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Abstract— We consider a shell-like three-dimensional nonlinearly hyperelastic body and we
let its thickness go to zero. We show, under appropriate hypotheses on the applied loads, that
the deformations that minimize the total energy weakly converge in a Sobolev space toward
deformations that minimize a nonlinear shell membrane energy. The nonlinear shell membrane
energy is obtained by computing thelimit of the sequence of three-dimensional energies.
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1. Introduction

The purpose of this article is to derive nonlinear membrane shell models from genuine three-
dimensional nonlinear elasticity by means of a rigorous convergence result. It is a sequel to a
previous article concerned with planar membranes, see Le Dret and Raoult [1995].

J.C. Simo’s profound interest in the large deformation theory of thin structures is at the origin of
numerous works on the derivation, analysis and approximation of models for shells and rods that
respect the fundamental requirement of continuum mechanics, frame-indifference. These models,
see Simo and Vu-Quoc [1988,1991], Simo and Fox [1989,1992], Simo, Fox and Rifai [1990a,
1990b], Simo and Tarnow [1994] for instance, rely on a kinematic assumption on the possible
deformed configurations of the body. In this framework, shells are one-director Cosserat structures.
The shell model constructed in Simo and Fox [1989]is fully nonlinear, frame-indifferent and couples
membrane, bending and shearing effects together. Recent results on the numerical approximation
and on the construction of such a model are given in Carri@deBani, Le Tallec and Mouro
[1995], Carrive-E2douani [1995]. Important contributions to the formulation of classical nonlinear
shell theory using the Cosserat hypothesis as well as thorough and comprehensive analysis of these
models can be found ie.g. Ericksen and Truesdell [1958], Naghdi [1972], Green and Naghdi
[1974], Antman [1976a, 1976b, 1995].

A complementary approach to thin elastic structures theory is that of formal asymptotic expan-
sions in powers of the thickness pioneered by Friedrichs and Dressler [1961] and Goldenveizer
[1963] and later recast in a modern functional framework by Ciarlet and Destuynder [1979a, 1979b],
Ciarlet [1980] and in the case of shells Destuynder [1980]. This approach also led to numerous
developments, see Ciarlet [1990] for a bibliography. A one year stay of the second author at the
Division of Applied Mechanics at Stanford University provided the opportunity to try and bridge the
two approaches. More specifically, the goal was to investigate whether the asymptotic expansion
method applied to thin bodies could lead to frame-indifferent limit models.

This objective is attained in Fox, Raoult and Simo [1993] where, for simplicity, the case of
plate-like—rather than shell-like—bodies is treated and where the nonlinear material is the Saint
Venant-Kirchhoff material. It is shown that a hierarchy of two-dimensional models can be derived
from the nonlinear system of three-dimensional elasticity by a formal asymptotic expansion. The
type of limit model thus obtained depends on the order of magnitude of the external loads. The first
two models in the hierarchy are a nonlinear membrane plate model and a nonlinear inextensional
bending model for smaller loads. Both models are quasilinear and frame-indifferent. The membrane
model is also obtained by Karwowski[1993]. By lowering again the order of magnitude of the loads,
one recovers semilinear plate models that had been previously derived by Ciarlet and Destuynder
[1979Db], Ciarlet [1980] for the von &man equations and Raoult [1988] in the dynamical case by
analogous formal expansions. Note that these models are no longer frame-indifferent.
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Although establishing the grounds for an asymptotic justification of invariant plate models,
the method of Fox, Raoult and Simo [1993] is purely formal. It was the purpose of the work
by Le Dret and Raoult [1993, 1995] to provide a rigorous proof of convergence to a nonlinear
membrane model. In this work, as in Fox, Raoult and Simo [1993], only plate-like bodies are
considered. The assumptions on the external loads are those of Fox, Raoult and Simo [1993],
but the results are obtained for a general hyperelastic material. The main mathematical tool is
I'-convergence theory, a systematic way of analysing the convergence of minimizers of a sequence
of problems of the Calculus of Variations. Ideas frohtonvergence theory had been previously
introduced in the context of lower-dimensional theories in nonlinear elasticity by Acerbi, Buttazzo
and Percivale [1991] for nonlinearly elastic strings. Their method was extended to nonlinear planar
membranes in a preprint by Percivale [1991] recently drawn to the authors’ attention. Note that
in the case of strings the limit model is one-dimensional and thus convexity arguments can be
used that are not sufficient in the two-dimensional case. Let us briefly recall the limit membrane
model obtained in Le Dret and Raoult [1993, 1995], see also Percivale [1991]. Starting from a
three-dimensional stored energy functidhdefined on three-dimensional deformation gradients,

i.e, 3 x 3 matrices, the limit membrane energy density, which is defined on membrane deformation
gradients,i.e,, 3 x 2 matrices, is constructed in two steps. FivBtis minimized with respect

to the third column of its matrix argument, then the resulting function is quasiconvexified. It is
worth mentioning that, except in some very special cases, this quasiconvexification step cannot be
skipped. In the case of the Saint Venant-Kirchhoff density, the quasiconvexification is carried out
explicitly in Le Dret and Raoult [1995]. A quite surprising consequence of this calculation is that
the formal limit membrane energy of Fox, Raoult and Simo [1993] only coincides with the rigorous
limit energy on a compact subset of the seBof 2 matrices.

The present article extends the analysis of Le Dret and Raoult [1995] to the case of shells. Let us
mention other recent works in the field of asymptotic justification and analysis of lower-dimensional
linear or nonlinear shell models: Sanchez-Palencia [1989a, 1989b, 1990], Ciarlet and Lods [1994],
Ciarlet, Lods and Miara [1994], Miara [1994].

An overview of the article is as follows. Section 2 is devoted to introducing the geometrical
notation for a shell with mid-surfacé and thicknesge¢ in its reference configuratioft.. We
assume that the shell is made of a hyperelastic homogeneous material with stored energy function
W. In Section 3, we state the equilibrium problem for the shell as an energy minimization problem
over a set of admissible deformations included in the Sobolev spacg().; R?). To study the
asymptotic behavior of the corresponding energy minimizers when0, we define an equivalent
minimization problem set on a straight cylindrical dom@&in= w x ]—1, 1] of R? independent of
e. This is achieved by transporting the deformations and the external loads through a chart and
rescaling them. As opposed to the planar case, the geometry of the shell intervenes in the expression
of the rescaled hyperelastic energies through the Jacobian matrix of the change of coordinates. This
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matrix depends on and appears notably inside the argument of the stored energy density.

In Section 4, we give our first convergence result expressed in terms of rescaled displacements.
We determine th&'-limit of the sequence of rescaled energies. The construction of the limit energy
density extends that of the planar case. Note however that the nontrivial geometry of the shell
causes the limit energy to depend on the peairt w even for a homogeneous three-dimensional
material.

