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We correct errors in the proof of [7, Theorem 19] and in the description of [7, Table 1]. We also
fix some typos and notational issues. We thank Thomas Kahle for pointing out the mistake in the
table and Robert Krone for finding the gap in our original proof.

We begin with a comment to avoid confusion in the proof of [7, Proposition 13]. Let �dlex be
the partial ordering of [P]k (as defined in [7, Equation (6)]) induced by the degree lexicographic
order ≤dlex and the action of the group SP. To prove Proposition 13, we used Higman’s lemma [7,
Lemma 14] to demonstrate that the order �dlex is a well-partial-ordering of [P]k. In the argument,
we considered the alphabet Σ = {0, 1, . . . , k} generating the set Σ∗ of finite sequences of elements
of Σ. For w = (w1, . . . , wk) ∈ [P]k, we used an additive notation to define w∗ ∈ Σ∗ by

w∗
i :=

∑
wj=i

j, for i = 1, . . . , n,

which denoted the sequence of elements of the set {j | wj = i}. However, this formal sum notation
above may cause confusion with integer addition. To avoid this ambiguity, one may consider Σ
as the power set 2[k] of all subsets of [k] = {1, . . . , k}, and define w∗ ∈ Σ∗ by w∗

i := {j | wj =
i}, for i = 1, . . . , n.. Note also that (3 4) · (2, 3)<dlex

in Example 10 is missing the element (1, 1).
We now present a complete proof of the following result.

Theorem 1 (Theorem 19 in [7]). Let A be a Noetherian commutative ring. For every A[SP]-
submodule B ⊆ A[P]k, there exists a finite set G ⊆ B such that

f ∈ B ∩A[m]k ⇐⇒ ∃σ1, . . . , σ` ∈ Sm; g1, . . . , g` ∈ G; a1, . . . , a` ∈ A with f =
∑̀
i=1

aiσigi.

To prove this result, we shall use the following elementary observation from [2, Lemma 3.13].
Recall that a well-founded partially-ordered set is one with no infinite strictly decreasing sequences.

Lemma 2. Let S be a well-partially-ordered set and T a well-founded partially-ordered set. Suppose
that ϕ : S → T is decreasing: s ≤ t⇒ ϕ(s) ≥ ϕ(t), for all s, t ∈ S. Then ≤ϕ on S defined by

s ≤ϕ t :⇐⇒ s ≤ t ∧ ϕ(s) = ϕ(t)

is a well-partial-ordering. �

Proof of Theorem 1. Let �dlex be the well-partial-ordering of [P]k induced by the total well-order
≤dlex. For f ∈ A[P]k, define the leading monomial lm(f) to be the largest nonzero element in [P]k

(with respect to ≤dlex) in the support of f . Also, set lc(f) ∈ A to be the coefficient of lm(f) in f .
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Let T be the collection of all ideals of A (partially ordered ≤ by reverse inclusion), and consider
the following subcollection:

lc(B, h) := {0} ∪ {lc(f) | f ∈ B, lm(f) = h}.

Notice that u �dlex v implies lc(B, u) ⊆ lc(B, v) (so that lc(B, u) ≥ lc(B, v)). Using Lemma 2 with
S = ([P]k,�dlex) and ϕ the decreasing map ϕ(u) = lc(B, u), we have that ≤ϕ is a well-partial order.

Recall that a final segment of the partial order �dlex is a set F ⊆ [P]k such that u ∈ F and
u �dlex v implies that v ∈ F . A well-known characterization of well-partial-orderings (see e.g.
[6]) is that final segments are finitely generated. Thus, applied to the final segment F = S of the
well-quasi-ordering ≤ϕ, we obtain finitely many w1, . . . , wm ∈ [P]k with the following property:

for every w ∈ [P]k there exists i ∈ {1, . . . ,m} such that wi � w and lc(B,wi) = lc(B,w). Using
Noetherianity of A, for each i now choose finitely many nonzero elements gi1, . . . , gini of B, each
with leading monomial wi, whose leading coefficients generate the ideal lc(B,wi) of A.

We claim that the following subset of B fulfills the requirements of the theorem statement:

G := {gij : 1 ≤ i ≤ m, 1 ≤ j ≤ ni}.

To prove this, let f ∈ B ∩ A[m]k. Then, lm(g) �dlex lm(f) for some g ∈ G with witness σ1 ∈ Sm

(by [7, Lemma 18]). From the above construction, there are a1, . . . , ar ∈ A such that

f1 := f −
r∑
i=1

aiσ1g ∈ B

has a strictly smaller (with respect to ≤dlex) leading term than f . Continuing in this manner, we
can produce a sequence f1, f2, . . . of elements in B such that

· · · ≤dlex lm(f2) ≤dlex lm(f1) ≤dlex lm(f).

Since ≤dlex is a well-ordering, it follows that fp = 0 for some p ∈ P which gives an expansion for f
as in the statement of the theorem. �

Next, we discuss our mistake in [7, Table 1]. The original motivation for displaying this table was
to suggest the stabilization (as n grows) of the maximal degree of a generating set for chains of toric
ideals induced by monomials yα (introduced in [7, Section 4]) as evidence for the stabilization of the
chain of ideals. Recall that for a homogeneous ideal the degree-complexity of a reduced Gröbner
basis is the maximum degree of its elements [3]. In addition, one defines the Markov degree as
the minimal value for the maximal degree of a generating set (i.e. a Markov basis). Notice that
the degree-complexity is an upper bound for the Markov degree. Therefore, stabilization of the
degree-complexity for a reduced Gröbner basis implies stabilization of the Markov degree.

One way to compute the degree-complexity of a homogeneous toric ideal (as in our case) is to call
the groebner command in 4ti2 [1] to obtain a reduced Gröbner basis (with respect to some internal
term order) and compute the maximal degree of this generating set. In our code we extracted a
minimal generating set from the reduced Gröbner basis (which is equivalent to calling the markov

command in 4ti2; hence, the mistake of our computation) and then computed its maximal degree.
Therefore, the information displayed in [7, Table 1] are upper bounds for the Markov degree instead
of the degree-complexity for the Gröbner bases. This information is useful, as the table suggests
the stabilization of the Markov-degree as n grows.
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Even though the upper bounds on the Markov degree displayed in the original Table 1 in [7] are
better than degree-complexities, we present here the table showing degree-complexity of the chain
of ideals for those interested in studying regularity of Gröbner bases.

α \ n 3 4 5 6 7 8

(1, 1) 0 2 3 3 3 3
(2, 1) 3 4 4 4 4 4
(3, 1) 5 5 6 6 6 6
(4, 1) 7 7 7 7 7 7
(5, 1) 9 9 9 9 9 9
(6, 1) 11 11 11 11 11 11
(7, 1) 13 13 13 13 13 13
(8, 1) 15 15 15 15 15 -
(3, 2) 5 6 6 6 6 6
(4, 2) 3 4 4 4 4 4
(5, 2) 8 8 9 9 9 9
(6, 2) 5 5 6 6 6 6
(7, 2) 12 12 12 12 12 -

(1, 3, 2) 3 5 7 8 8 -
(4, 3, 2) 3 5 7 11 11 -

Table 1. Degree-complexity of the toric ideal In defined by yα.

We conclude by pointing the reader to some recent references. The paper [5] contains bounds
for the Markov degree and a construction of an equivariant Markov basis for chains of toric ideals
induced by yα for α ∈ Z2 with gcd(α1, α2) = 1. Additionally, the preprint [4] contains proofs
settling in the affirmative several stabilization questions involving (non-Laurent) toric ideals in [7].
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