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Abstract

In this paperwe prove a finiteness result for infiniteminimal free resolutions over aNoetherian local
ringR: If M is a module, such as the residue field, that is locally free of constant rank on the punctured
spectrum ofR, andI ⊂ R is an ideal, then the mapsfn : Fn → Fn−1 in the minimal free resolution
of M satisfy theuniform Artin–Rees property: INFn−1 ∩ Im fn ⊂ IN−q Im fn with Artin–Rees
exponentq independent ofn.We ask whether the same result holds for any finitely generated module,
and we study some related finiteness questions.
© 2005 Published by Elsevier B.V.
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0. Introduction

Let(R,m)beaNoetherian local ring (or a standardgraded ringover a field,withm=R+),
and letM be a finitely generated (graded)R-module. Such a module can be defined using
finitely many elements ofR, for example by giving a free presentation. In the graded case,
the entire definition ofR andM involves only finitely many coefficients. This paper grew
out of an attempt to understand what sorts of finiteness properties might be inherited by
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the—in general infinite—minimal free resolution

F : ·· −→ Fn
fn−→ Fn−1

fn−1−→ · · · −→ F0

ofM. As a first example, consider the question asked in Eisenbud–Totaro–Reeves[7]:

Question A. SupposeRis standard graded.Are there bases for theFn such that thematrices
expressing thefn with respect to these bases have entries of bounded degree?

We do not know the answer to Question A even for the resolution of the residue class
field. Elementary examples given in Section 5 suggest some of the problems that must be
overcome to answer it.
One natural way to relaxQuestionAand extend it to the local case is to use theArtin–Rees

exponent: if, in the graded setting, a map of free modulesf : F → G can be written as a
matrix whose entries have degree at mostq, thenmNG∩ Im f ⊂ mN−q Im f . Since there
seems no reason to restrict tom rather than using an arbitrary idealI we ask:

Question B. SupposeR is local, andM is a finitely generatedR-module with minimal free
resolution as above. Is there an integerqsuch thatINFn−1∩ Im fn ⊂ IN−q Im fn allN �q

andn?

The main theorem of this paper (Theorem 3.1) says that the answer to Question B is
positive whenM is locally of finite projective dimension of constant rank on the punctured
spectrum ofR. This condition is satisfied by any module of finite length over any local ring,
and by any finitely-generated module with constant rank on the punctured spectrum over a
ring with isolated singularity. Using the main result of Huneke[8] it follows from the proof
that the sameqwould work for every idealI (under mild assumptions on the ring).
When the answer to question B is positive it follows easily that a fixed power ofI

annihilates Torj (M,R/IN) for every j andN (one might call this condition “uniform
annihilation”). In Proposition 4.1 we show (under mild hypotheses) that the answer to
Question B is positive if and only if this vanishing holds along with a weaker Artin–Rees
property. Lemma 3.3 shows that, under the hypothesis of Theorem 3.1, a fixed power of the
maximal ideal actually annihilates the whole functor Tori (M, .) for all largei, so at least
in this case uniform annihilation is the easier part.
One way to use the Artin–Rees exponent is through the approximation property. Let us

say that a complexF′ is a perturbation ofF to ordersq1, q2, . . . if the free modules ofF′
are the same as those ofF, while the differentialf ′

n : Fn → Fn−1 is given byf ′
n =fn + gn,

wheregn : Fn → mqnFn−1. If the qi are sufficiently large, andF is a resolution, then
the perturbation is also a resolution (see Proposition 1.1). The values of theqi for which
this is true can be bounded in terms of Artin–Rees exponents—see the discussion around
Proposition 1.1, below. Thus, a positive answer toQuestion B (for a given ringRandmodule
M) implies a positive answer to:

Question C. Let (R,m) be a local ring, and letF above be the minimal free resolution
of a finitely generated moduleM. Is there a numberq such that any complexF′ that is a
perturbation ofF as above to order(q, q, . . .) is exact?
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Theorem 3.1 implies that the answer to this question is affirmative whenM has finite
projectivedimensionof constant rankon thepuncturedspectrum. InProposition2.1weshow
that the answer to question C is also affirmative for any module over a Cohen–Macaulay
ring. Again, we ask whether it is affirmative in general.
Another approach to finiteness properties of free resolutions is the conjecture of Huneke

proved by Eisenbud andGreen[6]. This result implies, for example, that not all of the orders
of the entries of matrices representingfn can go to infinity withn. For further results see
Wang[12] and Koh–Lee[9]. It would be interesting to know more statements of this type.
When the ringR is a complete intersection of low codimension more is known; see for
example Eisenbud[5] and Avramov[1,2].

1. Approximating exact sequences

The following result connects Questions B and C.

Proposition 1.1. Let (R,m) be a Noetherian local ring, and let I be a proper ideal of R.
Suppose that

M
f−→ N

g−→ K

is an exact sequence of finitely generated R-modules. WriteG = Im(g) andF = Im(f ).
Let r be an integer such that, for all n�r, InK ∩ G ⊆ In−rG and InN ∩ F ⊆ In−rF .
Let � : M −→ N and� : N −→ K be two homomorphisms such that�(M) ⊆ I2rN and
�(N) ⊆ I2rK. If

M
f+�−→ N

g+�−→ K

is a complex, then it is exact.

The first result of this kind that we know is that of Peskine and Szpiro[10], who proved
that a complex that is a sufficiently goodm-adic approximation to a resolution has only finite
length homology. Exactness was shown by Eisenbud[4], where some other improvements
are given as well. Conrad and de Jong ([3, Lemma 3.1]) have proven a sharper version of
Proposition 1.1, showing that the bound 2r given above can be improved tor + 1. The
version here admits a very short proof, part of which is based on the original idea of Peskine
and Szpiro[10]. We include it for the convenience of the reader.

Proof. Letu ∈ Ker(g+�).We first claim thatu ∈ Im(f +�)+I rN . From(g+�)(u)=0
it follows that

�(u) ∈ I2rK ∩ G ⊆ I rG.

Choosew ∈ I rN such that�(u)= g(w). Theng(u+w)=0 so thatu+w ∈ Ker(g)=F .
Write u + w = f (v) for somev ∈ M. Thenu = (f + �)(v) − �(v) − w ∈ Im(f + �) +
I2rN + I rN = Im(f + �) + I rN .
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The rest of the proof proceeds as in the original lemma of Peskine and Szpiro[10]. We
claim thatu ∈ Im(f +�)+IPN for allp�r.An application of Krull’s intersection theorem
then finishes the proof. In fact we prove that if (u ∈ Ker(g+�) and)u ∈ Im(f +�)+IPN

for somep�r, thenu ∈ Im(f + �) + Ip+rN . To prove this, we may assumeu ∈ IPN .
As above,�(u) ∈ Ip+2rK ∩ G ⊆ Ip+rG so that there exists an elementw ∈ Ip+rN with
g(w) = �(u). Henceg(u + w) = 0 and sou + w ∈ IpN ∩ F ⊆ Ip−rF . Hence there
is an elementv ∈ Ip−rM with u + w = f (v). Finally, u = (f + �)(v) − �(v) − w ∈
Im(f + �) + Ip+rN . �

2. The Cohen–Macaulay case

We now turn to question C, and answer it affirmatively whenR is a Cohen–Macaulay
ring. The proof of the next result shows that, in this case, preserving the exactness of an
approximating complex is fundamentally a matter of preserving the exactness of the first
dimR terms.

Proposition 2.1. Let (R,m) be a Cohen–Macaulay local ring and let

F : ·· −→ Fn
fn−→ Fn−1

fn−1−→ · · · −→ F0 (1)

be an exact sequence of finitely generated free modules. Then there exists anN?0 such
that if

·· −→ Fn
fn+�n−→ Fn−1

fn−1+�n−1−→ · · · −→ F0

is a complex and�i (Fi) ⊆ mNFi−1, then it is exact.