In Section 5, we translate tHeconvergence result of Section 4 in terms of deformations and
show that the minimizing deformations weakly convergédiin?(Q; R3?) towards deformations
that minimize a limit nonlinear shell energy. The limit deformations depend on two space variables
only (they are identified with functions defined on the transported mid-sutfacehe limit elastic
energy of a deformatioy depends on its first derivatives and thus does not incorporate bending
effects associated with curvature nor shear effects. Consequently, it is a membrane energy. Let
us emphasize the fact that, contrarily to methods relying on Cosserat assumptions, our analysis
provides an exact formula for deriving the limit energy, hence the membrane constitutive law, from
the three-dimensional enerdly/. Furthermore, we give an intrinsic formulation of the membrane
minimization problem and an intrinsic expression of the nonlinear membrane energy by transporting
the obtained result back on the reference surfac€he stored energy depends on a deformagion
defined onS only through its gradient (for a definition of this gradient, see Section 5). It depends
on the current point of, but only through the normal vector £at this point.

In Section 6, we study how the limit membrane shell energy inherits the invariance properties
of the three-dimensional energy. In particular, it is shown that frame-indifference is preserved and
that the shell energy depends on the deformation only through the deformed metric. Moreover, if
W has a global zero minimum & = I, the corresponding membrane shell energy is zero for
compressive states. Isotropy is also preserved. In this case, the membrane stored energy does no
longer depend on the normal vector to the reference suiaaed depends on the deformation
only through the principal stretches.

The second author is indebted to J.C. Simo for inviting her to spend a sabbatical year at the
Division of Applied Mechanics at Stanford University in 1990-1991. Her work owes much to J.C.
Simo’s brilliance and enthusiasm.

2. Geometrical preliminaries

The summation convention is assumed throughout this article, unless otherwise specified. Greek
indices take their values in the det 2} and Latin indices take their values in the §&t2, 3}. Let
(e1,e2,e3) be the canonical orthonormal basis of the Euclidean sfdceThe norm of a vector
of R? will be denoted byj|u||, the scalar product of two vectors Bf by - v and their vector
product byu A v. In the sequel, we will identif{iR? with the plane spanned by the vecteisand
eo. Accordingly and depending on the contextyill denote a generic point a2 or R3. Let M5
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be the space of redlx 3 matrices endowed with the usual Euclidean ngdtj| = /tr (FTF).
For anyz; € R3, i = 1,2,3, we note(z;|z:|z3) the matrix whose-th column consists of the
components of; in the canonical basis.

We assume that the midsurfagés a bounded, two-dimensional?-submanifold ofR?, which,
for simplicity, admits an atlas consisting of one chart only. tebe this chart. It is thus a
C%-mapping from a bounded, open set R? into R3 which is a global diffeomorphism between
w andS. We assume that has a Lipschitz boundary and thatadmits an extension @ into a
C?(@; R3)-function.

Leta,(x) = ai—i(fﬁ) be the covariant basis vectors of the tangent pﬁﬂg)g, associated with
the chart)y. These vectors are linearly independentworiWe assume furthermore that there exists
0 > 0 such that

|a1(x) A az(z)]| > donw. Q)

We then defineis(z) = % € C'(w; S?), which is a unit normal vector t@,,S.
If no confusion may arise from it, we will writes(z) for az(z) at pointz = (), since it is
important to remember thag is actually chart-independent (modulo multiplication-by). The
contravariant basis vectors are defined by the relatiéiis) Tw(m)g, a®(z) - ag(x) = dop and
ad(r) = az(x).

Using this notation, we letl(x) = (a1 (x)|az(z)|as(z)). This matrix is everywhere nonsingular
onw and its inverse is given byt~ (z) = (a!(x)|a?(x)|a(z))T. Note that due to our choice of
unit normal vectordet A(x) = |la1(x) A az(x)|| > § > 0 onw. Thus, there exists a constarit
such that

Veew, |A (@) <C. )

The functiondet A(z) also satisfies
det A(x) = || cof A(x)es|| = a(x) 3

whereq is the determinant of the metric dhexpressed in the chart

Fore > 0, we consider the sé?. defined by

Q. ={jeR*3i e S,§=2i+nas(z) with || < . (4)
This set is the reference configuration of a shell of thickreesdDue to our regularity hypothesis
on S there exists &''-orthogonal projection mappirg : Q. — S if ¢ is small enough, which will
be understood thereafter. Amyin Q). can be uniquely decomposedias- 11(3) + [(7 — I1(7)) -
as(II())]as(I(7)). With this notation,(z1, ) = ¢~ (I1(7)) andzs = (§ — IL(§)) - as(I(§))
define the natural curvilinear coordinate systenflinthat is associated with the chaftof the
midsurface. If

Q. = {2 € R% (21, 22) € w, |as| < e}, (5)
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then theC'!-diffeomorphism¥ : Q. — Q. defined by
U(x) =(x1,z2) + x303(21, T2) (6)
is the inverse of this change of coordinates. Its gradient is the matrix
VU(z) = A(x1,x2) + x3(01a3(x1, x2)|02a3(21, 22)]0). (7)

Naturally, this gradient is everywhere nonsingular as soanigasmall enough. In the context of
nonlinear elasticity, the mapping—! can also be viewed as a change of reference configuration
for the shell ¢ is orientation preserving).

3. The three-dimensional and rescaled problems

We assume that the shells are made of the same hyperelastic homogeneous material whose stored
energy function is denoted B¥". The functioniV: M3 — R is continuous and satisfies the growth
and coercivity hypotheses

3C > 0,3p €1, +oo[,VF € Mz, |[W(F)| < C(1+||F|]P),
Ja>0,36>0,VF € M3, W(F) > o F||? - 4, (8)
VEF' € M, |[W(F)=W(F)<CA+|F|IP~H+[|[F|P~HIF - F'].

Assumption (8} was not needed in the case of planar membranes considered in Le Dret and
Raoult [1995]. It is however quite natural. In particularJif is quasiconvex (§)implies (8%,
cf. Marcellini [1985]. Assumption (&) also holds true i/ is continuously differentiable and its
derivative grows agF’||P—! at infinity.

Let S = w x {+e} and defineS* = ¥(S*) to be the top and bottom surfaces of the
shell. For simplicity, we assume that the shells are solely submitted to the action of dead loading
surface traction densitiggs € Lq(S‘Ei; R3) with 1/p + 1/q = 1. Taking body forces and lateral
forces into account is straightforward. An example of live loads is detailed in the appendix. Let
. = dwx]—¢,e[andl’. = ¥(T'.) be the lateral surface 6f.. We assume that the deformations of
the shells satisfy a boundary condition of placdon The equilibrium problem may be formulated
as a minimization problem:

Find ¢° € @, such thatl,(¢°) = inf I.(p), (9)
PED,

where the total energi. is

L(3) = /Q W(V@) dr — [S i - pdo., (10)

€
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dé. is the surface element g and the set of admissible deformations is

. = {p e WHP(Q.;R?); ¢(x) =z onl.}. (11)

