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Dual Isomonodromic Tau Functions and
Determinants of Integrable Fredholm Operators

J. HARNAD

ABSTRACT. The Hamiltonian approach to dual isomonodromic deforma-
tions in the setting of rational R-matrix structures on loop algebras is
reviewed. The construction of a particular class of solutions to the defor-
mation equations, for which the isomonodromic 7-functions are given by
the Fredholm determinants of a special class of integrable integral opera-
tors, is shown to follow from the matrix Riemann—Hilbert approach of Its,
Izergin, Korepin and Slavnov. This leads to an interpretation of the notion
of duality in terms of the data defining the Riemann—Hilbert problem, and
Laplace-Fourier transforms of the corresponding Fredholm integral opera-
tors.

1. Introduction

la. Isomonodromic Deformation Equations. We consider rational covari-
ant derivative operators on the punctured Riemann sphere, having the form

d
Dy D N,
N(A) := B + ; Py (1-1)

where
B:diag(ﬂla---a/@’r‘)a Nj Eg[(r,(C).

They have regular singular points at A = a; ;=1 , and an irregular singularity
at A = with oincare inde 1. f the residue matrices N; ;—1 , are de-
formed di erentia ly with respect to the parameters «; ;=1 npand 8 -1 -,
the monodromy (including to es parameters and connection matrices) of the
operator D, will e invariant under such deformations, as was shown in Jim o
et al. 1 Jim oetal.1 1, provided the di erential e uations implied y the



commutativity conditions

Dy, D =, =1,..., , (1-)
D)nD = 5 =1,...,m, (17)
are satis ed, where the di erential operators D , D are de ned y
0
D = — iy
aai
D ::i— ,
op
N;
i = ) = ]-a P
)\—aj
r " N; + " N;
j=1""J j=1""J
=\ 4+ , =1,...,rn
2 7

and is the elementary r r matri with elements

() =
These also imply the commutativity conditions
>, D =D, =D ,D =, for, =1,..., and , =1,...,r.
(1-)
uations (1- ), (1- ), and (1- ) de nea ro enius integra le system of D s

for the residue matrices N; ;—; 5. They are ero curvature e uations, im-
plying the consistency of the overdetermined system

Dy =, D =, D = . (1-)
They may also e interpreted as Hamiltonian e uations Harnad 1 with
respect to the ie oisson structure on the space (gl(r)) " = Ni,...,N, of
residue matrices in N()A), de ned y
(Vi) L (N;) = 5 (V) — (V) (1-)
(where we identify gl(r) and its dual space (gl(r)) through the trace pairing
( , )=tr( )). The Hamiltonians ;, j=1 n =1 r generating them
are given y
"\ tr (N;N;)
1 ilVj
i:=-resx=  tr(N(A) ) =tr(BN; —,
e N ) = () + )
=i

n r n NJ ( n:l N )

dai(N;) 4+ 53

j=1 =1
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t follows from the oisson rac et relations (1- ) that

NA), &+ = NQ),

N(A)a = 7N()‘) )
which imply, together with the identities
0 i Ni
NQ) = N —ma (1-)
0
N =5 ()

(where the su scripts in N(A\) and N(A) denote derivation only with respect
to the e plicit dependence on the parameters appearing in the de nition of N(\)),
that the e uations o tained y e uating the residues at the poles A = a; in
(1- )—~(1- ) and the leading terms at A =  are the nonautonomous Hamiltonian
e uations generated y the ;s and s when the o; s and 8 s are identi ed
with the respective time parameters.

The compati ility of these e uations may e seen as a conse uence of the fact
that all the Hamiltonians oisson commute:

i F T (%) — ) -

for , =1,..., and , =1,...,r. This further implies Jim o et al. 1
Jim oetal.1 1 that the di erential 1-form

::Z i Oéi'i'z B, (1-1)
i=1 =1

on the parameter space, ta en along any solution to this system of e uations,
is closed, and hence locally e act, implying the e istence of the isomonodromic
-function (a1,...,0n,01,...,58), de ned up to a multiplicative constant y:

In( )= . (1-11)

The Hamiltonian structure of the a ove e uations may e seen to follow from
a more general setting, involving commuting Hamiltonians ows on loop alge ras
generated y spectral invariant functions, with respect to a rational -matri
structure, adapted to the case of nonautonomous Hamiltonians Harnad 1
or our purposes, it is su cient to consider the oisson space gl () consisting
of r r matri -valued rational functions (A) of the comple parameter \, and
to split gl (r) into the direct sum

gl (r)=g9 +g

of the su spaces g consisting of polynomial (\)s,and g consisting of (\)s
satisfying ( )= . 1iewing each () as an endomorphism of C", we may
concisely represent the oisson rac et structure on the space gl (r) y simul-
taneously ta ing tensor products on the space of endomorphisms and giving an
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e uation in the space nd(C" C") that determines the oisson rac ets of all
the matri elements of the () s:

