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ABSTRACT. The Vlasov equation for the collisionless evolution of siregle-
particle probability distribution function (PDF) is a wédhown example of
coadjoint motion. Remarkably, the property of coadjointtimo survives the
process of taking moments. That is, the evolution of the nramef the Vlasov
PDF is also a form of coadjoint motion. We nd thgeodesicoadjoint motion
of the Vlasov moments with respect to powers of the singltigda momen-
tum admits singular (weak) solutions concentrated on eab@dubspaces of
physical space. The motion and interactions of these engaesldbspaces are
governed by canonical Hamiltonian equations for their g@saxlevolution.

1. Introduction

The Vlasov equation. The evolution ofN identical particles in phase space

equation for their joint probability distribution functio Integrating over all
but one of the particle phase-space coordinates yieldsa@uatmn equation for
the single-particle probability distribution function@®F). This is the Vlasov
equation.

The solutions of the Vlasov equation re ect its heritage amtjzle dynamics,
which may be reclaimed by writing its many-particle PDF as@dpct of delta
functions in phase space. Any number of these delta furstiway be integrated
out until all that remains is the dynamics of a single pagtinlthe collective eld
of the others. In plasma physics, this collective eld gextes the total elec-
tromagnetic properties and the self-consistent equatiyeyed by the single
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particle PDF are the Vlasov—Maxwell equations. In the etestatic approxima-

tion, these become the Vlasov—Poisson equations, whicbrgdte statistical

distributions of particle systems ranging from integratéduits (MOSFETS,

metal-oxide semiconductor eld-effect transistors), tamed-particle beams,
to the distribution of galaxies in the Universe.

A class of singular solutions of the VP equations called tted plasma” so-
lutions have a particularly beautiful experimental reatiian in the Malmberg—
Penning trap. In this experiment, the time average of thiicatimotion closely
parallels the Euler uid equations. In fact, the cold plassiagular Vlasov—
Poisson solution turns out to obey the equations of pointexodynamics in
an incompressible ideal ow. This coincidence allows thecdéte arrays of
“vortex crystals” envisioned by J. J. Thomson for uid vaes to be realized
experimentally as solutions of the Vlasov—Poisson equatid-or a survey of
these experimental cold-plasma results see [Dubin and iD1960Q].

Vlasov moments. The Euler uid equations arise by imposing a closure rela-
tion on the rst three momentum moments, prmoments of the Viasov PDF
f. p;q;t/. The zerothp-moment is the spatial density of particles. The rst
p-moment is the mean momentum and its ratio with the zgrethoment is the
Eulerian uid velocity. Introducing an expression for thaid pressure in terms
of the density and velocity closes the systempefmoment equations, which
otherwise would possess a countably in nite number of ddpenvariables.

The operation of taking -moments preserves the geometric nature of Vlasov's
equation. It's closure after the rgt-moment results in Euler's useful and beau-
tiful theory of ideal uids. As its primary geometric characistic, Euler's uid
theory represents uid ow as Hamiltonian geodesic motiom the space of
smooth invertible maps acting on the ow domain and possgssmooth in-
verses. These smooth maps (called diffeomorphisms) adteonid reference
con guration so as to move the uid particles around in theamtainer. And
their smooth inverses recall the initial reference conaion (or label) for the
uid particle currently occupying any given position in sga Thus, the motion
of all the uid particles in a container is represented aswetidependent curve
in the in nite-dimensional group of diffeomorphisms. Maneer, this curve
describing the sequential actions of the diffeomorphismshe uid domain
is a special optimal curve that distills the uid motion intéosingle statement.
Namely, “A uid moves to get out of its own way as ef ciently gsossible.”
Put more mathematically, uid ow occurs along a curve in tthiéeomorphism
group which is a geodesic with respect to the metric on itgeahspace supplied
by its kinetic energy.

Given the beauty and utility of the solution behavior for &td equation
for the rst p-moment, one is intrigued to know more about the dynamics of
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the other moments of Vlasov's equation. Of course, the dycsmof thep-
moments of the Vlasov—Poisson equation is one of the magstrsubjects of
plasma physics and space physics.

