kF xk2
H w � D (x; x) for all x 2 X . Nevertheless,the conclusion

is still valid, but it is more di�cult to prove. (A short and simple proof was
recently found by J. Ball and T. Trent [Ball and Trent � 1997].)

Remark. I would like to emphasizeonebasicdi�erence betweenthe generalcase
(inequality) and the special case(equality) consideredin this section. We need
one more de�nition: a unitary extension A : H � E1 ! H � E2 of an isometric
colligation V : dV ! � V , with dV � H0 � E1, � V � H0 � E2, H0 � H is said to
be a minimal extension if A has no nonzeroreducing subspacein H 	 H 0. If an
extensionA is nonminimal we can discard the reducing subspacein H 	 H 0 and
end up with a unitary colligation that has the samecharacteristic function and
that stil l extendsV , so we can considerminimal extensionsonly. But a minimal
extension neednot be a simple colligation. The absenceof a reducing subspace
for A in H 	 H0 does not mean that A has no reducing subspacein H at all.
By discarding such a reducing subspace,we end up with a unitary colligation
that has the samecharacteristic function but that no longer extendsV . In the
caseof equality, kF xk2

H w = D(x; x) for all x 2 X , the corresponding minimal
extension is a simple colligation, as it is equivalent to A w (see(3{14)); in the
caseof inequality, there exists x 2 X such that kF xk2

H w < D(x; x), and it is not
simple.

A natural question arises now: does an arbitrary unitary extension A of the
isometry V produce a solution of the AIP? The answer is yes,and it is easyto
prove.

Let A : H � E1 ! H � E2 be a unitary extensionof V . Let G be the Fourier
representation associated with the colligation A; see(3{12). Then G maps H
into H w , where w is the characteristic function of A. Thus G is a contractiv e
operator and

�
G 0
0 11E 2

�
A = Aw

�
G 0
0 11E 1

�
: (3{16)

De�ne the mapping F : X ! H w by

F x
def
� G[x]

def
� G[x]:

Recall that [x] 2 H 0 � H . SinceG is a contraction, we have

kF xk2
H w �




 [x]




 2

H 0 = D(x; x);
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that is, F satis�es (i). SinceA extendsV , (3{16) yields

�
G 0
0 11E 2

�
V

�
� dV = Aw

�
G 0
0 11E 1

� �
� dV :

SincedV � H0 � E1 and � V � H0 � E2, we can replaceG with G:

�
G 0
0 11E 2

�
V

�
� dV = Aw

�
G 0
0 11E 1

� �
� dV :

As we have seen, the latter is equivalent to (ii). Thus w, the characteristic
function of A, is a solution of the AIP.

Remark. Starting with an extension A of V we do not need the unitarit y
of G to check that the characteristic function of A is a solution. Neither the
characteristic function nor the mapping G, much lessF , feelsthe residual part.
Starting with the solution w in the generalcasewe actually are given information
on the simple part of the corresponding extension of V only. But we have to
restore the residual part also in order to obtain the extension.

I will �nish this lecture with the following summary of the discussion.

Theorem. Let V be the isometric colligation associated with the AIP data

V : dV ! � V ; dV � H0 � E1; � V � H0 � E2:

(no special assumptionsare made on the data at present). Let A : H � E1 !
H � E2 be a minimal unitary extensionof V , where H � H 0, so A j dV = V. Let
w(� ) be the characteristic function of the colligation A:

w(� ) def= PE 2 A(11H � E 1 � � PH A) � 1
�
� E1:

Then w is a solution of the AIP . The corresponding mapping F : X ! H w is
de�ned by

F x = G[x];

where

(Gh)( � ) =
�

(G+ h)( � )
(G� h)( � )

�
=

�
PE 2 A(11H � E 1 � � PH A) � 1h

�� PE 1 A � (11H � E 2 � �� PH A � ) � 1h

�
for h 2 H :

All solutions of the AIP and the corresponding mappingsF that satisfy (i) and
(ii) are of this form.

Referencesto Lecture 3 are [Katsnelsonet al. 1987;Kheifets 1988a;1988b;1990b;
Kheifets and Yuditskii 1994].
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Lecture 4. Description of the Solutions of the AIP

In a sense,the description of all the solutionsof the AIP and the corresponding
mappings F was given in the last theorem of Lecture 3. The goal of this lecture
is to give a description that separatesexplicitly the commonpart (related to the
data) and the free parameters. The �rst step is the description of the unitary
extensionsof the given isometric colligation V in this fashion.