A () =r=) () + (), (1-1)

where

r(A= )=y——€ nd(C ), ()=

is the rational classical -matri . We may view N()\) as the image of a map
N o:(gl(r) " el (7)

N : Np,... N, NA)=B+> —L—.
j=1

)\—Otj

(1-1)

t is easily veri ed that this de nes a oisson em edding of (gl(r)) " asana ne
su spacein gl (r). ( f we ta e the union over all » 7 matrices B, this ecomes
a linear oisson su space, ut since the coe cients of the matrices B are in the
centre of the oisson alge ra on this space, B may as well e chosen to have

ed constant values.)

Now let denote the ring of polynomial functions of the coe cients of ele-
ments of gl (r) that are invariant under con ugation y A-dependent inverti le
matrices, restricted to a nite dimensional oisson su manifold such as, for e -
ample, the image of the map N . This is ust the ring of spectral invariants,
generated y the coe cients of the characteristic polynomial

det( (V)= )= (A )

The classical -matri theorem, adapted to the case of e plicit time depen-
dence in the Hamiltonians and in the elements (\) € gl (r), then tells us that
the elements of oisson commute, and the Hamiltonian e uations generated

yany € may e e pressed as
N _ (

), W+ (), (1-1)

where (A) denotes the e plicit time derivative, the di erential is identi ed
as an element of the same space gl (r) through the dual pairing =
resx— tr(( (A) A)) and ( ) denotes pro ection to the su spaces g .

f it happens also that the term  (\) e uals the A derivative of either

or —
9( )
) = 2o 1-1
o= 25, (1-1)
then e uation (1-1 ) ecomes a commutativity condition
0 0

== Wy () = (1)
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( ore generally, we could replace + and — y any element along the line
1+ ) + through them.) n particular, this is the case if we choose
as any of the Hamiltonians i =1 n

Z-:lresA: tr( (),

which clearly are elements of the spectral ring which, when evaluated on (\) =
N(X) of the form (1-1), give

N,
() = =

ondition (1-1 ) is satis ed on this su space if we identify the time parameter as
= a, since this reduces to the identity (1- ), while (1-1 ) gives the e uations

(1-).
To o tain a similar interpretation of the e uations (1- ), we note that the
Hamiltonians -1 rcan ee pressed as follows:

=lres,. res_ A(B- ) 'NQ) — tr(B-— ) '™NOQ) ,

which shows that they also elong to the spectral ring . Ta ing the g pro ec-
tions of the di erentials evaluated at  (A) = N(\) gives

r " N + " N
j=1-"J j=1+Y7
dentifying the time parameter as = 8 , condition (1-1 ) reduces to (1- ), and

(1-1 ) gives the e uations (1- ).

1. m ectic ift and Dua it . The Hamiltonian structure of the isomon-
odromic deformation e uations presented a ove involves a degenerate oisson
structure. (The center of the oisson alge ra consists of the elements of o -
tained y locali ing the spectral invariants at the points aj,...,a,, .) t
is possi le, however, to view this space as a uotient of a symplectic space

under a suita le Hamiltonian group action. oreover, doing so shows that the
roles of the deformation parameters ai,...,a, and (1,...,0, are in some
sense interchangea le, and there e ists another dual isomonodromic deforma-

tion system, o tained also as a Hamiltonian uotient of the system on | in
which the parameters fi,...,0, appear as the locations of the regular singu-
lar points, while aj,...,a, ecome the eigenvalues at  of the rational matri

de ning this dual system.

To see this, suppose that the ran of the residue matri N; is ;. We may
e press IV; in a factored form as the product of two ma imal ran matrices of
dimensions r ;and ; r:

Ni=—-— . 4 iy i € at T, (].—].)
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f course, this factori ation is ar itrary up to the following action of the group
( i,C) on the space of such pairs ( ;, ;):

(o ) Ciali)? i€ (40)
a ing a similar factori ation of all the residue matrices, we let
vy
i=1

and de ne the space  to consist of the set of pairs ( , ) of N 7 matrices
formed from vertical loc s of ; r matrices of ma imal ran :

1 1
= i ; = i . (1*1 )

et € gl(N,C) ethe diagonal matri with eigenvalues (a4, ..., a,) appearing

with respective multiplicities ( 1,..., n)-
= diag(ag, ..., Qiy. .., Q).
sing the resolvent matri ( — A\ ) 1, we can e press the rational matri N())
as follows:

NN =B+ ( -x) "',

where the di erent possi le choices for the pairs ( , ) form an or it under the
loc diagonal su group = (1,C) ( n,C) (N,C), under
the action de ned y

(’(’ )) ( 7( )1 )’ for € . (171)

This su group (N,C) is ust the sta ili er of € gI(N,C) under the
ad oint (con ugation) action. hoosing the canonical symplectic structure

= tr( ) ()

on , the action is a free Hamiltonian group action generated y the e ui-
variant moment map

:( ) ) (1 1re++9 & 4a++*y m n)
€ g[ ( lac) g[ ( ’La(c) g[ ( na(c)a

where the dual space gl ( ;,C) is identi ed with the space gl( ;,C) through
the trace pairing. The oisson su space of (gl(r)) ™ consisting of matrices

Ni,..., N, having respectiveran s 1,..., , may thus e viewed asa uo-
tient y the Hamiltonian group action (1-1 ). omposing the pro ection
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map : with the oisson em edding map N de ned in (1-1 ),
we 0 tain a oisson map : gl (r) given y

(, ) NXN:=B+ ( =-x)1', (1- 1)

whose res are the or its under the free  -action (1-1 ), allowing us to iden-
tify the image oth as a uotient space and a oisson su space of
gl (r) (i-e., the space consisting of those N(A) s for which the residue matrices

Ny,...,N, haverans 1,..., , ). oreover, the ring of spectral invari-
ants, restricted to this su space, may e pulled ac to to de ne a oisson
commuting ring

= 0

of  -invariant functions on . The Hamiltonian vector elds generated y the
elements of  pro ect to the corresponding vector elds on the uotient, as do

their integral curves. n particular, if we identify the parameters a«ji,...,an
and [1,...,0, with multi-time varia les associated to the pull ac s of the
Hamiltonians 1y-.+5 n and 1,---, r , the corresponding nonautono-

mous Hamiltonian systems on  are given y

0o } ' 0o ' .
6az - (3] 7 8a1 - ) 7
1—
0 0 ( )
% = 3 ) % = 3 )
where , denotes the oisson rac ets on  determined y the symplectic
form (1- ).

There is also a Hamiltonian action of the su group (r,C) sta ili ing
the matri B under con ugation, which commutes with the action (1-1 ),
namely the action de ned y

( a( ) )) ( la )a € . (1_ )
f the eigenvalues pfi,...,0, are re uired to e distinct, the group ust

consists of the inverti le diagonal matrices in (r,C). ( ore generally, li e
(N,C), the group is identi ed with the loc diagonal su group
= (1,C) (,0) (r,C), where 1,..., are the multi-
plicities of the eigenvalues of B.) We ma e this restriction henceforth, and also
assume N  r. rom its de nition, the uotient map intertwines the
action on  with the con ugation action of (r,C)ongl (r). incethe
elements of the ring are invariant under this action, they pro ect to a oisson
commuting ring on the dou le uotient .

t is natural to now as what happens if we interchange the roles of the
matrices and B and the corresponding groups and . We may consider
the space gl (N) consisting of N N matrices ( ) depending rationally on
an au iliary comple varia le , with the rational -matri structure (1-1 )



(with the replacements 7 N, A , ). Restricting analogously to the
oisson su space consisting of elements of the form

()= +Z——,6” € gl(N,C), 1)

we must, consistently with our assumption that the matri B has a simple spec-

trum, re uire the residue matrices 1,---, r to all have ran one. We may
now repeat the entire Hamiltonian uotienting process as a ove y de ning a
oisson map : gl (N)asin (1- 1):

(, ) NY= + B- ) . =)
The res of this map are the or its of the free Hamiltonian  -action (1- ), so
we may identify the uotient space (which we e press as a left uotient)
simultaneously as the image of the map and as the oisson su space of
gl (IV) consisting of elements of the form (1- ) with ran one residue matrices
at the poles = (. Again, the oisson map intertwines the action
on  with the con ugation action of (N,C) on gl (N). We may

de ne the ring to consist of the spectral invariant polynomial functions formed
from the () s (i.e., generated y their characteristic polynomials), and o tain
the oisson commutative ring = () vy pulling ac the elements of
under the map . De ning the pro ections gl () gl (r)
and cgl (V) gl (N) to the uotient space under the respective
con ugation actions, we see that the composite maps and
coincide, de ning the pro ection from  to the dou le uotient
We can now consider the analog of the overdetermined system (1- )