Summary. This paper formulates the problem of Vlagpvmoments governed
by quadraticHamiltonians. This dynamics is a certain type of geodesitiano

on the symplectomorphisms, rather than the diffeomorphishine symplecto-
morphisms are smooth invertible maps acting on the phasee spal possess-
ing smooth inverses. We shall consider the singular salstaf the geodesic
dynamics of the Vlasop-moments. Remarkably, these equations turn out to
be related to integrable systems governing shallow wateew=eory. In fact,
when the Vlasoyp-moment equations for geodesic motion on the symplecto-
morphisms are closed at the level of the pstmoment, their singular solutions
are found to recover the peaked soliton of the integrable &aa+Holm equa-
tion for shallow water waves [Camassa and Holm 1993].

Thus, geodesic symplectic dynamics of the Vlagemoments is found to
possess singular solutions whose closure at the uid lesebvers the peakon
solutions of shallow water theory. Being solitons, the memksuperpose and
undergo elastic collisions in fully nonlinear interactohe singular solutions
for Vlasov p-moments presented here also superpose and interact eanhjin
as coherent structures.

The plan of the paper follows:

Section 2 de nes the Vlasop-moment equations and formulates them as
Hamiltonian system using the Kupershmidt—Manin Lie—Rmiskracket. This
formulation identi es thep-moment equations as coadjoint motion under the
action of a Lie algebra on its dual Lie algebrg , in any number of spatial
dimensions.

Section 3 derives variational formulations of fianoment dynamics in both
their Lagrangian and Hamiltonian forms.

Section 4 formulates the problem of geodesic motion on tingpssctomor-
phisms in terms of the Vlasqv-moments and identi es the singular solutions of
this problem, whose support is concentrated on delta fomgiin position space.

In a special case, the truncation of geodesic symplectiGomdd geodesic dif-
feomorphic motion for the rsp-moment recovers the singular solutions of the
Camassa—Holm equation.

Section 5 discusses how the singytamoment solutions for geodesic sym-
plectic motion are related to the cold plasma solutions. ¥wraetry under
exchange of canonical momentyrand positiorg, the Vlasovwg-moments are
also found to admit singular (weak) solutions.
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2. Vlasov moment dynamics

The Vlasov equation may be expressed as

h i
Ony N p@Oh GO@hyy g . 1 @

@ f @@f @@f
Here the canonical Poisson braclk&t e is de ned for smooth functions on
phase space with coordinateg p/ andf. q; p;t/ is the evolving Vlasov single-
particle distribution function. The variational deriwadi h=f is the single
particle Hamiltonian.
A functional g Ef of the Vlasov distributiorf evolves according to

“

h i
dg g @f g, h
ED ) f—@dqdpD - f; : dgdp
hg i DDhg hiEE
D f f—;f— dgdp DW f; f—;f— DW#H; hg

In this calculation boundary terms are neglected upon iategy by parts and
the notatiorth ; i is introduced for thé 2 pairing in phase space. The quantity
f g; hgde ned in terms of this pairing is the Lie—Poisson Vlasov {)racket
[Morrison 1980]. This Hamiltonian evolution equation magabe expressed

as DD gEE DD oEE

ang, hgD f; ad p=¢ T D ad -5 f; T

which de nes the Lie-algebraic operations ad and adthis case in terms of
theL 2 pairing on phase spath; i:s s‘ R. Thus, the notation af_; f

in (2-1) expressesoadjoint actionof h=f 2 sonf 2 s , wheresis the Lie
algebra of single particle Hamiltonian vector elds asdis its dual undet. 2
pairing in phase space. This is the sense in which the Vlagoateon represents
coadjoint motion on the symplectomorphisms.

dg

2.1. Dynamics of Vlasowy; p-moments. The phase spaag p-moments of
the Vlasov distribution function are de ned by

9an D f.q;p/ g% ™dqdp:

Theq; p-momentgy 4y, are often used in treating the collisionless dynamics of
plasmas and particle beams [Dragt et al. 1990]. This is lysdahe by con-
sidering low order truncations of the potentially in niteirs over phase space
moments,
X X
gb a9 mom; hD b@Jon;
mmD 0 ©nD 0
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with constantsiq,, andbg,, withr@ m; @nD O; 1;:::. If his the Hamiltonian,
the sum over; p-momentsy evolves under the Vlasov dynamics according to
the Poisson bracket relation
dg X
ang;th agmb@-MM @N/ggce 1:men 1
mm;@nD 0

This Poisson bracket may be identi ed with the smooth Haonitin vector
elds on p andq, by invoking the standard Lie-algebra antihomomorphism

Xy Df ;Hg

for any functionH .p; g/, then noticing that the; p-moments are linear func-
tionals of the canonical variables. The symplectic inva@gaassociated with
Hamiltonian ows of theq; p-moments were discovered and classi ed in [Holm
et al. 1990].