See Wang and Truesdell [1973], Marsden and Hughes [1983] or Ciarlet [1988], among others, for
general references on three-dimensional nonlinear elasticity. A key-ingredient in existence proofs
using the direct method of the calculus of variations is the sequential weak lower semi-continuity
of the energy functional, on W' ?().;R?). Under assumptions (8), it is known that the energy
functionall in problem (9) is sequentially weakly lower semi-continuou%hp(ﬁg; R3) if and

only if the functionV is quasiconvexi,e.,

VE € Ms, V0 c W&’OO(O;R?’), / W(F + Vé(z))dx > (meas O)W (F), (12)
o)

where O is any bounded domain dR3, see Morrey [1952], Acerbi and Fusco [1984], Da-
corogna [1989] and the references therein. Problem (9) was solved in the more physical case
W(F) = 400 if det F < 0 andW (F) — +oo whendet F — 0T by Ball [1977], under an
assumption of polyconvexity d#/, a notion more restrictive than quasiconvexity, plus appropriate
growth and coercivity assumptions. For our purposes here, it is not desirable to assume at the onset
that!V is quasiconvex or polyconvex. There are two reasons for this. First of all, the zero thickness
limit model we obtain always involves a quasiconvexification, which has to be effected whether
W is quasiconvex or not. Secondly, we do not want to rule out important examples, such as the
Saint Venant-Kirchhoff stored energy function which is neither polyconvex nor quasiconvex, see
Raoult [1986]. Consequently, wib notassume thall” is quasiconvex and problem (9) may well

not possess any solutions. Naturally, if it does have solutions which are thus actual equilibrium
deformations of the bodies, our results apply to these deformations.

Let us thus be given a diagonal minimizing sequegicéor the sequence of energiésover the
sets®.. More specifically, we assume that

¢° € d., I.(¢°) < inf I.(¢) +ehle), (13)
ped,

whereh is a positive function such that(e) — 0 whene — 0. Such a sequence always exists
and, if the minimization problems have solution$,may be chosen to be such a solution.

As in the case of a planar membrane, we assume|[gidt; , s+.zs) < Ce Where the constant
C does not depend an If we also considered body force densities or lateral traction densities, we
would assume them to be of the orderiafo that all force resultants would be of the ordet ¢ih
particular, the weight of the material is allowed). This is essential in order to obtain a membrane
model in the limit, see Le Dret and Raoult [1995], Fox, Raoult and Simo [1993] for a discussion of
this observation.
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We first rewrite problem (9) in the curvilinear coordinate system or, equivalently, we consider
Q. as a new reference configuration. Note that this configuration is not homogeneous anymore.
If ¢ is a deformation of the shell in its first reference configuration, we thus define for almost all
r € Q.

p(r) = ¢(¥(x)), (14)

and the set of admissible deformations becomes
P, = {p € W"P(Q.;R®); p(z) = ¥(x) onT.}. (15)
Similarly, we set for almost alt € S

g°(x) = g°(¥(x)), (16)

and by defining. (¢) = I.(¢) to be the energy in the new reference configuratien,

= [ WOV det(VH(a)) da— | g (a)pla) [ cof VE@)es] do. (07

€

we obtain
¢° €., I (¢%) < inf I.(p)+ ch(e). (18)

ped.
All these definitions may also be rewritten in terms of displacemets = ¢(x) — V(z).

We now are in a position to rescale the problem. Det= Q;, I' = I'; and S* = Sf
and define a rescaling operat®t by (O.¢)(z1,z2,x3) = ©(21,2,c73). Let p(e) = O ¢°,
U(e)(x) = ©.V andg(e)(z) = O©.g¢°. The rescaled displacement:) = ¢(¢) — ¥(e) belongs to
V = WP (Q;R®). We rescale the energies by settifg) (o) = e ' 1.(0- '), i.e,

1(e)(p) = /Q W ((1e]0ne| ) Ae) ) det A(e) dr - /S e g(e) - ol cof A(e)es] do,
(19)
with the notation:

A(e)(z) = VU (21, x9,ex3) = A(x1,x2) + ex3(0103(21, 22)|0203(21,22)[0).  (20)

In terms of the rescaled displacements, the rescaled energy reads:

J()(v) :/Q W<(61U‘62v 83U>A(5>_1 +1) det A(e) dz 1)

_ /Si eg(e) - (U(e) + v)|| cof A(e)es]| do

It is immediate that

J(e)(ule)) < inf J(e)(v) + hle). (22)
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For notational brevity, we also introduce the rescaled elastic energy:

E(s)(m:/gw((aw Osv

v %)A(s)‘l + 1) det A(e) dz, (23)
and the rescaled virtual work of the applied loads:

L(e)(v) = /S £g(e) - (T(e) + )| cof A(e)es| do (24)

The assumed bound gj1 ensures thaffe ™' g(e)| pa(s=.r2) < C. We may thus assume that
there existg € L(S*;R?) such that

e 'gle) — g in LYSHR?)

by extracting a subsequence, if necessary. Examples of such loadings are for instance dead loadings
normal to the reference configurations of the shell, of the fgtta) = ch™* (21, 22)as(x1, x2) if

x3 =candg®(z) = eh™ (z1,z2)as(x1, x2) if z3 = —e. See the Appendix for a concise treatment

of pressure loads.

4. Computation of theI'-limit of the rescaled energies

We usd’-convergence theory to determine the asymptotic behavior of the rescaled displacements
u(e) whene — 0. Inthe sequel, the thickness parameteill take its values in a sequeneg — 0.
Since the results do not depend on the sequence in question, and for notational brevity, we will
simply use the notation. Let us recall that a sequence of functigis from a metric space&’
into R is said toI'-converge toward, for the topology ofX if the following two conditions are
satisfied for alle € X:

V. — x,liminf G.(z.) > Go(x),
{ Y. — x,G(y:) — Go(z).

If the sequencé&;. I'-converges, it$-limit is alternatively given by

Go(z) = min{liminf G.(z.); x. — x}.

In addition, the set of functions frod¥ into R has a sequential compactness property with respect
to I'-convergence in the sense that any sequéhceX — R admits al-convergent subsequence.
The main interest oF -convergence is that if the minimizers Gf stay in a compact set of for

all ¢, then their limit points are minimizers d@f,, see De Giorgi and Franzoni [1975], Attouch
[1984], Dal Maso [1993].

We extend the energies & (Q; R?) by setting

Voe LP(Q;RY), T (e)(v) = {ifo)(v) i;tﬁeerw‘fs’e. (29
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Let us now proceed to compute tielimit of the sequence/*(¢) for the strong topology of
LP(Q;R3). Let M; » be the space df x 2 real matrices endowed with the usual Euclidean norm
||| = y/tr (FTF). We note(z1|z2) the matrix of M3 , whosea-th column is composed of the
components of, € R3 in the canonical basis. For afl = (21]22) € M3 andz € R3, we also
note(F'|z) the matrix whose first two columns ate andz, and whose third column is.

Let us introduce a functioWy: w x Mz — R
Wo(z, F) = inf W((F|2)A™}(@)). (26)
zE

Due to the coercivity assumption (B)it is clear that this function is well defined. Besides, since
W is continuous, the infimum is attained. Let us briefly state a few propertiéd% ofl he function
W) is continuous o x M3 o and satisfies the growth and coercivity estimates
3C" >0,V F € M35,Vx €, |Wy(z, )| <C'(1+ | F|P),
{Elo/ > 0,38 >0,VF € M3,V €@, Wy(z,F) > | F|P -
See Le Dret and Raoult [1995] for a proof in the planar case. We use here in addition the continuity
of AandA~! on®.

