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1 Eigenvalues and Eigenvectors

Definition: Given A ∈ Cn×n an eigenvalue/eigenvector pair (λ, x) is a solution to the equation

Ax = λx (1)

where λ ∈ C, x ∈ Cn \ {0}. The last condition makes sure that x 6= 0.

Example: Two-dimensional rotation matrices look like

A = Aθ =

(
cos θ sin θ
− sin θ cos θ

)
(2)

and they rotate vectors in the 2-D plane by an angle θ. Intuitively,

A−θ = A−1θ (3)

since rotating a vector by an angle θ and then rotating it back by an angle θ is equivalent to no rotation at
all. (You can check that AθA−θ = In.) These rotation matrices have no real eigenvalues unless θ = 0, π,
meaning that there are very few vectors in the 2-D Cartesian plane whose direction is preserved under rota-
tions. But three dimensional rotation matrices are guaranteed to have a real eigenvalue, as we will show later.

Remark: Three-dimensional rotation matrices are guaranteed to have a real eigenvector. The corresponding
eigenvalue must be real, since A and x are both real, and hence the λ in Ax = λx must be real. Furthermore,
since rotation matrices are orthogonal, all of their eigenvalues must have absolute value 1. Hence, any real
eigenvalue is either ±1.

Example: Markov chains T = (Tij)
n
i,j=1 where probability conservation requires that

∑
i Tij = 1 and

nonnegative probabilities require that Tij ≥ 0 for all i, j. To move from a state at time t to a state at time
t+ 1, we have:

xt+1 = Txt, (4)

and therefore an eigenvector of T with eigenvalue 1 is a steady state distribution.

Example: If λ = 0 is an eigenvalue then
⇔ A is not invertible
⇔ there exists x 6= 0 with Ax = 0
⇔ Ker(A) 6= {0}
⇔ detA = 0.

Theorem: Every matrix has an eigenvalue/eigenvector pair.
Proof: We need to find λ, x such that Ax = λx ⇔ (λI −A)x = 0⇔ det(λI −A) = 0. Let

χA(λ) = det(λI −A),
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called the characteristic polynomial of A:

χA = λn − tr(A)λn−1 + · · ·+ (−1)n detA (5)

Now χA has at least one distinct root in C (but not necessarily more than 1!) by the Fundamental Theorem
of Algebra (Gauss’s thesis). So there exists λ ∈ C such that Ax = λx.

Remark: Any polynomial of degree n with coefficients in C is guaranteed to be able to be factored as the
product of the form

∏n
i=1(λ− λn). Some of these roots can be equivalent, i.e. there could be i, j such that

λi = λj . If there is a multiplicity in eigenvalues, then there will be multiple roots that are identical. For
instance, the identity matrix has characteristic polynomial has the form χA = (λ− 1)n.
Remark: What is the characteristic polymomial of rotation matrices in two dimensions? For the rotation

matrix A =

(
cos θ sin θ
− sin θ cos θ

)
, the characteristic polynomial takes the form

χA = λ2 − 2 cos θλ+ 1, (6)

and you can check that the trace of A is 2 cos θ and that its determinant is 1. (Rotations are area preserv-
ing.) According to the quadratic formula, there is a nonzero imaginary component to these eigenvalues if
(2 cos θ)2 − 4 < 0, which is true for all real θ except 0 or π.

Claim: n× n real matrices always have a real eigenvector if n is odd.
Proof: It is enough to show that there is a real eigenvalue. (Why? Hint: Use the equation Ax = λx and

the fact that A and λ are real.) Then we are looking for real solutions to the equation

χA = λn + · · · − detA. (7)

As λ → −∞, χA → −∞ and as λ → ∞, χA → ∞. By the Intermediate Value Theorem, there exists some
real λ∗ for which χA(λ∗) = 0, and hence there exists a real eigenvalue. Note that this would NOT hold for
n even, since the limiting behavior is that χA → ∞ as λ → ±∞. In fact, by the Descartes Rule of Signs,
there is an odd number of real eigenvalues.

Properties that one must know:

• Powers of matrices: Ak’s eigenvalues are the kth powers of the eigenvalues of A, since Ax = λx →
Akx = λkx. If λk are distinct, then all of the eigenvalues of Ak are given as λk. If some λk are the same,
we are still guaranteed that λk is a complete listing of eigenvalues; there is just an eigenvalue with
multiplicity greater than 1. (Homework: Proof.) It is not always possible to deduce the eigenvalues of
A from the eigenvalues of Ak. Homework to find examples of that.