2.2. Dynamics of Vlasovp-moments. The momentum moments, op*
moments,” of the Vlasovzfunction are de ned as

An.q;t/D  p™f.q;p;t/dp; mDO:1;::::

That is, thep-moments arg-dependent integrals ovprof the product of pow-

ersp™, mD 0;1;:::, times the Vlasov solutioh. g;p;t/. We shall consider
functionals of thes@-moments de ned by
X % Z X
gD m.-q/p™f dqdp D m-0/ Am.g/dgDW  Ap; m
mDOu mDO mDO
% % Z %
hD n.g/p"f dqdp D n.9/ An.q/dgDW  An; n;
nDO nDO nDO

whereh ; i is thel ? pairing on position space.

The functions , and , with m;n D 0;1;::: are assumed to be suitably
smooth and integrable against the Vlagswymoments. To assure these prop-
erties, one may relate the-moments to the previous sums of Vlasqw-
moments by choosing

* *
m.q/ D a,gnq™; h.a/D  bgq®
D 0 W0
For these choices ofy,.q/ and ,.q/, the sums ofp-moments will recover
the full set of Vlasov.q; p/-moments. Thus, as long as thgp-moments of
the distributionf. g; p/ continue to exist under the Vlasov evolution, one may
assume that the dual variableg,.g/ and ,.qg/ are smooth functions whose
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Taylor series expands tipemoments in they; p-moments. These functions are
dual to thep-momentsA,.g/ with m D O; 1;::: under thel 2 pairingh; i in
the spatial variable. In what follows we will assum&omogeneouboundary
conditions. This means, for example, that we will ignoretmbary terms arising
from integrations by parts.

2.3. Poisson bracket for Vlasoyp -moments. The Poisson bracket among the
p-moments is obtained from the LPV bracket through explialtalation:

X
fg;hgD f m.a/p™; n.a/p" dgdp
m;nDOH
x
D Mmo nnyfpm™" ldgdp
m;nD 0
X
D Aanl-q/mmgnn%dq
m;nD 0
X
DW Amcn 1 adn m
m;nDO
N Z
D naA%.. ;C.mCn/Anch 1 § mdg
m;nD 0
X
DW ad Amcn 1; m;
m;nD 0

where we have integrated by parts and the symbols ad andtadd for the
adjoint and coadjoint actions. This is done by again invgkime Lie-algebra
antihomomorphism with the smooth Hamiltonian vector elgi;ice the smooth
functions .9/ and ,.q/ are assumed to possess convergent Taylor series.
Upon recalling the dual relations
m D A—gm and ,D Thn

the LPV bracket in terms of the-moments may be expressed as
fg; hgfAd

x Z h | hi
D —g nT_@) mcn 1C.mC r]/Aan 1@T dq
mnpo  Am @ @ An
X D )] i
g h
DW A ; — —
mCn 1, Am An

m;nDO
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This is the Kupershmidt—Manin Lie—Poisson (KMLP) brackaipershmidt and
Manin 1978], which is de ned for functions on the dual of thielalgebra with
bracket

EE n*DM n@ n N @ m:

This Lie algebra bracket inherits the Jacobi identity frasnde nition in terms
of the canonical Hamiltonian vector elds. Thus, we havewhp

THEOREM 2.1 [Gibbons 1981]The operation of takingg-moments of Vlasov
solutions is a Poisson magt takes the LPV bracket describing the evolution
of f. g; p/ into the KMLP bracketdescribing the evolution of the-moments
An.x/.