(27)

Let QWy = sup{Z:w x Ms2 — R, Z quasiconvexZ < W,} be the quasiconvex envelope
of Wy, see Dacorogna [1982] for the definition and properties of quasiconvex functions and
quasiconvex envelopes. Recall that a functibaf « and F is quasiconvex if it satisfies

Voo € @,VF € M3,V € Wy ™ (O;R?), / Z(z0, F + V0(z)) dx > (meas O)Z(xo, F),
? (28)
whereO is any bounded domain @&2. This is the same definition as (12) in the< 2 case with
the variabler, frozen. We introduce the space

Vi = {v € V;05v =0}, (29)
which we call the space of membrane displacements. This space is canonically isomorphic to
WyP(w; R?) and we lets denote the element di, ¥ (w; R?) that is associated with € Vj,

through this isomorphism. The expression of théimit of the sequence/*(¢) is given in the
following theorem.

THEOREM1. — The sequencé* () I'-converges for the strong topology & (Q2; R3) when
e — 0. LetJ*(0) be itsT-limit. For all v € LP(Q;R3), J*(0)(v) is given by
2 f QWO CL1 + 811)|a2 + 820))\/_dx1dm2

J*(0)(v) = —f G - (Y +0)adrides ifve Vyy, (30)
+00 otherwise,

where¥ (x1,x2) = g(z1,22,1) + g(x1, z2, —1).

For clarity, we break the proof of Theorem 1 into a series of lemmas. We will return to
the mechanical interpretation of Theorem 1 in the next section. Let us first give a few simple
convergence results for the various geometrical quantities associated with the shells.
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LEMMA 2. — The matrixA(e) satisfies
det A(e) = || cof A(e)es|| — Vain C%(Q), A(e)™r — A~ in C°(Q; Ms) (31)
and the rescaled char (¢) satisfies
U(e) — ¥(0)in C°(Q;R?) (32)
whereV (0)(z1, x2, x3) = (21, T2).

We now extract &'-convergent subsequence, still denoféds), and call/*(0) itsI'-limit. The
uniqueness of *(0) will make the extraction of this subsequence superfl@opssteriori

LEMMA 3. — Letwv(e) € LP(;R?) be a sequence such thét(¢)(v(e)) < C < 400 where
C does not depend an Thenv(e) is uniformly bounded i, e ~195v(¢) is uniformly bounded in
LP(;R3) and the limit points ofi(¢) for the weak topology of” belong toVy,.

Proof. — Consider a sequenegs) € LP(;R?) such that
J*(e)(v(e)) < € < +o0. (33)

The definition (25) of/*(¢) implies first of all that(¢) € V for all e > 0.

The following inequality is an easy consequence of Lemma 2:
IFA@)™ +I|]" = et | FIP — e, (34)

wherec; > 0 andcy do not depend either anor onz. Furthermore, it is clear that for all < 1,
|(21|22]e 7 23)]| > ||(21]22]|23)]|. It follows then from the coercivity of the functioW’, estimate
(34) and Lemma 2 that there exists constapts- 0 andc, such that

T (e)(v(e)) = esl Vo) nonr — ca = lle 9@l La(strayllv(e)lwrrms.  (35)

Therefore, Poinc&'s inequality implies the desired uniform bound fde).

On the other hand, sindgz1 22|~ 23)|| > 71| 23], it follows from inequalities (33) and (34)
that||d3v(e)|| Lr (ors) < cse, SO thatdsv(e) — 0 strongly inLP(€; R?). If we letv denote any
limit point of the sequence(e) for the weak topology oWﬁ’p(Q;]R“Q’), it follows at once that
0J3v = 0, hencev belongs tal,. O

COROLLARY 4. — If v € LP(Q;R3) butv & V), thenJ*(0)(v) = +oo.

Proof. — Indeed, ifJ*(0)(v) < +oo, there exists a sequencé:) that converges strongly to
in LP(Q; R?) and such thaf * (¢)(v(g)) — J*(0)(v). By Lemma 3p(g) — vin V andv € V.

We thus only have to compute the value of thémit for displacements iv};. We first establish
a bound from below for th&-limit functional.
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PROPOSITIONS. — For all v € Vj,, we have that

J*(O)(’U) > 2/ QWO(x, (a1 + 81?7|6L2 + 82@))\/adx1d$2 — / 9 . (@D + T))\/Edl’ldxg. (36)

Proof. — Considerany € V). SinceJ(¢)(v) is obviously bounded from above independently
of ¢, it follows that.J*(0)(v) < 4o00. By the definition ofl’-convergence, there exists a sequence
v(e) such thaw(e) — v strongly in L?(Q; R3) andJ*(¢)(v(e)) — J*(0)(v), so thatv(e) € V.
Moreover, by Lemma 3y(s) — v weakly inV, hence its trace o8* converges strongly in
LP(S*;R3). Sincee~1g(e) — g weakly in L1(S*; R3), we thus have

L(g)(v(e)) — L(0)(v) = /Si g+ (¥(0) +v)Vado (37).

Let us examine the asymptotic behavior of the rescaled elastic energy(det ¥ (e) + v(e)
be the deformation associated with displaceme@t). For any F' = (z1]22]|23) € M3 and
x = (21,79, 23) € ), We can write,

W ((21|22le™ 25) Ale) 71 (2)) = W (21|22l 23) A7 (@1, 22)) + R(z, e, F)  (38)
where, due to hypothesis )

\R(z,e, F)| < 0(1 + H <z1‘z2‘i—3>14(€)_1(a:)

<=

Since the matrixd(e)(z) is of the formA(e)(z1, z2, x3) = A(x1, x2) + ex3B(z1, x2), it follows
that fore small enough

T H (zl‘z2‘%)‘4_l(”31"’32)‘ p1> (39)

?) [A(e) " (z) — A~ (21, 72)] H

zZ2

Ae) My, w0, 23) = A" (wy, 20)(I +S(e, 7)), (40)
whereS (e, .) is bounded irC°(2; Ms) uniformly with respect ta. Consequently,

(k=211 @

whereC does not depend anand one. If we replaceF' by V(e) in (41) and integrate it of2
against the weightet A(e), we thus obtain by Lemmas 2 and 3

z2

[R(w,e, )] < Ce(1+|

/Q |R(x,e,Vp(e)(x))| det A(e) dx < Ce. (42)
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We now infer from equation (38) and the definition (2614 that

E(e)(v(e)) = /QWo((wuwz)?(31s0(€)|3290(€)))detA(S)dw

+/ R(z,e,Vp(e)(z))det A(e) dx
Q

(43)
> [ QWi(ar, ). (016(2) 020(6))) det A(e) o
+ / R(z,e,V(e)(z))det A(e) dx.
Q
Therefore, estimate (42) implies that
iig(l) E(e)(v(e)) > 11?5(1)1f/ﬂ@W0(($1,$2), (010(e)|020(¢))) det A(e) dx
(44)
— limipt | QWa((z1,22), (91(2) Pae(e))) det A do
€= Q
sincedet A(e) — det A in C°(Q). LetG: WP (£; R3) — R be defined by
Gle) = [ QWal(@r. ), (Bh6l0np)) det Al ) do. (45)

