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Abstract. Do rational certificates always exists? This is an especially important ques-
tion given the rise of numerical and seminumerical algorithms. We discuss some open
problems, questions, and conjectures that arise naturally in the context of semidefinite
programming and sums of squares.

1. Introduction

I will introduce two problems that are very related. The first deals with what I will call
rational LMI realizations and involves the exploration of which real algebraic numbers can
be realized as rational LMI’s. The second general problem deals with rational certificates
to nonnegative polynomials being sums of squares. Whether one can find such certificates
is a very important question in the SOS semidefinite relaxation theory of optimization.

While the second problem on rational sums of squares seems very difficult, the first one
is wide open, and it should be possible to obtain nice results in finite time.

2. Rational LMI Representations

Fix a positive integer n and real symmetric m×m matrices A = (A0, . . . , An). Consider
the following set of real vectors:

SA,n =

{
(x1, . . . , xn) ∈ Rn : A0 +

n∑
i=1

xiAi � 0

}
.

Here M � 0 signifies that M is a positive semidefinite matrix. Such sets, called spectra-
hedron, are related to what are called LMI’s (linear matrix inequalities) in the literature,
and they are ubiquitous these days in convex optimization and related fields.

The set SA,n is said to be zero-dimensional if |SA,n| <∞; in this case, SA,n consists of
a single point (since it is convex). We would like to determine which algebraic numbers
can be realized as coordinates of elements of some SA,n, in which the symmetric matrices
Ai have rational entries.

Definition 2.1. A real algebraic number α ∈ Q ∩ R is said to be rationally (m,n) LMI-
realizable (or simply rationally realizable) if there exists a positive integer n and rational
symmetric matrices A0, . . . , An ∈ Qm×m such that SA,n is zero-dimensional and α is a
coordinate of some element of SA,n.

It seems to be a new and open-ended problem to study which real algebraic numbers
are realizable in this sense (even for n = 1). As a simple example, we show the following.

Lemma 2.2. Every number of the form
√
t with 0 ≤ t ∈ Q is rationally (4, 1) LMI-

realizable.
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Proof. One simply checks that the following matrix is positive semidefinite if and only if
x =
√
t: 

t x 0 0
x t 0 0
0 0 tx t
0 0 t x

 .
�

Remark 2.3. Can one do this with 3× 3 matrices still with n = 1?

In general, nothing else seems to be known about which algebraic numbers are realizable
for a fixed n, and a characterization for n = 1 is open (although very little work has been
done so far on this problem it seems).

Problem 2.4 (Solved = yes). Is α = 3
√

2 rationally realizable?

Here are some open problems in this regard. We begin with the following general
questions.

Problem 2.5. Fix n and m. Characterize those real m ×m symmetric matrices which
give rise to zero-dimensional sets SA,n.

Problem 2.6. For n = 1, determine all the rationally LMI-realizable algebraic numbers
(m is allowed to vary).

If the answer to the previous problem is not all of Q∩R, then we may ask the following.

Problem 2.7. For a fixed n > 1, determine all the rationally LMI-realizable algebraic
numbers (m is allowed to vary).

It appears that the following problem can be solved using some ideas in
http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.5.4181.

Problem 2.8 (Solved = Q ∩ R?). Determine all the rationally LMI-realizable algebraic
numbers (both m and n are allowed to vary).

In answering the previous problem, it would be interesting to have a bound on the m
and n required that depends some way on the real algebraic number α that is desired.

Problem 2.9. If α is a rationally LMI-realizable algebraic number, what are explicit m
and n realizing this number? (Or bounds on them in terms of the algebraic degree/height
of α).

Recall that a totally real number field is a finite algebraic extension of Q all of whose
complex embeddings lie entirely in R. An equivalent definition of a totally real number
field K is that it is a field generated by a root of an irreducible polynomial u(x) ∈ Q[x], all
of whose zeroes are real. For instance, the field Q(

√
t) is totally real for positive, integral

t.
Given the results in [5], the following conjecture seems natural.

Conjecture 2.10. Any totally real algebraic number (that is, an element of some totally
real number field) is rationally LMI-realizable with n = 1.
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I believe that this conjecture is quite tractable given the techniques of [5].
Another related problem is the rational symmetric eigenvalue realizability problem.

Problem 2.11. Given a monic polynomial f ∈ Q[x] with all real roots, determine if there
exists a rational symmetric matrix with characteristic polynomial equal to f .