Proof. We use induction on dim(R). If the dimension is zero, thenmk = 0 for somek and
if we approximate the maps to this value, clearly nothing changes.
Assume dim(R)>0 and choose a non-zerodivisorc inm. Truncating the complex atF1,

we can think of this truncated sequenceF�1 as a free resolution of a torsion-free module,
namely the image off1. In particularc is not a zerodivisor on this module so that tensoring
withR/(c) preserves exactness since TorR

i (Im(f1), R/(c))=0 for i�1. By induction there
is an integerk0 such that if we approximate this new acyclic sequence by maps with entries
inmk0, the resulting complex is exact. By Proposition 1.1 there is an integerk1 such that if
we approximate the sequenceF2 −→ F1 −→ F0 by maps with entries inmk1 it will stay
exact. LetN be the maximum ofk0 andk1. We claim this works to approximate the entire
sequence so as to preserve exactness. Choose�i as in the statement of the proposition. Let
gi = fi + �i . By choice, Ker(g1) = Im(g2). Applying the induction to the complex

·· −→ Fn
gn−→ Fn−1

gn−1−→ · · · −→ F1

(where the bars represent going moduloc) we can conclude it is acyclic. The long exact
sequence on homology associated with the short exact sequence of complexes given by
multiplication byconF, together with Nakayama’s lemma, gives the final conclusion.�
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3. Uniform Artin–Rees for syzygies

In this section, we take up Question B. By therankof a finitely generated moduleM of
finite projective dimension over a local ring, wemean the alternating sum of the ranks of the
free modules in a finite free resolution ofM. Thus, we can ask that a module that is locally
of finite projective dimension on the punctured spectrum of a local ringR have constant
rank on the punctured spectrum. This condition is satisfied, for example, for all modules of
finite length (on the punctured spectrum they are free of rank 0!) and all finitely generated
modules over an integral domain with an isolated singularity. The goal of this section, and
the main result of this paper, is the following:

Theorem 3.1. Let(R,m) be a local Noetherian ring of dimension d, let I be a proper ideal
of R, and let

F : ·· −→ Fn
fn−→ Fn−1

fn−1−→ · · · −→ F0

be an exact sequence of finitely generated free modules,which is the resolution of a finitely
generated R-module M. LetBn = Im(fn+1) denote the submodule of boundaries. IfMP has
finite projective dimension and constant rank on the punctured spectrum of R, then there
exists an integerq >0 such that for all n and for allN �q,

INFn ∩ Bn ⊆ IN−qBn.

The proof will be given after some preliminary results. If the conclusion of Theo-
rem 3.1 holds for a moduleM then we say that the free resolution ofM satisfies the uniform
Artin–Rees condition with respect toI. See Proposition 4.1 for more on the meaning of this
condition.

Lemma 3.2. Let (R,m) be a local Noetherian ring, let I be a proper ideal of R, and let

F : · · · −→ Fn
fn−→ Fn−1

fn−1−→ · · · f1−→F0

be a complex of finitely generated free R-modules. SetZn = Ker(fn) andBn = Im(fn+1).
Assume there exists an elementc ∈ R such that(0 : c) is finite length and such that multipli-
cation by c is homotopic to zero onF�1. Let an overline denote the natural homomorphism
R −→ R = R/(c).Assume thatF is acylic or,more generally, that there exists an integer
l such that for allN � l and all n,

INFn ∩ Zn ⊆ Bn.

Let t be an integer such that for alln� t , In ∩ (c) ⊆ In−t c. Choose r such that, via the
Artin–Rees Lemma,mr ∩ (0:Rc) = 0.Then for allN � max{l, r} + t and for all n,

INFn ∩ Ker(fn) ⊆ Bn.