REMARK 2.2. Aresult related to theorem 2.1 for the Benney hierafBleyiney
1966] was also noted by Lebedev and Manin [Lebedev and M&ii8]1

The evolution of a particulap-momentA,.q;t/ is obtained from the KMLP
bracket by

@ R h @ @ h
——DfAm; hgD n——A C.mCn/A ——
@ m g oo An@ mCn 1 mCn 1@ An

The KMLP bracket among the-moments is given by
@ @
fAm; AngD n@Aan 1 MAmcn 1@;

expressed as a differential operator acting to the righis dperation is skew-
symmetric under thé 2 pairing and the general KMLP bracket can then be
written as (see [Gibbons 1981])

N Z
g h
fg;hg.fAg D ——fAm; Apg——dg;
Am An
m;nD O
so that
R h
% D fAm;, Ang—:
@ nDO An

2.4. Multidimensional treatment. We now show that the KMLP bracket and
the equations of motion may be written in three dimensiormaitti-index no-
tation. By writingp2"©¢1 D p2" p, and checking that

n!

i Ik!
iCjCkDn

p>" D p:'p3 P35
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it is easy to see that the multidimensional treatment caneb®pned in terms
of the quantities

p DW,'p,*p,°;

where 2 N3. LetA be de ned as
Z

A .q;t/DW p f.q;p;t/ dp

and consider functionals of the form

X X
gD .g/p f.q;p;t/ dqdp DW A ; i
“ 2N3
X
hD .q/p f.q;p;t/ dqgdp DW A ;
2N3

With the notation
3 WDO;:::; 1500 (1inj -th position)

sothat 3 , D ji . the ordinary LPV bracket leads to

X
fg;hgD f .q/p ; .q/p dqdp
X x @ @ @ @
D f P == p ——— dqdp
o @ @ @ @
X X @ @
D f j pp Y= | pp Y= dgop
o @ @
X X @ @
X X D E
DW A ¢ 1J,ad i
j
Z
X X @ @
X % D E
DW ad jAC lj;

i

where the sum extends to all 2 N3.
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The LPV bracket in terms of the-moments may then be written as

@ X X
6 D . ad h= A jA c cy
2N3 ]
where the Lie bracket is now expressed as
g.h 5, @h @9,
NN = B~y
A A @ A @ A
Moreover the evolution of a particula-momentA is obtained by
% D fA ;hg
X X h @ @ h
> Jaghte st icihe g
and the KMLP bracket among the multidimensiopamoments is given in by
X @ @
A ;A D j—ACZIj'CjAC 1 =
i
. '@ @
Inserting the previous operator in this multidimensionMIKP bracket yields
z

fg: h ng’DX 9 aa Mg
g; hg. A AA dg

and the corresponding evolution equation becomes

@ X h
=D A A —:
@ ' A

Thus, in multi-index notation, the form of the Hamiltoniavotution under the
KMLP bracket is essentially unchanged in going to higheratisions.

2.5. Applications of the KMLP bracket. The KMLP bracket was derived in
the context of Benney long waves, whose Hamiltonian is

H,D 1.A,CAZL
This leads to the moment equations

@n o @ner oy, Lo

@ @ @

derived by Benney [1966] as a description of long waves onadiasi perfect
uid, with a free surface ay D h.q;t/. In hisinterpretation, th&,, were vertical
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moments of the horizontal component of the velogity; y; t/:
Zy
AnD  p.gyst/ndy:
yDO
The corresponding system of evolution gguationsgfon;y;t/ andh.q;t/ is
related by the hodograph transformatig) ©  f. g; p%t/ dp? to the Viasov
equation
@ @ @@
The most important fact about the Benney hierarchy is tha @ompletely
integrable. This fact emerges from the following obseomtiUpon de ning a
function . q; p;t/ by the principal value integral,

“1 ¢t gpoy
1 p p°
it is straightforward to verify [Lebedev and Manin 1979]tha

@. @ @e

@ @ @
so thatf and are advected along the same characteristics.

In higher dimensions, particulartyD 3, we may take the direct sum of the
KMLP bracket, together with the Poisson bracket for an etecaignetic eld
(in the Coulomb gauge) where the electric éddand magnetic vector potential
A are ca}ponically conjugate; then the Hamiltonian

.g;p;t/DpCP dp®

1. .
Huv D 5-jp eAj® f.p;q/d"pd"q
Z L, 1 X o
C —jEjcC - A Aile dig
2 4 ’ ’
iD1jD1

yields the Maxwell-Vlasov (MV) equations for systems ofiracting charged
particles. For a discussion of the MV equations from a gedmeiewpoint in
the same spirit as the present approach, see [Cendra €98]. Far discussions
of the Lie-algebraic approach to the control and steeringhafrged particle
beams, see [Dragt et al. 1990].