We define a functio: Q2 x M3 — R by Z(z, (21]22|23))=QWo((z1, x2), (21|22)) det A(x1, x2)

so thatG(¢) = [, Z(x,Ve(x))dr. SinceQW, is quasiconvex, it is easy to see thatis
also quasiconvex, see Le Dret and Raoult [1995]. Moread¥eis continuous, bounded below
and satisfies the growth condition {8ince QW, satisfies (27). Therefore, the functioi- is
sequentially weakly lower semi-continuousaft-? (Q; R?), see Acerbi and Fusco [1984], Meyers
[1965], Dacorogna [1989]. Consequently,@s) — ¢ = ¥(0) + v in WP(Q; R3),

lim E(¢)(v(e)) > liminf G(p(e)) > G(y)

e—0
(46)
= 2/ QWO<($1,I'2), (a1 + 81@|a2 4+ 625))\/ CL(ZL‘l, .’L‘Q) dl‘ldﬂig,

and the proof is complete. O

Let us now turn to proving the reverse inequality. We first recall a technical lemma, see Dal
Maso [1993], Le Dret and Raoult [1995].

LEMMA 6. — Let X — Y be two Banach spaces such th#tis reflexive and compactly
embedded irY’. Consider a functional: X — R such that for allv € X, G(v) > g(||v]|x)
whereg is such thaty(t) — +oo ast — +oo. LetG*:Y — R be defined by=*(v) = G(v) if
v € X, G*(v) = o0 otherwise. Lel'-G denote the sequential lower semi-continuous envelope
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of G for the weak topology oK andI'-G* denote the lower semi-continuous envelopé-6ffor
the strong topology ot". Thenl-G* = (I"-G)*.

PROPOSITION7. — For all v € V), the following estimate holds true:

J*(O)(’U) S 2/ QWo((Il,xg), (a1 + 81@|a2 + 821_)))\/ad$1d1'2 - / g . <¢ + @)\/deldwg.
w w (47)

Proof. — Let us considep € V). Forallw € Wol’p(w; R3), we define a displacement
v(e)(w) = v(w1, 22) + ex3W(T1, T2), (48)

and the associated deformatione) = V(e) + v(e) = ¢ + ex3(az + w), with ¢ = ¢ + .
Obviously,v(g) — v strongly inW1?(Q; R3). Let us examine the limit behavior of the sequence
J*(e)(v(e)). By the dominated convergence theorem and the growth estimate, it is clear that

E(e)(v(e)) = /W((31¢(5)|32%0(5)|a3+w)A(5)_1)detA(5)dx
¢ (49)
—>2/ W ((915|0s5]as + w) A=) det A da: davs

whene — 0. Consequently,

J*(e)(v(e)) —>2/ W((8195]82<,5|a3—|—w)A_1)detAd:t;lde—/ G- (¢Y+v)vadzridzs. (50)

w

As this is true for alw € W, ? (w; R3), it follows from the definition of-convergence that

J*(0)(v) < inf {2/ W((010|02p|az +w)A™1) detAdacld:cg}
wEWol‘p(w;R?’) w

(51)
—/g (¢+17)\/de1de

We remark that in inequality (51), the infimum O\Jéf?ol’p(w; R3) can be replaced by the infimum
over L? (w; R3), by the density of¥,”(w; R?) in L?(w; R?) and by the dominated convergence
theorem. The functiog: w x R3 — R, g(x,2) = W((019|02p|as + z)A™1) is a Caratkodory
function. Hence, the measurable selection lench&keland and Temam [1974], shows that there
exists a measurable functian, such that

Wo(z, (019(2)|026())) = W ((016(2)|02p(2) as(x) + wo(x)) A~ (2)) (52)

for almost allz € w. Due to the coercivity estimatey, € L?(w;R?) and thus

{/W 8190|82g0\a3+w)A_1)detAdx} S/Wo(a:, (019|02p)) det Adz. (53)

U}GLP(UJ R3)
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Let G: W, P (w; R?) — R be defined by

G(@) = 2/ Wo(.ﬁl?, (81@‘82@))\/5d$1d$2 — / g . (ID + 17)\/5d:1:1d:1:2, (54)
with @ = 1) + v. It follows from (53) that for allv € V),

J*(0)(v) < G(D). (55)

LetG* be defined ol ? (2; R3) by G*(v) = G(9) if v € V), G*(v) = +oc otherwise. Corollary 4
and (55) then imply that for att € LP(Q; R3)
J*(0)(v) < G*(v). (56)

SinceJ*(0) is lower semi-continuous of? (Q; R3), it is smaller than the lower semi-continuous
envelope ofG*. It is known, see Acerbi and Fusco [1984], that the sequential weak lower semi-
continuous envelopE-G of G on Wol’p(w; R3) is given by

F'G(T}) = 2/ QW()(.CC, (81g5|82<,5))\/5d:1:1d:c2 - / 9 . (w—i-@)\/ad%ldxz (57)
Therefore, Lemma 6 witlk' = V), Y = LP(Q; R?) andg(t) = a(t? — 1) implies that
J*(0) <I'-G* = (I'-G)*, (58)

which proves the Proposition. ]

Proof of Theorem 1— Use Corollary 4 for the case ¢ V), and Propositions 5 and 7 for the
casev € Vyy. O

5. The limit nonlinear membrane shell model

We now use Theorem 1 to characterize the asymptotic behavior of diagonal minimizing sequences
of rescaled deformations(c) satisfying/(c)(¢(c)) < igiz I(e)(y) + h(c) whereh is a positive
[S
function such thak(e) — 0 whenes — 0 and the sets of aedmissible deformations are

D(e) = {p € WP(Q:RY); p(x) = W(e) (x) onT}.

We introduce the space of membrane shell deformationdas= {p € WHP(Q;R3),
d3p = 0inQ, o = Y onI}, which is isomorphic to the spaceé = {p € W!P(w;R3),
@ =1 ondw}. We use the same notational device as for displacements to denote this isomorphism.
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THEOREM 8. — The sequence(e) is relatively weakly compact ifv 17 (2; R3). Its limit
points ¢ belong to®,; and are identified with elements of ®, solutions of the minimization
problemI(0)(¢) = inf I(0)(¢), where the membrane shell enelyy) is given by

ped

1(0)(p) = 2/ QWo(z, Vo(x))v/a(x) deidre — / Y(x) - o(x)\/a(x) dridrs. (59)

Moreover,I(g)(¢(e)) — I1(0)(¢) for all weakly convergent subsequences.
Proof. — See Le Dret and Raoult [1995], using the classical argument of De Giorgi. [

Comments. — The limit energy depends on the deformation only through its first derivatives.
In this sense, itis amembrane model with no bending or shear effects. Evenifthe three-dimensional
material is homogenous in its reference configuration, the limit model exhibits a dependence on
the pointz. See Theorem 9 below for a more precise description of this dependence. Note that the
limit minimization problem has a solution.

ii) If the function QW is smooth enough, the Euler-Lagrange equations for the limit problem
assume the form

-2 (5

System (60) is a system of three second order quasilinear partial differential equations in the three
unknownsg; .