Proof. Let u ∈ INFn be chosen so thatu ∈ Ker(fn). This means thatfn(u) = cw for
somew ∈ Fn−1. We have thatcw ∈ cFn−1 ∩ INFn−1 ⊆ cIN−tFn−1 for N � t . Hence
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without loss of generality, we may assume thatw ∈ IN−tFn−1. In this case, forN − t �r,
fn−1(w) = 0: certainlycf n−1(w) = fn−1(cw) = fn−1(fn(u)) = 0, and hence

fn−1(w) ∈ (0:Fn−2c) ∩ IN−tFn−2= 0
if N − t �r. Thusw ∈ Zn−1 ∩ IN−tFn−1 ⊆ Bn−1 for N − t � max{l, r}, in which case
we can writefn(v) = w for somev ∈ Fn, and sou − cv ∈ Zn.
Let s• be a homotopy showing multiplication byc on F�1 is null-homotopic. Then

c1Fn=fn+1sn+sn−1fn for alln�1. Inparticular,cv=(fn+1sn+sn−1fn)(v) ∈ IN−tFn+Bn

(sincefn(v)=w). It follows thatu−cv ∈ ((Bn+IN−tFn)+INFn)∩Zn=(Bn+IN−tFn)∩
Zn = Bn + (IN−tFn ∩ Zn) ⊆ Bn for N − t � max{l, r}. Finally forN � max{l, r} + t , we
have thatu = (u − cv) + cv ∈ Bn + cFn and sou ∈ Bn. �

The next result provides elementsc to which we can apply Lemma 3.2.

Lemma 3.3. Let (R,m) be a Noetherian local ring of dimension d and let M be a finitely
generated R-module such thatMP is free of constant rank overRP for all primesP �= m.
Assume

F : ·· −→ Fn
fn−→ Fn−1

fn−1−→ · · · −→ F0

is a free resolution of M. There exists a system of parametersc1, . . . , cd such that for all i,
multiplication byci on F�1 is homotopic to0. Furthermore for all0� i�d − 1 we can
chooseci+1 general modulo the ideal(c1, . . . , ci) in the sense thatci+1 is contained in no
associated prime of(c1, . . . , ci) except possibly the maximal ideal.

Proof. Suppose thatc1, . . . , ci have already been chosen satisfying the conclusion of the
Lemma. LetP1, . . . , Pk be the associated primes of the ideal(c1, . . . , ci), excludingm if it
is associated. By assumptionMPj

is free of constant rank for 1�j �k. SetW=R−∪k
j=1Pj ,

andS =RW . The moduleMW is free overSsince it is locally free of constant rank andSis
semi-local. Let� be an isomorphism ofMW with FW for some free moduleF overR. Let�
denote the inverse of�. By clearing denominators, there exists an elementc ∈ W and maps
f : M −→ F, g : F −→ M such that�=f/c and�=g/c. It follows that after multiplying
bya further power ofc, whichwecan relabel asc, fg=cIF andgf =IM , whereI denotes the
identity map. This means that the map fromM toM induced by multiplication byc factors

through a free moduleM
f−→F

g−→M.But then multiplication byc onF factors through
the complex 0−→ F�F −→ 0, which means this multiplication map is homotopic to the
zero map onF�1. We now setci+1= c. Induction oni completes the proof.�

Proposition 3.4. Let (R,m) be a local Noetherian ring of dimension d and M a finitely
generated R-module such thatMP is free of constant rank for all primesP �= m. Let

F : ·· −→ Fn
fn−→ Fn−1

fn−1−→ · · · −→ F0

be a free resolution ofM. Choose a system of parametersc1, . . . , cd as in Lemma3.3and set
Ri = R/(c1, . . . , ci) withR0= R.WriteFji (resp.Zji, Bji) for the free modulesFj⊗RRi



290 D. Eisenbud, C. Huneke / Journal of Pure and Applied Algebra 201 (2005) 284–294

(resp. the cycles, boundaries ofFi := F⊗RRi). Then there exists an integer l such that for
all i = 1, . . . , d, for all n, and for allN � l,

mNFni ∩ Zni ⊆ Bni .