3. Variational principles and Hamilton—Poincaré formulation

In this section we show how thg-moment dynamics can be derived from
Hamilton's principle both in the Hamilton—Poin&and Euler—Poincéarforms.
These variational principles are de ned , respectivelytlom dual Lie algebra
g containing the moments, and on the Lie algebitself. For further details
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about these dual variational formulations, see [Cendrd. &083] and [Holm
et al. 1998]. Summation over repeated indices is intendeisnsection.

3.1. Hamilton—Poinca® hierarchy. We begin with the Hamilton—Poindar
principle for thep-moments written as

Zy

dt M,; i H.fAg DO
ti

(where , 2 g). We shall prove that this leads to the same dynamics as found
in the context of the KMLP bracket. To this purpose, we mushel¢he n-th
p-moment in terms of the Vlasov distribution function. We cké¢hat
zZ, Z,
0D dt M,; i H.fAg D dt f:p" n f; e
ti t
Z H
D dt f; p”nf— cCf, p"n
ti
Now recall that anyg D G=f belonging to the Lie algebrs of the sym-
plectomorphisms (which also contains the distributioncfion itself) may be
expressed as

G G
D_D m_D m .
g f p An P m;

by the chain rule. Consequently, one nds the pairing retathip

H H
f; n — D Ay —_
p n f n n An
Next, recall from the general theory that variations on adtigup induce vari-
ations on its Lie algebra of the form

w D &C @ u-
whereu; w 2 s andu vanishes at the endpoints. WritiongD p™ , then yields
Z, Z,
dt f; p" , D dt f; ®C p" ,u
ti t;
Z
D dt her; mi Ancm 1, EE m*
ti
Zy D E

ti
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Consequently, the Hamilton—Poinégsrinciple may be written entirely in terms
of the moments as
Zy H D E
SD dt Ap n — M Cad Apcn1; m DO
t; An "
This expression produces the inverse Legendre transform

H
D —
n An

(holding for hyperregular Hamiltonians). It also yield taquations of motion

@m

——D ad nAan 1;

@

which are valid for arbitrary variation®A,, and variations |, of the form
mDPnCad m nc1

where the variationsy, satisfy vanishing endpoint conditions,
mitpy; D mjtpy D O:

Thus, the Hamilton—Poincawariational principle recovers the hierarchy of the
evolution equations derived in the previous section udiegkMLP bracket.

3.2. Euler-Poincag hierarchy. The corresponding Lagrangian formulation of
the Hamilton's principle now yields

zZ, Zy |
L.f g dtD — ;o dt
ti Ztitj Lm
D —, Pmcadn m nCl dt
tiZ m
§ L L
D ——; m C ad —; m nc1 dt
Zti @ m m
§ L
D @— m C ad i om dt
Zti @ m " mCn 1
§ L L
D —@—Cad L o |
tj @ m " mCn 1

upon using the expression previously found for the vaneio , and relabeling
indices appropriately. The Euler-Poingaquations may then be written as
@ L

L
———Cad —DO
@ m n mCn 1
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with the same constraints on the variations as in the prevpawagraph. Apply-
ing the Legendre transformation

L
AnD —

m

yields the Euler—Poincéarequations (for hyperregular Lagrangians). This again
leads to the same hierarchy of equations derived earlieguise KMLP bracket.
To summarize, the calculations in this section have prokiedrésult:

THEOREM 3.1. With the above notation and hypotheses of hyperreguldriy t
following statements are equivalent

() (The Euler—Poincagé variational principle) The curves .t/ are critical
points of the action Z
t.

]
L.f gdtDO
ti
for variations of the form

mDPnCad m ncu
in which , vanishes at the endpoints

mthti D mthtj D 0
and the variationsA,, are arbitrary.

(i) (The Lie—Poisson variational principlg The curves n; A/ .t/ are criti-

cal points of the action
Z,
]

PAL; ni H.fAg dtDO
ti

for variations of the form

mDPnCad_ m nci1;
where , satis es endpoint conditions

mthti D mtht,- DO
and the variations A, are arbitrary.

(i) TheEuler—Poinca® equationshold:

@ L L
——Cad ———DO:
@ m " mCn 1

(iv) TheLie—Poisson equationsold:

me adH:AnAan 1:
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For further details on the proof of this theorem we directrémder to [Cendra
et al. 2003]. An analogous result is also valid in the muttiehsional case with
slight modi cations.