(2.V9)) Va|=%inw, o(w1,22) =(w1,75) ondw.  (60)

i3

See Le Dret and Raoult [1995] for more comments.

Theorem 8 gives information on the asymptotic behavior of the actual deformationisthe
shell in its given reference configuratiéh, by reading it through the chat. However, we could
have worked as well with a cha#t’ associated with any other chartfor S. More specifically, let
O', ¢}, b, €5 be another Cartesian frameli¥, ' a bounded open subset of the pld6¥, e/, )
andvy’ : w' — S a chart forS that satisfies the same hypotheses)asWith the deformation
¢, we associate a new rescaled deformatit(a)(z') = ¢° (V' (), ) + exhal(x), x4)). Since
A = 1oy is aC?-diffeomorphism between’ andw, it is fairly clear that if¢ € ®;; is
associated with a limit point af(¢), then¢’ = ¢ o X is associated with a limit point af’(¢).
Applying Theorem 8 in both charts, we see tihéd)(¢) = I'(0)(¢’) with obvious notation. This
observation is confirmed by a direct computation. Indeedjletw’ x Ms 2 — R be defined by

Wo((@h, @), F) = inf W((F|2)A"™ (x],5))
where A’ (z), x}) = (019|020 |as) (2], 24). Itis a simple matter to check that since the normal
vectors are chart-independeng., a5(z},z5) = tas(x1,x2) Whenever(zy, zo) = A}, zh),
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thenWy((x1, z2), Vo(z1, 22)) = Wi((2), 24), V@' (2], 25)). Hence, the same holds true for the
guasiconvex envelopes and thus for the energies themselves.

The above remarks demonstrate the intrinsic character of the limit minimization problem. Itis
nonetheless of prime importance to give an expression of the limit nonlinear shell problem in the
original reference configuration of the shell, in particular if this configuration has special properties,
for example is a natural configuration, a homogeneous configuration or an isotropic configuration.
This is the object of the remainder of this section.

With any deformationp € ® we thus associate a deformation of the shell in its reference
configurationp = @ o ¢)~! € ® where

d = {p e WHP(S;R?); (&) = £ ondS}.

LetII be the orthogonal projection & which is well defined in a tubular neighborhood%fWe
extend the deformation to this tubular neighborhood by settifiy = ¢(I1(#)) and forz € S,
we let Dp(z) = Vp(Z). Therefore,Dp(Z) is the3 x 3 matrix of the components & () in
the canonical Cartesian basis , es, e3). We will call this matrix the deformation gradient. We
denote byié the area element afi.

For all unit vectorse € S2%, we choose a bounded open g&t C e’ and denote byl, the
orthogonal projection on+. For all y € W,>°(0.;R?), we letx.(y) = x(IL.(y)) and for all
y € O, we defineD, . x(y) = Vx.(y) which is again 8 x 3 matrix. Then we have:

THEOREM9. — Let ¢ be a shell deformation associated with a minimizef the limit energy
in the charti, as in Theorem 8. Thenis a solution of the minimization problem

I(¢) = inf I3(¢). (61)
ped
The membrane shell ener@y is given by
I5(9) =2 [ Winlaa(9). D@ do ~ [ 955 (62)

where the elastic membrane stored energy function of the mai&ijals? x Ms; — R is defined
by

1
m(e, I) = inf inf W(F D,
W(e, F) xewg*lg(oe;RS)[measOe /O [;SRSW( +z®e+ Doix(y))] dy] (63)

and¥ (i) = 9 (¢v~1(z)).

Proof. — Recall that by Theorem & minimizes the energy



The membrane shell model in nonlinear elasticity 17

We start from Dacorogna’s representation formula for the quasiconvex enveldg of. Da-
corogna [1982, 1989], which states that

1
meas O

QWQ(I'(), F) = inf {

XEW, > (O5R3)

| Wotan. P+ V(@) dy} L (64

whereO is a bounded open subset®? (this infimum does not depend on the choicedf We
chooseD = (D) (20)) ™ (Ouy((20)))- Due to the definition o1/, we thus have

iateo )= int At W XA @) dif . (69

XEWOL'OO(O;RS) meas O z€R3

We now remark that

(F+ VX(@)]2)A™ (x0) = (FI0)A™ (20) + (0[2) A~ (xo) + (VX(D]0)A™ (z0),  (66)

and we consider each of these three terms separately. First of Allisifa gradientj.e., I’ =
V@(zo), then(F|0)A~1(xg) = Dp(p(x0)). Indeed, if we letp(z1, 22, 23) = @(x1,12), then
p(z) = G(IL(¥(x))). Consequently,Vo(wo)|0) = V(G(IL(¥(0)))V¥(z0) = DG(y(x0)) Alxo) i

Secondly, letting; = D1 (x0)y andx(y) = x(7), we likewise note thatVy()|0) A~ (zg) =
Do, (o)) X (y)- Moreover,x belongs toWy ™ (O, (4 (s0)); R?).

Finally, it is easily checked tha|z)A~!(z0) = z ® a3(¢(x¢)). Replacing these expressions
into (65), we obtain

Vao €w, QWo(zo, V@(z0)) = Win(as(t(20)), DP(t(x0))) (67)

from which Theorem 9 follows at once by the change of variables & = (). ]

Remarks. —i) The elastic membrane stored energy function depends on two variables: a unit
vector and a matrix. The membrane shell energy is obtained by replacing the unit vector by
the normal vector and the matrix by the deformation gradient. Note that deformation gradients

always satisfyD@(Z)as (&) = 0. Thus, expression (63) is only useful for couplesF’) such that

Fe = 0. In the planar case, the normal vector is constant and we recover the result of Le Dret and
Raoult [1995]. The fact that the energy depends on the surface only through its normal vector is

not directly apparent in expression (59) in term)dt/,.

i) The limit energy (62) corresponds to the membrane part of the energy for inextensible one-
director Cosserat shells obtained by Simo and Fox [1989]. However, let us point out that we do not
make anya priori kinematic assumptions. Moreover, our analysis provides a convergence result
and at the same time an exact formula for the constitutive law of the shell. Our model is a pure

membrane model since it does not include shear and flexural effects.
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i) Note thatW,,, (e, F') = W,,,(—e, F') which is due to the fact that the energy does not depend
on the orientation of the midsurface.

iv) Definition (63) does not depend on the choicexfin e*.

v) Theorem 8 may be reformulated in terms of convergence of the deformations rescaled in the
reference configuration.e., definingé(e)(z) = ¢°(IL(z) + [(Z — 11(2)) - as(I1())]as(I(Z)))
on(; (assuming this is well defined, otherwise we just rescale on a thinner domain)(iher ¢
in W1P(Q,; R3) whereg is a solution of problem (61)—(62).

6. Properties of the nonlinear membrane shell energy

In theT"-convergence analysis, we have ignored the fact that the stored energy fufictibtine
three-dimensional bodies has to satisfy material frame-indifference, since this was irrelevant for
the convergence proof. In this section, we will investigate what are the consequences of material
frame-indifference for the nonlinear membrane shell ené¥gy as well as the consequences of
material symmetry assumptions.