D/\ = 5 D = 5 D = (17 )
with respect to the operators Dy, D ,and D de ned y
0
D =—-
Rt
0
D = _
30@ ’
0
D = a2
9 1-)
= - ) = la' T
-8
_ ~ (" ) G0 )
7 — i + Z @ Oé_j )
Jj=1
G=i =1,...,

The ro enius integra le set of compati ility conditions for this system are again
given y the commutativity of the operators Dy, D , and D , and these may
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again e viewed as nonautonomous Hamiltonian systems either in the uotient
space or lifted to . The Hamiltonians in the ring corresponding to
the «; deformations and the 3 deformations are given respectively y

;= Yres — rTesy— ( =2) P () —tc( =X)L (),
lres = tr( ().

1-)
The main result relating these systems to the ones introduced in the previous
su section is contained in the following theorem.

Harnad 1

Therefore, the lifted systems in coincide, as do the pro ected systems in
. i nn i rt ro nd Int r rdo
r tor

n this section, we show how a class of solutions to the isomonodromic defor-
mation e uations considered here result from the solution of a particular type of
matri Riemann—Hil ert pro lem, and how the corresponding -function may e
identi ed as the redholm determinant of a special class of integra le integral
operators. n this, we follow the general approach developed in tset al. 1
The results presented here are ased on oint wor with Ale ander ts, and are
presented in greater detail in Harnad and ts 1 , where further developments
may also e found.

a. demann i ert ro em. et eanoriented curve in the comple -
plane passing se uentially through the points aj,...,q, . n the following, we
tae = to e even, (although we may also let it e odd y considering as
the last point). Denote y ; e thesegmentof froma ; 1toa ;. Now choose
a set of constant pairs of ma imal ran matrices ( j, ;) j=1 of dimensions

T4 =1 , where ; r, satisfying the orthogonality conditions:

ii= > =L, . (-1

et ;(A) denote the characteristic function for the segment ;, viewed as a

function de ned along , and de ne the piecewise constant functions

M= 5500, N=> 5,50, ()

j=1 j=1
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supported on  ,_; ;. Now let (M) denote the e ponential vacuum isomon-
odromic solution

()=

satisfying

8— =B ) 8 = 5 8— =A )

oA Bai 6,6’
and let

A=) O, M= )" ™. (-)

De ne a (r,C)-valued piecewise continuous e ponential function along the
curve y

M= 0 O =+ N O,

where () is the piecewise constant (7, C)-valued function
M= + () O

n terms of these uantities, we pose the following Riemann—Hil ert pro lem:
ind a  (r,C)-valued function () that is holomorphic on the complement
C  of the curve and at A = , with the following asymptotic form near
A=
W=+ (7
and such that the limits (M) of the values of (\) when approaching the
curve from the left (4+) and right (=) are related y

M= -

oreover, we re uire that the local ehaviour of the singularity in (\) in a
neigh orhood of any of the points «j,...,a, should e ust logarithmic. ( ts
uni ueness follows from the analyticity conditions imposed.) De ne

A= ) O (=)

ecause of the orthogonality conditions ( —1), the limits
f= Jim () (V)

ii=(=1)7 Iim ( () (V) c

(ta en within the curve segments ;) e ist. Now de ne the pair ( , ) entering
in (1- 1) asin (1-1 ), and the residue matrices in N(A) y (1-1 ). Then:

Harnad and ts 1 . A 1y-eey

B, Br) (=) (1-)
N(A) N; (1-1)

iv i i=1 n (-). (, )€
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. A—a
M A (-)
7N
i i=1 )
A
i i=1

i 1=e p( ij)= + g

J:ep(_ jj): - Jj o =1,...,

The proof of this result is elementary the local ehaviour ( — ) follows from the
conditions of the associated Riemann—Hil ert pro lem, and the di erential e ua-
tions (1- ) follow from e plicit di erentiation to o tain the local pole structure
in (&8 0)) !, and application of iouvilles theorem. ( f course, the actual
solution of the Riemann-Hil ert pro lem is highly nontrivial.)

e red om Determinant. We now choose all the ran s ; ;=1 5
e ual to , and de ne a matri redholm integral operator : (,C)

(,(C)y
()= x)), € (,C)

where the ernel is chosen to have the special form

W )

(A )= =
with (A\) and (M) de nedin( — ). (orthecaser= , =1,and §; =-03,
this is ust the sine ernel occurring in the computation of spectral distri utions
for random matrices in the Tracy and Widom 1 1 . ecause of the

orthogonality conditions ( —1), we have

A M=,

and hence the ernel is nonsingular, with diagonal values

A= ) N== ) ().