4. Quadratic Hamiltonians

4.1. Geodesic motion.We shall consider the problem of geodesic motion on
the space op-moments. For this, we de ne the Hamiltonian as the norm on
the p-moment given by the following metric and inner product,

X
hD 1kAk’D1 An.0/Gns.q; qYAs.q% dg ddf (4-1)
n;sDO

The metricGps.q; q¥ is chosen to be positive de nite, so it de nes a norm for
fAg 2g . The corresponding geodesic equation with respect to thisins
found as in the previous section to be
X
@DfAm;th n n_@PAan 1C.mCn/Amcn 1—@D n o (4-2)
@ D0 @ @

with dual variables ,, 2 g de ned by
h % z 0 O 40 2
nD A D Gns-0;q7As.q7dg"D Gns As: (4-3)
n
sDO sDO

Thus, evolution under (4-2) may be rewritten formally asnfitesimal) coad-
joint motion ong
b
@n bt anhgDW  ad Apcy o (4-4)
@ nDO "

The explicit identi cation of coAdjoint motion by the full pup action on the
dual Lie algebra is left for a future study. This system cosgs an in nite sys-
tem of nonlinear, nonlocal, coupled evolutionary equatitor thep-moments.
In this system, evolution of then-th moment is governed by the potentially
in nite sum of contributions of the velocities,, associated withn-th moment
sweeping themCn 1/-th moment by coadjoint action. Moreover, by equation
(4-3), each of the ,, potentially depends nonlocally on all of the moments.
Equations (4-1) and (4-3) may be written in three dimensiomaulti-index
notation, as follows: the Hgmiltonian is given by

X
hD 1kAK?D 3 A .qt/G qq°A g%t dqdq®
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so the dual variable is written as

h X X
DTD G qq9°A q%t dgdg®d G A :

4.2. Singular geodesic solutionsRemarkably, in any number of spatial dimen-
sions, the geodesic equation (4-2) possesses exact sslutiich aresingular,
that is, they are supported on delta functionsgjigpace.

THEOREM 4.1 (SNGULAR SOLUTION ANSATZ FOR GEODESIC FLOWS OF
VLASOV p-MOMENTS). Equation(4-2) admits singular solutions of the form

W Z
A .q;t/D P; a;tg/ 9 Qj.tig/ da; (4-5)
jD1
in which the integrals over coordinates are performed oveN embedded
subspaces of thg-space and the parameter®; ; P; / satisfy canonical Hamil-
tonian equations in which the Hamiltonian is the nonnm (4-1) evaluated on
the singular solution Ansai#@-5).

In one dimension, the coordinatgs are absent and the singular solutions in
(4-5) reduce to

X
As.q;t/ D Pe.ait/ g Q.t/: (4-6)
jD1

In order to show this is a solution in one dimension, one chdkkt these sin-
gular solutions satisfy a system of partial differentialiations in Hamiltonian
form, whose Hamiltonian couples all the moments

Hy D > PjS.Q,- AP .Qy tl; t] Gns. Qj . t/; Q. tI:
n;sDOj ;kD1
One forms the pairing of the coadjoint equation

X
APm D adens ASAan 1

n;s

with a sequence of smooth functiofis,, .g/g, so that

X
hAPm;' miD Amcn 17805, Ag' m

n;s



214 JOHN GIBBONS, DARRYL D. HOLM, AND CESARE TRONCI

One expands each term and dend¥es/ WP, . Q; ;t/:

Xz @
by miD dq'm.q/@ P™.ait/.q Q/
X Z 1 @Jm m 0
D dg' m.q/ . q Qj/@ P"® % Q/
j
X dEm
D g mQ/CAE n.Q

i
Similarly, expanding

Aan 1.ZadGns As‘ m

X )
D dqliiijmCn g Q/ n2Gns.qQy/ m m—@;”sg’Q"/
j sk
X .
D ER™M L n' 0.Qj/Gns. Q) Qi m'm.Qj/M
ik @J
leads to
mde X X sigmCn 1
sz WD n|1k|1j Gns-Qj ; Qs
n;s k
dl:zjm D mX X Fzsiszn 1@5ns-Qj ;Qk/,
dt ns k'] @, d

so we nally obtain equations fo@; andF in canonical form,

dQj D @\ ag D @y

dt @ ’ dt @;
Remark about higher dimensions. The singular solutions (4-5) with the in-
tegrals over coordinates exist in higher dimensions. The higher dimensional

singular solutions satisfy a system of canonical Hamildarintegral-partial dif-
ferential equations, instead of ordinary differential adpns.