First of all, recall that the principle of material frame-indifference states that to be legitimate
from the standpoint of continuum mechanics, a stored energy funidfibias to satisfy

VF e Ms,YR e SO(3), W(RF)=W|(F), (68)
seee.g.Ciarlet [1988], Wang and Truesdell [1973] or Marsden and Hughes [1983].

THEOREM 10. — Let the stored energy functiolV’ satisfy the principle of material frame-
indifference(68). Then, the nonlinear membrane shell enelgy, is frame-indifferent as well, in
the sense that

Vee€ S2,VE € M3,¥YR € SO(3), Wy,(e, RF) = W,(e, F), (69)

and there exists a functior,,: S? x ST — R, whereSs is the set of3 x 3 positive semi-definite
symmetric matrices, such that

Veec S2VF € Ms, Wy,(e, F) = #;n(e, FTF). (70)

Proof. —Let FF € M3 andR € SO(3) be arbitrary matrices. Since for alle S?, y € O,,
X € Wy °(0.; R?) andz € R3,

W(RF +z® e+ Doix(y)) = W(R(F+ R z2® e+ R'D,. x(y)))

=W(F+ (R"2)®e+ D (R"X)(y)), (71)
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definition (63) shows that (69) holds true. The existence of the representation fu#gtian
formula (70) is then classical. O

Remarks. —i) The representation formula (70) is given for an arbitrary co(glé") in S x M.
Since deformation gradienf3¢(z) = F'(Z) always satisfyF'(z)as(Z) = 0, the associated strain
tensorsC(z) = F ()T F(%) also satisfyC(#)as(%) = 0. Thus, formula (70) is only useful for
couples(e, C) such thatC'e = 0.

ii) If F is the gradient of a smooth enough shell deformafigime matrixt' ()" F (%) represents
the metric of the deformed surface at pai?r@fi;). The membrane energy thus only depends on this
metric, which is consistent with the intuition that the stress state in an elastic membrane depends
only on the stretching that the deformed surface undergoes.

We now show that, due to frame indifference, if the three-dimensional stored energy function
has a global minimum at’ = I, the corresponding nonlinear shell energy is constant under
compression. This means that is is possible to crumple a membrane shell without using any
energy. This phenomenon was first noticed in the case of nonlinear strings by Acerbi, Buttazzo and
Percivale [1991], then in the case of planar membranes by Percivale [1991] for isotropic materials
and Le Dret and Raoult [1993, 1995] for general materials. The proof given in the latter article
does not extend to the case of shells. The proof we provide below is at the same time simpler and
more general. We noteg (F'), i = 1,2, 3, the singular values of' numbered in increasing order.

COROLLARY 11. — Assume that the three-dimensional stored energy funétios such that
W(I) =0andW(F) > 0 forall F € Ms. Then,W,,(e, F') = 0 for all F' € Mj5 such that
Fe=0andvs(F) <1.

Proof. — Fixe € S2. SinceW > 0, it follows immediately thatV,,, (e, F') > Oforall F' € M.

Let F € Ms be such that'e = 0 andws(F) < 1. LetU = VFTF. We can choose an
orthonormal basis, fs, f3 of eigenvectors o/, wheree is associated with the eigenvalGeand
fi» i = 2,3 are associated with the eigenvalug&F'), i = 2, 3. It follows from (70) and the polar
factorization theorem thav,,, (e, F') = W,, (e, U). It thus suffices to prove th&t,,, (e, U) = 0.

We consider thé-periodic function®);: R — R, i = 2, 3, defined by their restriction tf), 1|

(1 — vy (F)t if 0 <¢< Hul
0i(t) = e 1+v;(F) ’
(=1 —v(F))(t—1) if =5~ <t <1

Note that since; (F') € [0, 1], ””#(F) € [0, 1] and the function$g; are well defined and belong to
Whee(R). We let fory € R3

3
Xnw) = 3 Oilny - fi) (72)

=2
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Therefore,
3

Vxn(y) = > _6i(ny- i) fi © f;
' (73)

22
= Z(h?(y) —vi(F))f; ® f;

whereh only takes the values1.

Without loss of generality, we may assume thatas O, = 1. We introduce a smooth cut-off
function0 < p,, < 1 defined onO. and such thap,,(y) = 1if d(y,00.) > 1/n, p,(y) = 0 if
y € 00, and that|Vp, || < 2n. Sincep, x, € Wol’oo(Oe; R3), we can use it in definition (63). It
follows from this definition that for all measurable functiong), — {—1,1},

W (e, ) < /O WU + hy)e ® e + Des (puxa) () dy. (74)

> 1/n, we see that

Since (pnxn)e(y) = xn([c(y)) for all y € R? such thatd(I1.(y), 0O.)
> 1/n. Therefore, since

)e
D, ((pnxn))(y) = Vxnu(y) for all y € O, such thatd(y, 00.)
U=3",v(F)f; ® fi, we obtain

Won(e,U) < / W(h(y)e e + Ki(5) fa © fo + H2(W) fo © fo) dy
d(yﬁoe)zl/n (75)

4 / W(U + h(y)e ® e + Do (pnxn) () dy.
d(y,00.)<1/n

Fix n. We choosen(y) so that(h(y)e @ e + hi(y)f2 @ f2 + h3(y)fs @ f3) € SO(3) for
almost ally, which is obviously possible. With this choice, the first integral vanishes by frame
indifference. It is clear that the integrand of the second term is bounded independentigiate
meas {d(y, 00.) < 1/n} — 0 asn — +oo, we obtainlW (e, U) < 0. O

We now investigate the consequences of isotropy on the membrane energy. Recall first that an
elastic material is said to be isotropic if

VF e Ms,VR e SO(3), W(FR) = W(F). (76)

We show below that isotropy added to the principle of material indifference implies that the shell
energyW,,, does not depend on the normal vector.

THEOREM 12. — Assume that the stored energy functidn is isotropic (76). Then, the
nonlinear membrane shell enerdjy,, is isotropic as well, in the sense that

Vee S2VF € M3,YR € SO(3), Wy(e,F) =W, (R"e, FR). (77)
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If W furthermore satisfies the principle of material indifference, there exists a symmetric function
w,,: (R1)? — R such that

Vee€ S2VF € My, Fe=0, Wy(e,F) = wn(ve(F),vs(F)). (78)

Proof. — We may assume without loss of generality that forealt S? and allR € SO(3),
RO, = Oge. If x € Wy ®(0,;R?), the functiony defined byxr(y) = x(Ry) belongs to
Wy (Ogr.; R?). Since forallF € Ms, e € 5%,y € O., x € Wy (O,;R?) andz € R?,

W(FR+z® (R'e) + D(rreyrXr(Y)) = W((F + 2 ® e+ D.. x(Ry))R) 79)
=W(F+z2®e+ Derx(Ry)),
definition (63) shows that (77) holds true.