• Eigenvalues of A and A> are the same, since they have equal characteristic polynomials. However, the
eigenvectors can be significantly different.

• The eigenvalues of AB are the same as those of BA. Proof: Homework.

• The eigenvalues of A−1 are the multiplicative inverses of the eigenvalues of A. Proof: Homework.

• Eigenvalues of a similarity of A, i.e. A′ = SAS−1 where S is any invertible matrix, are the exact same
as those of A (as their characteristic polynomials are equal):

eig(A) = eig(SAS−1). (8)

• Eigenvalues of an upper triangular or lower triangular matrix are on the diagonal. Hence, for an upper
or lower triangular matrices, detA =

∏
i λi and λi = Aii. Proof: Homework.
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• Block diagonal matrices, which can be written as A1 0 0

0
. . . 0

0 0 Ak


for square matrices Ai have eigenvalues that are the union of the eigenvalue sets of the blocks. Hence,
diagonal matrices have eigenvalues that are precisely the diagonal entries, since they have blocks of
size 1.

• If you add a multiple of the identity matrix, αI, to A, then the eigenvalues all increase by α with
identical eigenvectors. Proof: Homework.

eig(A+ αI) = eig(A) + α. (9)

This property can be quite useful if you want to use the power method on a matrix which has an
negative eigenvalue of large magnitude – just shift the matrix over by αI for large enough α, do the
power method, and subtract α.

• Eigenvalues of real symmetric matrices are real. Proof: Homework.

2 Diagonalization

Definition: A square matrix A is diagonalizable if there exists an S such that

A = SDS−1 (10)

where S is invertible and D is diagonal.

Corollary: D consists of all of the eigenvalues of A and the columns of S are the corresponding eigenvectors.
Proof: See the similarity property above.

Diagonalization can be a very useful decomposition for using, e.g., the power method.

Proposition: A matrix is diagonalizable if and only if there exists n linearly independent eigenvectors.
Proof: Examine the identity AS = SD column by column.

Theorem: A matrix with n distinct eigenvalues is diagonalizable.
Proof: Homework. First step: if x1, ..., xn are eigenvectors with corresponding λ1, ..., λn as eigenvalues,

then there does not exist a nontrivial linear combination of c1x1 + ...+ cnxn = 0 for all ci 6= 0.

Not all matrices are diagonalizable.

Examples:

(
0 1
0 0

)
and

(
1 1
0 1

)
are not diagonalizable.

Proof by contradiction: assume it is diagonalizable, find the eigenvalues, and then show a contradiction.
The eigenvalues of the above matrices are 0 and 1, respectively, for each matrices; but these matrices are
not equivalent to the zero matrix and the identity matrix.

Generalization: Every matrix can be written in Jordan Canonical Form, as

A = SJS−1 (11)

where J is a block diagonal matrix where every block is of the form λ on the diagonal and 1’s right above. So
a diagonalizable matrix has Jordan Canonical Form with only 1×1 blocks. JCF’s are very hard to compute.
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What is the size of the block corresponding to λ? You find the power m such that dim Ker(λI − A)m

stops increasing, which cannot be obtained just from the characteristic polynomial – you can obtain it from

a series of characteristic polynomials χ
(k)
A = det

(
(λI −A)k

)
.

Perron-Frobenius Theorem: Suppose A is an n by n matrix with only positive entries, Aij > 0. Then

• There is a unique and positive eigenvalue λ > 0 with largest absolute value of all eigenvalues of A, i.e.
there exists λ such that λ = |λ| > |λi| for λi is all the other eigenvalues of A.

• This eigenvalue of maximum modulus has an eigenvector with all real, nonnegative entries, i.e. x =
(x1, . . . , xn) where xi ≥ 0 for all i and

∑
i xi = 1.

Proof: Takes too long. Check out Brower Fixed Point Theorem on x 7→ Ax
1>Ax

. When Aij ≥ 0 instead of
strictly positive, there might be a non-unique positive eigenvalue of maximum modulus.

3 Applications

Application: Markov Chains.