In general, there are rational polynomials that are not realizable in this sense. For
instance, f(x) = x2 − 3 is not the characteristic polynomial of any rational symmetric
matrix (see [5] for a proof). However, a result of Fiedler says that (again, see [5] for an
exposition of his proof):

Theorem 2.12 (Fielder). If f(x) ∈ Q[x] is monic of degree r and has r distinct real
roots, then there are positive rational numbers l1, . . . , lr and a symmetric matrix A with
entries in Q(

√
l1, . . . ,

√
lr) such that the eigenvalues of A are the roots of f(x).

This fact was an important ingredient in the proof of Theorem 3.2 below.
An interesting question that might help solve the main problem of the next section was

suggested by Dustin Cartwright.

Problem 2.13. Given a monic polynomial f ∈ Q[x] with all real roots, does there always
exists a rational symmetric matrix A and a polynomial g ∈ Q[x] such that the character-
istic polynomial of A is equal to f(x)g(x)?

It seems as though this problem is solved (constructively even) in the affirmative in the
following paper by Krakowski [9] (thanks to Claus Scheiderer for this reference).

A related problem which will probably be an important ingredient of the n = 1 rational
LMI realization problem is the following:

Problem 2.14. Given a rational symmetric matrix A that is invertible and diagonalizable,
does there exist a pair of symmetric rational matrices R, S such that A = RS?

Of course, the situation we are interested in is when A is the companion matrix of
a univariate polynomial f(x) with rational coefficients. This corresponds to finding a
representation f(x) = det(xE +F ) for rational symmetric matrices E and F , and thus is
clearly related to Problem 2.6.

3. Rational sums of squares

In recent years, techniques from semidefinite programming have produced numerical
algorithms for expressing positive semidefinite polynomials as sums of squares. These
algorithms have many applications in optimization, control theory, quadratic program-
ming, and matrix analysis [14, 15, 16, 17, 18]. Moreover, such representations aid in the
computation of the real locus of a polynomial. For a noncommutative application of these
techniques to a famous trace conjecture (the BMV conjecture in statistical mechanics),
see the papers [1, 4, 6, 8, 12, 21].

One major drawback with these algorithms is that their output is, in general, numerical.
For many applications, however, exact polynomial identities are needed. In this regard,
Sturmfels has asked the following question.

Question 3.1 (Sturmfels). If f ∈ Q[x1, . . . , xn] is a sum of squares in R[x1, . . . , xn], then
is f also a sum of squares in Q[x1, . . . , xn]?
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This question has a positive answer in the univariate case due to results of Landau [11]
and Pourchet [19] (and algorithmically by Schweighofer [21]). It follows from a famous
theorem of Artin [20] that if f ∈ Q[x1, . . . , xn] is a sum of squares of rational functions
in R(x1, . . . , xn), then it is a sum of squares in Q(x1, . . . , xn). Moreover, from the work
of Voevodsky on the Milnor conjectures, it is known that 2n+2 such squares suffice [10].
However, the transition from rational functions to polynomials is often a very delicate
one. For instance, not every polynomial that is a sum of squares of rational functions is
a sum of squares of polynomials [20].

More generally, Sturmfels is interested in the algebraic degree [13] of maximizing a linear
functional over the space of all sum of squares representations of a given polynomial that
is a sum of squares. In the special case of Question 3.1, a positive answer signifies an
algebraic degree of 1 for this optimization problem.

General theory (quantifier elimination for real closed fields) reduces Question 3.1 to one
involving real algebraic numbers. Recently, progress was made in the multivariate case
when the coefficients lie in a totally real number field K. The main theorem in [5] is the
following.

Theorem 3.2. Let K be a totally real number field with Galois closure L and let R be a
commutative Q-algebra. If f ∈ R is a sum of m squares in R ⊗Q K, then f is a sum of

4m · 2[L:Q]
(
[L:Q]+1

2

)
squares in R.

The proof of Theorem 3.2 in [5] is constructive. We remark that it is known [2] that
arbitrarily large numbers of squares are necessary to represent any sum of squares over
R[x1, . . . , xn], n > 1, making a fixed bound (for a given n) as in the rational function case
impossible.

A generalization of this result to arbitrary field extensions will settle the very important
question of how much limitation one has in using semidefinite techniques for finding
algebraic certificates of nonnegativity.

Problem 3.3. Let K be a finite algebraic extension of Q. If f ∈ Q[x1, . . . , xn] is a sum
of squares in K[x1, . . . , xn], then is f also a sum of squares in Q[x1, . . . , xn]?

As a start, it might be interesting to work with special classes of field extensions K
other than totally real fields.

Problem 3.4. Let K be a finite abelian extension of Q (its Galois group is abelian). If
f ∈ Q[x1, . . . , xn] is a sum of squares in K[x1, . . . , xn], then is f also a sum of squares in
Q[x1, . . . , xn]?
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