Unitary extensions of isometric colligations Let V be an isometric colli-
gation,

V : dV ! � V with dV � H0 � E1; � V � H0 � E2:

Let A be a minimal unitary extension of V ,

A : H � E1 ! H � E2 with H � H0; A j dV = V:

Let d?
V and � ?

V be the orthogonal complements of dV in H0 � E1 and � V in
H0 � E2. Let H1 = H 	 H0. Then the orthogonal complement of dV in H � E1

is H1 � d?
V and the orthogonal complement of � V in H � E2 is H1 � � ?

V . Since
A is a unitary operator mapping dV onto � V (since A j dV = V), A has to map
the orthogonal complement H 1 � d?

V onto the orthogonal complement H 1 � � ?
V .

Denote by A1 the restriction of A to H 1 � d?
V . Thus, A1 : H1 � d?

V ! H1 � � ?
V is

a unitary colligation. SinceA is a minimal extension,A 1 is a simple colligation.
Conversely, take an arbitrary simple unitary colligation A 1 with the same

exterior spacesd?
V and � ?

V and an arbitrary admissiblestate spaceH 1:

A1 : H1 � d?
V ! H1 � � ?

V : (4{1)

Let H = H0 � H1 and de�ne an extensionof V by

A
�
� dV = V; A

�
� H1 � d?

V = A1:

The result is a minimal unitary extension of V . Thus, the free parameter of
a minimal unitary extension of V is an arbitrary simple unitary colligation A 1

with �xed exterior spacesd?
V and � ?

V and arbitrary admissiblestate spaceH 1.
The word \admissible" meanshere that there exists a unitary colligation with
this state space. For example: If d?

V and � ?
V are �nite dimensional but their

dimensionsare di�eren t, then H 1 cannot be of �nite dimension; if the dimensions
of d?

V and � ?
V are equal then H 1 can be of arbitrary dimension. To give a full

explanation it is enoughto considermodel colligations. Let ! : d?
V ! � ?

V be an
arbitrary Schur classoperator function (contractiv e-valued and analytic in the
unit disc). One can take as A1 the (model) unitary colligation

A ! =
�

A !
in (A !

1 ) �

A !
2 A !

12

�
:

�
H !

d?
V

�
!

�
H !

� ?
V

�
;
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whereH ! is the de Branges{Rovnyak spacecorresponding to the operator func-
tion ! (seepage352) and

A !
in f = P ! �tf = �t

�
f �

�
11 !
! � 11

� �
f + (0)

0

��
: H ! ! H ! ;

(A !
1 ) � = �t

�
11 !
! � 11

� �
� ! (0)

11

�
: d?

V ! H ! ;

A !
2 f = f + (0) : H ! ! � ?

V ;

A !
12 = ! (0) : d?

V ! � ?
V :

Let A1 : H1 � d?
V ! H1 � � ?

V and A0
1 : H 0

1 � d?
V ! H 0

1 � � ?
V be two simple

unitary colligations. If they are unitarily equivalent, that is, if there exists a
unitary mapping G1 : H1 ! H 0

1 such that
�

G1 0
0 11� ?

V

�
A1 = A0

1

�
G1 0
0 11d?

V

�
;

the corresponding minimal unitary extensionsof V are unitarily equivalent col-
ligations: �

G 0
0 11E 2

�
A = A0

�
G 0
0 11E 1

�
;

with Gj H1 = G1 and Gj H0 = 11H 0 .
We emphasizehere that this is more than just equivalence of unitary col-

ligations, as G is the identit y on H 0. We will call such extensions equivalent
extensions. The following proposition follows from the previous discussion.

Claim 1. Two minimal unitary extensionsA and A0 of V are equivalent exten-
sions if and only if the corresponding simple unitary colligations A1 and A0

1 are
unitarily equivalent colligations.

The next claim is a straightforward consequenceof the formulas of the last
theorem of Lecture 3.

Claim 2. Two equivalent minimal extensionsof V generate the same solution
w and the samemapping F : X ! H w .

Thus, a solution w of the AIP and a corresponding mapping F : X ! H w

represent equivalence classesof simple unitary colligations A 1 : H1 � d?
V !

H1 � � ?
V . Hence, the latter may serve as free parameters. But we know from

the digressionon page366 that the only invariant of this equivalenceclassis the
characteristic function of A1. In other words:

Claim 3. The free parameter of pairs (w; F ) (consisting of a solution w and
a corresponding mapping F ) is an arbitrary Schur class (contractive-valued and
analytic in D) operator function ! (� ) : d?