Proof. For i�0, let ti be the Artin–Rees number of the embeddingci+1Ri ⊆ Ri , that is
the least integer such that for alln� ti ,mnRi ∩ ci+1Ri ⊆ mn−ti ci+1. Chooseei such that
(0:Ri

ci+1) ∩ meiRi = 0. Setli = t0 + · · · + ti−1 + e0 + · · · + ei−1. By induction oni we
claim that for allj � i, for all n, and for allN � li ,

mNFnj ∩ Znj ⊆ Bnj .

If i =0, there is nothing to prove as the cycles are equal to the boundaries. By induction we
can also assume the result forj � i − 1. By the argument above and by Lemma 3.2, we can
apply Lemma 3.2 to the ringRi−1 and the complexFi . We apply this with the elementc
equal to the image ofci inRi−1. TheArtin–Rees number of the embeddingciRi−1 ⊆ Ri−1,
in the above sense, isti−1. Lemma 3.2 gives us that

mNFni ∩ Zni ⊆ Bni

for all N � ti−1+max{ei−1, li−1}. This last integer is at mostli . �

Proposition 3.5. Let (R,m) be a local Noetherian ring, let I be a proper ideal of R, and
let

F : ·· −→ Fn
fn−→ Fn−1

fn−1−→ · · · −→ F0

be a complex of finitely generated free R-modules. SetZn = Ker(fn) andBn = Im(fn+1).
Assume there exists an elementc ∈ R such that0 : c is finite length and such that there
is a homotopy of the complex showing that multiplication by c is null-homotopic. Let an
overline denote the natural homomorphismR −→ R = R/(c). Assume that:

(1) There exists an integer l such that for allN � l and all n,

INFn ∩ Ker(fn) ⊆ IN−lBn.

(2) There is an integer p such that forN �p and for all n,

INFn ∩ Zn ⊆ Bn.

Then there exists an integer q such that for allN �q and all n,

INFn ∩ Zn ⊆ IN−qBn.

Proof. Let s• be the homotopy showing multiplication byc is null-homotopic. Then for all
n, c · 1Fn = sn−1fn + fn+1sn. Set�n = fn+1sn. Then�n : Fn −→ Bn, and ifu ∈ Zn, then
�n(u) = (sn−1fn + fn+1sn)(u) = cu.
Let u ∈ INFn ∩ Zn. Note that our assumption forcesu ∈ Bn if N �p, which we will

assume. Set� = �n. Then� : Fn −→ Bn is such that�(x) = cx for all x ∈ Zn. Applying
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� to u, we see thatcu = �(u) ∈ �(INFn) ⊆ INBn. Write cu = ∑
j ajuj whereuj ∈ Bn

andaj ∈ IN . Lift u, ui back toFn+1, to elementsy, yi , respectively. Setw = ∑
j aj yj ∈

INFn+1. Thenfn+1(cy − w) = 0. Going modulocR, we obtain that
w ∈ Ker(fn+1) ∩ INFn+1 ⊆ IN−lBn+1

for all N � l by our assumption. In particular, the elementw = ∑
j aj yj ∈ IN−lBn+1 +

cFn+1. Write w = z + cv, wherez ∈ IN−lBn+1. Let t be the Artin–Rees number for
the embedding(c) ⊆ R. Sincew ∈ INFn+1, it follows thatcv ∈ cFn+1 ∩ IN−lFn+1 ⊆
cIN−l−tFn+1 forN � l+ t . Hence, because of the expression forw, viz.w=z+cv, without
loss of generality we may assume thatv ∈ IN−l−tFn+1. Apply fn+1. We obtain that

cu = fn+1(w) = fn+1(z + cv) = cf n+1(v) ∈ cIN−l−tBn.