Suppose we have three states, 1, 2, and 3, and that we have a transition matrix T that tells us the
probability of transitioning between states (Tij is the probability of transitioning from state j to state i).
Set

xt =

p(1, t)p(2, t)
p(3, t)

 , (12)

where p(i, t) is the probability of being in state i at time t, and suppose our transition matrix T is:

T =

0 1
2 0

1
2 0 1
1
2

1
2 0

 . (13)

To get from time t to time t+ 1’s state,
xt+1 = Txt. (14)

To conserve probability, (1, 1, 1)T = (1, 1, 1), which means that 1 is an eigenvalue of T with left eigenvector
(1, 1, 1). The eigenvalues of T are 1,± 1

2 .

Definition of ergodic: Markov chain T is ergodic if there is a unique λ = 1 eigenvalue.

Note: Every Markov Chain has eigenvalues |λ| ≤ 1.
Proof: From Tx = λx, we have |Tx|1 = |λ||x|1. Now, use the inequality |Tx|1 ≤ |T |1|x|1, where the one

norm of a matrix is the maximum column sum.

Corollary: By Perron-Froebenius if T > 0 then T is ergodic.
Proof: Homework.

Definition: Given an ergodic Markov Chain T , we can define unambiguously the stationary distribution of
the Markov Chain as the right eigenvector xeq with eigenvalue 1,

Txeq = xeq. (15)
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Theorem: If T is ergodic, then for any initial distribution x(0) on states 1 through n, we have:

lim
k→∞

T kx(0) = xeq. (16)

Note that this is true for ANY initial state x(0).
Proof: (Hint) Assume first that A is diagonalizable. Then, try using Jordan canonical form for the general
case.

What does ergodic mean? Note that

T 2 =

 1
4 0 1

2
1
2

3
4 0

1
4

1
4

1
2

 . (17)

which means that in two steps, there is no way to go from state 3 to 2. So in general, (T k)ij is the probability
of going to state j from state i in k steps. So loosely, ergodic means that you “mix things up”. If Tm > 0
for some m then T is ergodic, although using this definition of ergodic, (Tm)ij does not have to be positive
for some value of m for each i and j. One can check that T 3 for our example matrix is indeed positive, with
stationary distribution

xeq =

2/9
4/9
1/3

 .

As we shall see below, this weighting of the nodes would be PageRank’s assignment of priority to each
of them.
Problem: Can you find a Markov chain with positive weights (which is thus ergodic) having an equilibrium
distribution with a zero component?

Application: Google PageRank

The Google PageRank algorithm tries to figure out what the most important webpage is, which means
figuring out what nodes in a graph are the “hubs”. Here, the nodes are webpages and the (directed) edges
of the graph are determined by which webpages link to which other webpages. Define the adjacency matrix,
which is

A = [aij ], aij =

{
1 j links to i

0 else
, (18)

and a degree matrix, which is the number of arrows going into each node:

D = [dij ], dij =

{∑
i aij i = j

0 i 6= j
. (19)

For the example

A =

0 1 0
1 0 1
1 1 0

 , (20)

we have a degree matrix

D =

2 0 0
0 2 0
0 0 1

 , (21)

and the corresponding “transition matrix” between the webpages is

T = AD−1 =

0 1
2 0

1
2 0 1
1
2

1
2 0

 , (22)
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and literally, this is a transition matrix between the webpage nodes of the graph that is the Internet. The
eigenvector of T with the largest absolute eigenvalue is guaranteed to have all nonnegative entries. The
larger the element of the eigenvector corresponding to node i, the higher ranked that webpage should be.

Remark: What if some elements of T are 0? Then the eigenvector of maximum eigenvalue is not necessarily
unique. For example if T 3 has all positive elements but T and T 2 do not, then there is a T 3y = y, and this
y corresponds to a period-three limit cycle, y 7→ Ty 7→ T 2y.

Google’s PageRank algorithm is asking for the stationary distribution on the Markov chain that is the
webpages of the Internet, given the idea that any link on a webpage is equally likely to be clicked. So
(Tm)ij = the probability of going from webpage j to webpage i after m clicks. Since the Perron-Frobenius
Theorem guarantees that T has a largest eigenvalue, the Power Method (discussed later) will tell you that
after an infinity number of clicks, you get back a stationary distribution limm→∞ Tmx(t = 0) = xeq.

Exercise: if the Markov chain is connected then there exists some power of the transition matrix, Tm,
with strictly positive entries, (Tm)ij > 0 for all i, j.

Exercise: the eigenvalues of transition matrix to the mth power are exactly the eigenvalues of the original
transition matrix to the mth power.
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