V ! � ?
V .
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Univ ersal unitary colligations associated with isometric colligations.
In the previous section we extracted the free parameter ! that the solution w
and the corresponding mapping F depend on. It is clear that the common part
of all the extensionsof the isometry V is the isometry V itself. To obtain nice
and explicit formulas it is convenient to associate a universal unitary colligation
to the isometry V . Let V be an isometric colligation,

V : dV ! � V with dV � H0 � E1; � V � H0 � E2;

and let d?
V and � ?

V be the orthogonal complements of dV and � V . Let N1 be
an isomorphic copy of d?

V (that is, there exists a unitary and surjective mapping
u1 : d?

V ! N1). Let N2 be an isomorphic copy of � ?
V (that is, there exists a

unitary and surjective mapping u2 : � ?
V ! N2). De�ne a unitary colligation

A0 : H0 � E1 � N2 ! H0 � E2 � N1 by setting

A0 j dV = V (dV � H0 � E1);

A0 j d?
V = u1; A0 j N2 = u�

2:

Remark. A0 is not a unitary extension of V in the senseconsideredearlier,
becausewe now do not extend the state spaceH 0, only the exterior spaces:
E1 � N2 instead of E1 and E2 � N1 instead of E2. Of course,A0 extendsV but
in a di�eren t sense.We will call this extension a universal extension; the name
is motivated by category theory. We will seethe role of this colligation below.

From now on we�x the unitary mappingsu1 and u2, and alsotheir imagesN1 and
N2. Also we �x the notation A1 for a simple unitary colligation A1 : H1 � N1 !
H1 � N2 (this classof colligations is obviously related to the colligations of the
form (4{1) de�ned earlier, and is denoted by the samesymbol). Thus, now the
equivalenceclassesof the simple unitary colligations A 1 : H1 � N1 ! H1 � N2

will be free parameters of the solutions w and the corresponding mappings F ;
that is, the Schur classfunctions ! (� ) : N1 ! N2 are free parametersnow.

Coupling of unitary colligations and unitary extensions of isometric
colligations. Let V be an isometric colligation,

V : dV ! � V with dV � H0 � E1; � V 2 H0 � E2:

Let A0 be the universal colligation associated with V :

A0 : H0 � E1 � N2 ! H0 � E2 � N1;

with A0 j dV = V , A0(d?
V ) = N1, A0(N2) = � ?

V . Let A be a minimal unitary
extensionof V :

A : H � E1 ! H � E2 with H � H0; A j dV = V:
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We have seenthat onecan associate a simple unitary colligation A 1 : H1 � N1 !
H1 � N2 with A, where H1 = H 	 H0:

A1 =
�

11H 1 0
0 (A �

0) j � ?
V

�
(A j H1� d?

V )
�

11H 1 0
0 (A �

0) j N1

�
(4{2)

An arbitrary simple unitary colligation A1 with the exterior spacesN1 and N2

arisesthis way.
I will now give a procedure for recovering A from A0 (�xed colligation) and

A1 (arbitrary parameter). Let A1 : H1 � N1 ! H1 � N2 be an arbitrary simple
unitary colligation. Let

2

4
h0

0

e2

n1

3

5 = A0

2

4
h0

e1

n2

3

5 and
�

h0
1

n0
2

�
= A1

�
h1

n0
1

�
: (4{3)

We can choosevectors on the right-hand sidesof theserelations in an arbitrary
way and compute the vectorson the left-hand sides,or we can choosevectorson
the left-hand sidesin an arbitrary way and compute the vectorson the right-hand
sides(becauseA0 and A1 are unitary operators).

Let us consider, in addition to the relations above, two more relations

n1 = n0
1 and n2 = n0

2; (4{4)

and seewhat canbechosennow in an arbitrary way. Observe that the colligation
A0 possessesthe property

PN 1 A0 j N2 = 0;

becauseA0 sendsN2 onto � ?
V � H0 � E2, which is orthogonal to N1. This

property of A0 guarantees (although it is not necessary)that we can choose
h0; h1; e1 in an arbitrary way and computeh0

0; h0
1; e2 from the systemof equations

(4{3), (4{4) in a unique way, along with n1 = n0
1 and n2 = n0

2 as well. Take the
result of this computation as the de�nition of the new linear operator A:

A

2

4
h1

h0

e1

3

5 def=

2

4
h0

1

h0
0

e2

3

5 : (4{5)

It is easyto seethat A is a unitary colligation, A : H 1 � H0 � E1 ! H0 � H0 � E2.
Moreover, A extends V . To seethis, take an arbitrary vector