Assume now thall” satisfies the principle of material indifference. By theoremi¥, (e, F') =
Wym(e, FTF) = #,,(RTe, RTFTFR). In particular, for allC' € S5 and allR € SO(3) such that
RTe = e,

Wn(e,C) = W;(e, RTCR). (80)

Consider now two matrice€ and C’ of S;3 such thatCe = C’e = 0 and have the same
eigenvalues. Proceeding as in Gurtin [1981], we see that there &ist§O(3) with RTe = ¢
such thatRT CR = C’. Consequently, there exists a functionS? x (R,)? — R, symmetric
with respect to the last two arguments, such that fo€aNith C'e = 0

Win(e,C) = w(e, \2(C)/2, X3(C)/?), (81)

wherel;(C), A3(C') are the largest eigenvalues@f

Let us now prove that does not depend on Consider thus two unit vectorsande’ and let
R € SO(3) be such that’ = RTe. For all F such thatF'e = 0, we have

Win(e, F) = w(e, v2(F), v3(F)) (82)
by (70) and (81). On the other hand, by (77),
Won(e, F) = Wy (¢, FR). (83)
SinceF' Re’ = 0 we also have
Wy (e', FR) = w(e’, va(FR),v3(FR)) (84)

by (70) and (81) again. Sineg(FR) = v;(F) for i = 2,3, we conclude that for allve, v3) €

(R1)?,
w(€7v2,1}3) = w(€/702,v3) = wm(v%vi’))a (85)
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which definesv,,, and completes the proof. O

Remarks. —i) In this case, the shell energy (62) assumes the form

15(2) = 2 [ wn(ua(D@). (D@ di — [ 7 5. (86)
S S

This formula applies to any surface, in particular to planar ones as in Le Dret and Raoult [1995].

Consequently, if the planar membrane energy is explicitly known, the shell energy is also explicitly

determined without further computations. This is the case for the Saint Venant-Kirchhoff material

W(F) = %tr (FTF —1)* + %(tr (FTF —1))?

wherep > 0 and\ > 0 are the Lar@ moduli. We thus obtain according to Le Dret and Raoult
[1995]:

2 E

Won(F) = g [0s(F)? = 1], + gy [ea(F)? + vus(F)* = (14 21

(87)

+ 8(1 — VQ)(l — 2V) [V(UQ(F)Q + U3(F)2) _ (1 + I/)}i,

where([t]3 stands for([t])? and E andv are the Young modulus and the Poisson coefficient.
Appendix. A live loading case: the pressure load

Let us briefly show how the case of a quite realistic live loading can be handled. We assume that
the upper and lower surfa(:@i of the shell are submitted to uniform hydrostatic pressutes
instead of prescribed dead loads. This means that the Cauchy stress vector on the deformed upper
surface satisfie§n™ = —7n™, whereT is the Cauchy stress tensar; is the outer unit normal
vector to the deformed upper surface and € R, and similarly on the lower deformed surface.
To be consistent with the order of magnitude of the loads we chose previously, we assume that
7 = er®, wherer® do not depend oa. LetAr =7t — 7.

It is shown in Ball [1977], see also Sewell [1967], that the corresponding equilibrium problem
may be formulated as an energy minimization problem as follows7Let C* (Q_g) be such that
7.(%) = nt for & € S+ andr. (i) = = for z € S—. Then the pressure load equilibrium problem
is, at least formally, equivalent to minimizing the energy

@)= [ WV do+PAp) (88)
over the set of admissible deformatiohs, where

P.(3) = /Q 7)Aot V(@) + SV (3) - (adi Vo(2)5(0)) ] (89)
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andadj F is the transpose of the cofactor matrix6f We are at liberty to choose hefe(z) =
o+ [(e + z3(2))nt + (e — 23(&))7Z ], with obvious notation.

For simplicity, we assume that the exponens strictly larger thar8, which trivially ensures
that the energy (88) is bounded from below and has the same coercivity properties as before. This
assumption also implies that there is no distinction between the distributional and the algebraic
determinants and adjugates of the deformation gradients, which we thus all denote with a lowercase
initial (see Ball [1977], Muller [1990], for a discussion of this question). Performing the same
change of variables and rescaling as in section 3, we are thus led to the computatiohi-bfthie
of the sequence of functionals:

J(e)(v) = E(e)(v) + P(e)(v), (90)

where

PE) = [ [erdet(@upionel22) + Frea - (aditOrplongl 22)e) Jdz, (1)

with 7(z) = 3[(1 + z3)7™ + (1 — z3)7 ] andp = ¥(e) + v as usual. A simple algebraic
calculation shows that

. 0
€3 - (ad3(81g0|62<,0|3?('0)g0) = (019 N D20) - i, (92)

so that the energy contribution of the pressure load reduces to

0 A
PE)w) = [ [emdet(@uplonel ) + T (010 7 02) - o] da (99
Q
Since we have assumed that> 3, it is not difficult to see that Lemma 3 still holds true. In
Propositions 5 and 7, we thus consider sequen¢esc V' such thaw(e) — v with v € Vj; and

(O1v(e)|Bav(e)le~td3v(e)) is bounded inL?(£2; M3). For such sequences, we have

AT
=27

PE(E) = 5

L/@ﬂ¢+®A8ﬂ¢+®)%¢+@dmma (94)
Indeed,det (01 p(e)|020(e)|e "1 D3¢ (e)) is bounded INLP/3(Q), D¢ (e) A Dap(e) — D1 A Doy

in LP/2(Q;R3) by the weak continuity of null Lagrangians, see Ball [1977], Ball, Currie and
Olver [1981], andp(s) — ¢ in C°(£2;R?) by the Rellich-Kondrachov theorem (recall tifaiis
Lipschitz). Hence, we obtain tHélimit

2 fw QWO(I, (a1 + (91?7|a2 + 8217))\/5dx1dx2
J*(0)(v) = FAT [ (a1 + 10) A (az + 850)) - (v + 0) dzrdas  if v € Vay,
400 otherwise,
(95)
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The limit energy expressed in terms of the deformatigns ® then reads:

I_(O)(@) = 2/ QW()(.I', V@)\/&dl‘ldl’z + % (61(,5 VAN 82@) - pdxidas. (96)

w

As before, we may express this energy on the surfaitself. This yields:
~ . PUVAY s s . .
I5(9) =2 [ Wnlaa(@), Dp(@) o + 5 [ (cof Dp@as(s) - o (@7)
s s

The termP (@) = % IE (cof D@(Z)as(z)) - ¢ do corresponds to a pressure of amotiatapplied
on the deformed surface. Indeed, the Euler-Lagrange equations for the limit problem involve the
term

DP(@)o = Ax /

S

(cof D@(Z)as(z)) - v do

for all test functiong’ which vanish ordS. If we assume that the deformatigris smooth enough,
this may be rewritten as an integral over the deformed surface

DP((/B)i} = A?T/ ~ Tl@ . (17 O @_l)d(}@
@(9)

wheren,;(y) is the unit normal vector t¢(.S) in the direction 0@, @ A do@(v~1 (G~ (y)).

This work is part of the HCM program “Shells: Mathematical Modeling and Analysis, Scientific Computing" of the Commission
of the European Communities (contract ERBCHRXCT940536).
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