The main result relating the Riemann-Hil ert pro lem discussed a ove with this
redholm operator (see ts et al. 1 ) is that its solution is e uivalent to the
determination of the resolvent operator



peci cally:

N\ —
This result follows directly from the auchy integral representation for (1)),

given its speci ed analytic properties ts et al. 1 Harnad and ts 1

sing it, we nd aremar a le deformation formula for the redholm determinant
det( — ):

1s+++,0n BiyeeosBr ii=1 n
-1 (17 )
) Nii=1 n
iy i i=1 mn (-) (@1)
The proof of this result is given in Harnad and ts 1 .t implies that the
redholm determinant det( — ) may e identi ed with the isomonodromic

-function de ned y formulae (1-1 ) and (1-11).

c. e Dua iemann i ert ro em. The results of the previous
su section can of course e repeated with the roles of the matrices and B
interchanged. or this, we assume that r = is even, the multiplicities ; of
the eigenvalues of are all e ual to 1, so = N, and we choose the eigenvalues

J of the matri B to all have the same multiplicity (the analog
of a ove), so the matri B is now of dimension . We also choose a
set of  pairs , -1 of edma imal ran matrices of dimension

satisfying the orthogonality conditions
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As efore, we choose an oriented simple curve in the comple -plane passing
se uentially through the points fi1,...,8 , and denote the segments from
B 1tof 'y . Nowlet

O= > O, = > ) ()

=1 =1

where  is now the characteristic function of the curve segment . As a ove,
we associate a Riemann—-Hil ert pro lem to this data, consisting of nding an

matri valued function ( ) that is nonsingular and holomorphic on the
complement of , with asymptotic form near =

()= + (N,
and discontinuities along supported on the segments de ned y
()= 0) () €,
where

=+ () O)=ep () ()

nce again, the solution of this Riemann—Hil ert pro lem allows us to de ne
a matri valued function

()= ()
that satis es the linear system (1- ), where the operators (1- ) are determined
in terms of the residue matrices of the matri () at the points 8 y:

with
= lim ( () ()), =(=1) lim ( () ()):

As a ove, we may de ne a redholm integral operator along the curve acting
on C -valued functions on y

where

(,)=—7T

again has the form

where the ernel



is given y
(= ) O=C (N *0)
As efore, the deformation formula for the redholm determinant gives

n

Indet(l— )= In :Z j aﬁ-i B,
=1

=1

where the coe cients are given y the formulae (1- ).
De ning the pair of r matrices ( , ) formed from the loc s ,

::( 1 r)a
:Z( 1 r)a

we may e press the matri () as
()== + (B- )"

Returning to the special case = 1, we may as whether there are choices
of the matrices ( 4, ;) i—1 and ( , ) -1 de ning the respective
Riemann-Hil ert pro lems for which the 7 pairs of matrices ( , )and , )
de ned y (1-1 )and ( — ) coincide, de ning the same solution to the respective
dual Hamiltonian systems and dual isomonodromic deformation e uations.

The following provides a particular answer to this uestion. hoosing =

=1,the( 4, ;)sand( , )s ecome pairs of r-component and -component
column vectors, respectively. We pic a ed matri with elements
j =1 1 and choose the components of these vectors to e

(o) =(d 1=0)i=()i1=1,
(o) ==Ca) 1=0);==()j 1= i

for =1,..., and =1,..., . Now de ne, on the product , the locally
constant function
N )= 0 i) ()
j=1 =1

Ta ing the ourier— aplace transform with respect to the varia les and A
along the curves and |, respectively, gives the two redholm ernels

A __W»0O)
\ —

where (A\), (A), (), () de ne the Riemann-Hil ert data for these choices
— ). Then:
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() ()

The proof is ased on a straightforward application of the Neumann e pansion
for the resolvent and may e found in Harnad and ts 1 . n that wor , fur-
ther results are presented e tending the a ove analysis to more general classes of
isomonodromic deformation pro lems, corresponding to polynomial asymptotic
terms in the matri N()\), as well as symplectic reductions y discrete symme-
tries. ( urther cases corresponding to higher order poles in N(A) and applications
may e found in Harnad and Routhier 1 Harnad and Wisse 1 Harnad
et al. 1 .) The -functions associated with the special data discussed a ove
in relation to the dual redholm operators and  are also shown in Harnad
and ts 1 , to e interpreta le in a manner similar to multi-component
-functions, as determinants of pro ection operators over suita ly de ned in nite
dimensional rassmannians. The interchange of data underlying the duality is
then seen as an interchange of the roles of the data determining the initial point
in the rassmannian and the a elian group elements determining the ow.
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