�
h0

e1

�
2 dV ;

then take �
h0

0

e2

�
= V

�
h0

e1

�
2 � V ;

and take also

h1 = h0
1 = 0; n1 = n0

1 = 0; n2 = n0
2 = 0:
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This collection of vectors satis�es the system of equations (4{3), (4{4): it obvi-
ously �ts (4{4) and the secondequality in (4{3); it satis�es the �rst equality in
(4{3) becauseA0 j dV = V; i.e.,

�
V

� h0
e1

�

0

�
= A0

2

4
h0

e1

0

3

5 if
�

h0

e1

�
2 dV :

Hence, by the de�nition of the colligation A, these vectors (actually, a part of
them) satisfy (4{5):

�
0

V
� h0

e1

�
�

= A

2

4
0
h0

e1

3

5 if
�

h0

e1

�
2 dV :

This meansthat A extends V .
We will say that the colligation A is the feedback coupling of A 0 with A1 (or

the loading of A0 with A1). It is also easyto check that thesetwo procedures|
the extraction of A1 from the extensionA and the feedback coupling of A0 with
A1|are mutually inverse: performing the two successively we comeback to the
colligation that we started with.

Our next goal is to express the characteristic function w and the Fourier
representation Gof the colligation A in terms of the characteristic functions and
Fourier representations of the colligations A0 and A1. But we needa digression
�rst.

Digression: Unitary colligations, characteristic functions, Fourier rep-
resentation, and discrete time dynamics. Let A : H � E1 ! H � E2 be
a unitary colligation. One can associate with A the discrete-time dynamical
system �

h(k + 1)
e2(k)

�
= A

�
h(k)
e1(k)

�
; (4{6)

where k is a nonnegative integer, h(0) is an arbitrary vector from H , and
f e1(k)g1

k=0 is an arbitrary input signal.
Let � 2 D be the corresponding spectral parameter (complex frequency). Let

~h+ (� ), ~e+
1 (� ), and ~e+

2 (� ) be the discrete Laplace transforms of h(k), e1(k), and
e2(k), respectively; that is,

~h+ (� ) =
1X

k=0

� k h(k); ~e+
1 (� ) =

1X

k=0

� k e1(k); ~e+
2 (� ) =

1X

K =0

� k e2(k):

If the input signal f e1(k)g is squaresummable,
1X

k=0




 e1(k)




 2

< 1 ;

then the state evolution f h(k)g1
k=0 and the output signal f e2(k)g1

k=0 possessthe
sameproperty.
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Multiplying (4{6) by � k and taking the summation over k, one obtains the
spectral form of the dynamics equation:

~h+ (� ) = (11H � � A in ) � 1 � h(0) + G� (� ) � ~e+
1 (� )

~e+
2 (� ) = G+ (� ) � h(0) + w(� ) � ~e+

1 (� );
(4{7)

wherew(� ) is the characteristic function of the colligation A, and G+ ; G� are the
components of the Fourier representation G (see(3{12)).

One can also rewrite (4{6) as

A �
�

h(k + 1)
e2(k)

�
=

�
h(k)
e1(k)

�
: (4{8)

Now considerthe negative integersk � � 1. (This actually meansinverting time
and exchanging the roles of the input and the output). Considering the past
Laplace transform,

~h� (� ) =
� 1X

k= �1

�� j k j h(k); ~e�
2 (� ) =

� 1X

k= �1

�� j k j e2(k); ~e�
1 (� ) =

� 1X

k= �1

�� j k j e1(k);

one can rewrite (4{8) as

~h� (� ) = �� (11 � �� A �
in ) � 1h(0) + G+ (� ) � ~e�

2 (� );

~e�
1 (� ) = G� (� ) � h(0) + w(� ) � ~e�

2 (� ):
(4{9)

The secondformulas in (4{7) and (4{9) are the most convenient for our purposes:

~e+
2 (� ) = G+ (� )h(0) + w(� )~e+

1 (� )

~e�
1 (� ) = G� (� )h(0) + w(� ) � ~e�

2 (� ):
(4{10)

Form ulas describing the solutions w of the AIP and the corresp onding
mappings F . Let A be the feedback coupling of A0 with A1. Denote the
characteristic function of A0 by S(� ) : E1 � N2 ! E2 � N1. Denote also the
entries of S corresponding to this decomposition of the spacesas follows:

S =
�

s0 s2

s1 s

�
:
�

E1

N2

�
� !