5. Discussion

5.1. Remarks about EPSymp and connections with EPDiff. Importantly,
geodesic motion for thge-moments is equivalent to geodesic motion for the
Euler—Poincax equations on the symplectomorphisms (EPSymp) given by the
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Hamiltonian
H EfP % f.ogp;t/G gp;a%p®f dSpSt dadpdg®p® (5-1)
The equivalence with EPSymp emerges when the fun@iwritten as

X
G q:gp;p° D p"Gam g:a° P
n,m
Thus, whenever the metrig for EPSymp has a Taylor series, its solutions may
be expressed in terms of the geodesic motion foptimoments.
Moreover the distribution function corresponding to thegsilar solutions for
the moments is a particular case of ttwd-plasma approximatigrgiven by

X
f.qp;t/D it .p Pt/
i
where in our case a summation is introduced ans written as a Lagrangian
particle-like density: j .q;t/ D .q Q;j.t//.

To check this is a solution for the geodesic motion of the gativey function,
one repeats exactly the same procedure as for the momentsleénto nd the
Hamiltonian equations

dt @ f dt @; f
where® D P; Q; denotes the composition of the two functidhsandQ; .
This recovers single particle motion for densifyde ned on a delta function.

As we shall show, these singular solutions of EPSymp aresalhdions of
the Euler—Poincd@ equations on the diffeomorphisms (EPDiIff), provided one
truncates to consider only rst order moments [Holm and Mars2005]. With
this truncation, the singular solutions in the case of sifgrticle dynamics
reduce in one dimension to the pulson solutions for EPDi#frfiassa and Holm
1993].

Qi &/

5.2. Exchanging variables in EPSymp. One can show that exchanging the
variablesq $ p in the single particle PDF leads to another nontrivial slagu
solution of EPSymp, which is different from those found poergly. To see this,
letf be given by

X

f.qp;t/D .q Qj.p;t/ . p Pt

j
At this stage nothing has changed with respect to the prewsolution since the
generating function is symmetric with respect to q and p. elmv, inserting
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this expression in the de nition of the-th moment yields

X

An.q;t/ D ij .q Qj.Py;th,

j
which is quite different from the solutions found previgusDne again obtains
a canonical Hamiltonian structure fBy andQ; .

This second expression is an alternative parametrisafidimeocold-plasma

reduction above and it may be useful in situations wheredhgpositionQ; P;
is more convenient tha®, Q; .

5.3. Remarks about truncations. The problem presented by the coadjoint
motion equation (4-4) for geodesic evolutionpimoments under EPDiff needs
further simpli cation. One simpli cation would be to modifthe (doubly) in-
nite set of equations in (4-4) by truncating the Poissondiet to a nite set.
These moment dynamics may be truncated at any stage by rimggifye Lie-
algebra in the KMLP bracket to vanish for weightsC n 1 greater than a
chosen cut-off value.

5.4. Examples of simplifying truncations and specializatins. For example,
if we truncate the sums tm; n D 0; 1; 2 only, then equation (4-4) produces the
coupled system of partial differential equations

@

GSD adle adzAl;

@

EjD ad Ag ad A; ad Aj;
@

E D ad OAl ad 1A2:

Expanding now the expression of the coadjoint operation
ad Axch 1D .kKCh/Akch 1@ nCh 1@Axkch 1

and relabeling
adhAk D kC:UAk@ hCh h@Ak

one calculates

%D @.Ao 1/ 2A1@ 2 2 Z@Al;
%D Ao@ o 2A1@Q 1 1@A1 3A2@ 2 2 2@A:z;
@

@ D ZAl@ 0 3A2@ 1 1@A2:
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We specialize to the case that each velocity depends ontg oniiresponding
moment, sothats D G Ag, sD 0; 1; 2. If we further specialize by settinfig
andA, initially to zero, then these three equations reduce toitigdesequation

@1

—D A 2A :
@ 1 @A, 1@ 1

Finally, if we assume tha6 in the convolution { D G A; is the Green's
function for the operator relation

A1D.1 2@

for a constant lengthscale then the evolution equation f@; reduces to the
integrable Camassa—Holm (CH) equation [1993] in the alesefiinear disper-
sion. This is the one-dimensional EPDiff equation, which siagular (peakon)
solutions. Thus, after these various specializations efERDiff p-moment
equations, one nds the integrable CH peakon equation aseiaation of
the coadjoint moment dynamics of equation (4-4).