It follows that u ∈ IN−l−tBn + (0:Fnc). Write u = u′ + y′, wherecy′ = 0 andu′ ∈
IN−l−tBn. By theArtin–Rees lemma and by hypothesis onc, there exists an integeresuch
that I e ∩ (0:Rc) = 0. Sinceu ∈ INFn we obtain thaty′ ∈ (0:Fnc) ∩ IN−l−tFn = 0 for
N − l − t �e. Thenu=u′ ∈ IN−l−tBn. Settingq = l + t +p+ e then gives the conclusion.

�

Proof of Theorem 3.1. By using the Artin–Rees lemma, we are free to replaceF by any
finite shift of itself. ReplacingF by F�d we can assume thatMP is free of constant rank
for all P �= m. Using Lemma 3.2 choosec1, . . . , cd such that multiplication by eachci on
F�1 is homotopic to 0, and such that eachci is general modulo(c1, . . . , ci−1).
SetRi = R/(c1, . . . , ci) with R0 = R. Write Fji (resp.Zji, Bji) for the free modules

Fj⊗RRi (resp. the cycles, boundaries ofFi := F⊗RRi). Consider the complexFd . We
claim there exists an integerqd such that for allN �qd and for alln,

INFnd ∩ Znd ⊆ IN−qdBnd .

This follows asI is nilpotent, takingqd to be the nilpotency index.
We use a backwards induction to prove there exist integersqi such that for allN �qi and

all n,

INFni ∩ Zni ⊆ IN−qiBni .

When we reachi = 0, we can takeq = q0 to finish the proof.
We assume the conclusion fori+1. Consider the complexFi over the ringRi . The image

of the elementci+1 in Ri is general, so that 0:Ri
ci+1 has finite length (cf. Lemma 3.2). By

Proposition 3.4 there is an integerl such that for alli =1, . . . , d, for all n, and for allN � l,

INFni ∩ Zni ⊆ Bni .

It follows that the complexFi satisfies the conditions of Proposition 3.5, withci+1 playing
the role ofc in that proposition. The conclusion of Proposition 3.5 proves that there exists
an integerqi such that for allN �qi and alln,

INFni ∩ Zni ⊆ IN−qiBni .

The induction finishes the proof.�
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4. The meaning of uniform Artin–Rees

The proof of Theorem3.1 rests heavily on the existence of anm-primary idealJgenerated
by elementsci with the property that multiplication byci on the free resolution ofM is
homotopic to zero (for a truncated part of the resolution). It follows thatJ annihilates the
functors TorRn (M,−) for n?0. In particular, we can find an integerq such that for alln?0
and allN �0,

I q TorRn (M,R/IN) = 0.
It is natural to inquire how close this ‘uniform’ annihilation of Tor is to the uniform

Artin–Rees statement of Theorem 3.1. In the next proposition we answer this question
assuming a small condition on the idealI, namely that there exists an integerkwith N �k

IN : I ⊆ IN−k for all N �K. This condition is automatic, for example, ifI contains a
non-zerodivisorx. For in that case, ifuI ⊆ IN , thenxu ∈ (x) ∩ IN ⊆ IN−kx by the
usual Artin–Rees lemma applied to the modules(x) ⊆ R and the idealI. Sincex is a non-
zerodivisor, we may cancel it. The proposition shows that the uniform annihilation of Tor,
together with a uniform bound connected with the modules of boundaries are equivalent to
the uniform Artin–Rees property for syzygies.

Proposition 4.1. Let(R,m) be a local Noetherian ring, and let I be an ideal of R such that
there exists an integer kwith N �k IN : I ⊆ IN−k for all N �k. Let

F : ·· −→ Fn
fn−→ Fn−1

fn−1−→ · · · −→ F0

be an exact sequence of finitely generated free modules,which is the resolution of a finitely
generated R-module M. LetBn = Im(fn+1) denote the submodule of boundaries. Then the
following two statements are equivalent:

(1) There exists an integerq >0 such that for alln?0 and for allN �q,

INFn ∩ Bn ⊆ IN−qBn.