�
E2

N1

�
:

Let the characteristic function of A1 be! (� ) : N1 ! N2. Now write the dynamics
related to A0 and the dynamics related to A1 in the form (4{10). I am going to
consider the \+" parts only now; the treatment of the \ � " parts is analogous.
We have

~n+
2 (� ) = G1

+ (� )h1(0) + ! (� )~n+
1 (� );

�
~e+

2 (� )
~n0

1
+ (� )

�
= G0

+ (� )h0(0) + S(� )
�

~e+
1 (� )

~n0+
2 (� )

�
:

The coupling condition is

~n+
1 = ~n0+

1 ; ~n+
2 = ~n0+

2 :
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Express ~e+
2 (� ) in terms of

�
h1(0)
h0(0)

�

and ~e+
1 (� ), excluding ~n+

1 = ~n0+
1 and ~n+

2 = ~n0+
2 . What we obtain now has to

coincide (see(4{10)) with

~e+
2 (� ) = G+ (� )

�
h1(0)
h0(0)

�
+ w(� )~e+

1 (� ):

This leadsto the formulas

w(� ) = s0(� ) + s2(� )! (� )(11N 1 � s(� )! (� )) � 1s1(� )

G+ (� )
�

h1(0)
h0(0)

�
=

�
 (� )! (� ); 11E 2

�
G0

+ (� )h0(0) +  (� )G1
+ (� )h1(0);

(4{11)

where

 (� ) = s2(� )(11N 2 � ! (� )s(� )) � 1: (4{12)

Remark. By the de�nition of the characteristic function,

S(0) = PE 2 � N 1 A0 j (E1 � N2):

In particular, s(0) = PN 1 A j N2 = 0. This guarantees that the formulas (4{11)
and (4{ 12) make sense,sinceks(� )k � j� j when j� j < 1 by Schwarz's lemma.

Considering the \ � " parts of (4{10) for A0, A1, and A we obtain

G� (� )
�

h1(0)
h0(0)

�
=

�
' (� ) � ! (� ) � ; 11E 1

�
G0

� (� )h0(0) + ' (� ) � G1
� (� )h1(0); (4{13)

where

' (� ) = (11N 1 � s(� )! (� )) � 1s1(� ): (4{14)

Combining the expressions(4{11) and (4{12) for G+ and G� we arrive at

G
�

h1

h0

�
=

�
 ! 11E 2 0 0
0 0 ' � ! � 11E 1

�
G0h0 +

�
 0
0 ' �

�
G1h1: (4{15)

As we saw in the last theorem of Lecture 3,

F x = G[x] for all x 2 X ;

where [x] 2 H0 is the equivalence class generated by the quadratic form D.
Hence

F x =
�

 ! 11E 2 0 0
0 0 ' � ! � 11E 1

�
G0[x]:

The following theorem summarizesthis lecture.
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Theorem. Let V be the isometric colligation associated with the AIP data
(page 362). Let A0 be the unitary colligation associated with V (page 372). Let
S be the characteristic function of A0:

S(� ) = PE 2 � N 1 A0(11H 0 � E 1 � N 2 � � PH 0 A0) � 1
�
� (E1 � N2);

S(� ) =
�

s0(� ) s2(� )
s1(� ) s(� )

�
:
�

E1

N2

�
� !

�
E2

N1

�
:

Then the solutions w of the AIP and the corresponding mappingsF : X ! H w

are described by

w = s0 + s2! (11N 1 � s! ) � 1s1

F x =
�

 ! 11E 2 0 0
0 0 ' � ! � 11E 1

�
G0[x] for x 2 X

where ! is an arbitrary Schur class function ! (� ) : N1 ! N2, for j� j < 1,

 = s2(11N 2 � ! s) � 1; ' = (11N 1 � s! ) � 1s1;

G0(� )h0 =
�

G0
+ (� )h0

G0
� (� )h0

�
=

�
PE 2 � N 1 A0(11 � � PH 0 A0) � 1h0
�� PE 1 � N 2 A �

0(11 � �� PH 0 A �
0) � 1h0

�
:

S and G0 depend on the data of the AIP only, whereas ! is arbitrary .

Wecanseethat the parameter ! de�nes uniquely not only the solution w but also
the corresponding mapping F : X ! H w . This suggestsdenoting the mappings
F by F ! : X ! H w . In particular cases,when the mapping F is unique for
a solution w, that is, when the F ! coincide if the corresponding solutions w
coincide, it can be denoted by F w .

Referencesto Lecture 4 are [Arov and Grossman1983;Katsnelsonet al. 1987;
Kheifets 1988a;1988b;1990b;Kheifets and Yuditskii 1994].
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