That such a strong restriction of tipemoment system leads to such an in-
teresting special case bodes well for future investigatiohthe EPSymp-
moment equations. Further specializations and truncatidrthese equations
will be explored elsewhere. Before closing, we mention ongvo other open
guestions about the solution behavior of thenoments of EPSymp.

6. Open questions for future work

Several open questions remain for future work. The rst igthler the singu-
lar solutions found here will emerge spontaneously in ERSggmamics from
a smooth initial Vlasov PDF. This spontaneous emergenceeosingular solu-
tions does occur for EPDiff. Namely, one sees the singullatisns of EPDiff
emerging fromany con ned initial distribution of the dual variable. (The dua
variable is uid velocity in the case of EPDIff). In fact, iegrability of EPDiff in
one dimension by the inverse scattering transform showsotiig the singular
solutions (peakons) are allowed to emerge from any con méiill distribu-
tion in that case [Camassa and Holm 1993]. In higher dimassioumerical
simulations of EPDiff show that again only the singular $iolus emerge from
con ned initial distributions. In contrast, the point ver solutions of Euler's
uid equations (which are isomorphic to the cold plasma siag solutions of
the Vlasov Poisson equation) while comprising an invariaanifold of sin-
gular solutions, do not spontaneously emerge from smodihlinonditions in
Euler uid dynamics. Nonetheless, something quite analsgm the singular
solutions is seen experimentally for cold plasma in a MalmbBenning trap
[Dubin and O'Neil 1990]. Therefore, one may ask which outeowill prevail
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for the singular solutions of EPSymp. Will they emerge froooa ned smooth
initial distribution, or will they only exist as an invariamanifold for special
initial conditions? Of course, the interactions of thegegsiar solutions for
various metrics and the properties of their collective agrts is a question for
future work.

Geometric questions also remain to be addressed. In gaomatt dy-
namics, Arnold and Khesin [1998] formulate the problem ahpjectohydro-
dynamics, the symplectic counterpart of ordinary idealrbgginamics on the
special diffeomorphisms SDiff. In this regard, the work dibEBhberg and Ratiu
[1991] showed that dynamics on the symplectic group raliddiffers from
ordinary hydrodynamics, mainly because the diameter of(&yhj is in nite,
wheneverM is a compact exact symplectic manifold with a boundary. Of
course, the presence of boundaries is important in uid dyica. However,
generalizing a result by Shnirelman [1985], Arnold and Khe®int out that the
diameter of SDiff\l ) is nite for any compact simply connected Riemannian
manifoldM of dimension greater than two.

In the case under discussion here, the situation againrgliffem that en-
visioned by Eliashberg and Ratiu. The EPSymp Hamiltoniat)(8etermines
geodesic motion on Symp( R®), which may be regarded as the restriction
of the Diff(T R®) group, so that the Liouville volume is preserved. The main
difference in our case isthit D T R2 is not compact, so one of the conditions
for the Eliashberg—Ratiu result does not hold. Thus, one as&ywhat are the
geometric properties of Symp acting on a symplectic maghifdich is not com-
pact? What remarkable differences if any remain to be fowtdiden Symp and
SDiff in such a situation? Another intriguing possibilitythat some relation of
the work here may be found with the work of Bloch et al. on inéde geodesic
ows on the symplectic group [Bloch et al. 2005]. A nal quést of interest is
whether the present work might be linked with the Lie algediracture of the
BBGKY hierarchy [Marsden et al. 1984].

Yet another interesting case occurs when the particlesrganhg Viasov dy-
namics are con ned in a certain region of position spacehis gituation, again
the phase space is not compact, since the momentum may beitedli The
dynamics on a bounded spatial domain descends from thateonnibounded
cotangent bundle upon taking tremoments of the Hamiltonian vector eld.
Thus, in this topological senge-moments and-moments are not equivalent
In the present work, this distinction has been ignored byragsg either homo-
geneous or periodic boundary conditions.
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