(2) (a) Thereexistsan integer)such that foralln?0and forallN �0,I ) TorRn (M,R/IN)=
0,and

(b) there exists an integer m such that for alln?0 and for allN �m, INBn:BnI ⊆
IN−mBn.

Proof. Assume (1). To prove (2a), letu be a cycle representing a class in TorR
n (M,R/IN).

Then fn(u) ∈ INFn−1 ∩ Bn−1, and forn?0, by property (1), this latter intersection
is contained inIN−qBn−1. Hence there existsai ∈ IN−q andui ∈ Fn such thatfn(u) =∑

i aifn(ui). Thenu−∑
i aiui ∈ Bn. Multiplying by I q we obtain thatI qu ⊆ INFn +Bn,

which implies thatI q annihilates the class ofu in TorRn (M,R/IN). Thus, wemay take)=q.
To prove (2b), letu ∈ Bn such thatIu ⊆ INBn. ThenIu ⊆ INFn, and sinceFn is free,

the assumptions of the proposition imply thatu ∈ IN−kFn ∩Bn ⊆ IN−q−kBn for all n?0.
Hence we may setm = q + k.
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Conversely, assume both of the properties of (2). Letu ∈ INFn ∩Bn.Writeu=fn+1(w)

for somew ∈ Fn+1. Thenwwill represent a class in TorRn+1(M,R/IN), so that by (2), for
n?0,I )will annihilate this class,which shows thatI )w ⊆ INFn+1+Bn+1.Applyingfn+1,
we obtainI )u ⊆ INBn. By the second statement of (2), this implies thatu ∈ IN−m)Bn.
Takingq = m) we get (1). �

5. Elementary examples

To illustrate Question A, we consider the well-known resolution of the residue class
field ofR = K[x1, x2]/(x21, x32), whereK is a field. LetF = R2(−1) be a free module with
generatorse1, e2, and letE=∧F be theKoszul complex inwhichei �→ xi . It is known from
work of Tate[11] that the minimal free resolution ofK can be written as a free differential
graded divided power algebraD ⊗ E, whereD = D(G) is the divided power algebra on
the free moduleG = R(−2) ⊕ R(−3), generated by elementsf2, f3 of degrees 2 and 3,
say, with differential df2 = x1e1, df3 = x22e2. Thus thenth module in the minimal free
resolution ofK has basis

{f (�)
2 f

(�)

3 ⊗ e | e ∈ ∧tF,2� + 3� + t = n},
with d(f (�)

2 f
(�)

3 e) = x1f
(�−1)
2 f

(�)

3 e + x22f
(�)
2 f

(�−1)
3 e + f

(�)
2 f

(�)

3 d(e). Here the element

f
(�)
2 f

(�)

3 ⊗ e has degree 2� + 3� + degreee. Since the differential of the Koszul complex
E is linear, the given bases allow us to write the differential as a matrix whose entries have
degree�2. On the other hand, if we replace the basis elementf m

3 ⊗ 1 by the element of
the same degreef m

3 ⊗ 1+ gf m
2 ⊗ 1, whereg is a form of degreem, then the new matrix

expressing the differentialF2m → F2m−1 has an entryx1g of degreem + 1.
We conclude with an example relevant to the relation of QuestionsA and B. Consider the

graded case. If a mapf : F → G of free modules can be written as a matrix of forms of
degree�q it follows thatmNG ∩ Im f ⊂ mN−q Im f , but the converse is not true, even
for the mapf : R → R2 given by the matrix(

x

yn

)

over the polynomial ringK[x, y]: in this case one sees easily thatmNR2 ∩ Im f ⊂
mN−1 Im f , but f cannot be written as a matrix of lower degree elements.
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