
Research Overview for Christopher J. Hillar

I work on a wide range of problems that arise from other areas of mathematics and
the physical sciences. Currently, I am focused on using mathematical and computational
tools to solve basic problems in theoretical neuroscience, and in this regard, I have begun
collaborations with scientists at the Redwood Center for Theoretical Neuroscience and
mathematicians at U.C. Berkeley. I am also interested in theoretical questions involving
semidefinite programming, optimization, and computational algebra.

The following is a description of several interrelated lines of research in which I will
actively participate in the coming years. The first three sections contain very brief dis-
cussions of topics related to theoretical neuroscience that I have only begun exploring
in recent months. The final sections describe more theoretical studies that I have been
investigating in recent years and therefore contain more detailed descriptions.

1. Sparse coding and compressed sensing

Sparse coding refers to the process of representing a real vector input (such as an image)
as a sparse linear combination of an overcomplete set of vectors (called a sparse basis).
Here, overcomplete refers to the fact that there are many more vectors in the sparse basis
than the vector space dimension. In recent years, it has been discovered that sparse coding
could be a model for how the brain’s visual cortex represents low-level features in images
(such as edges) as the receptive fields of neurons [56].

Also, in recent years, there has been a flurry of activity surrounding what is called
compressed sensing (see the references in [9]). The idea is that by taking a small num-
ber of random projections (into a much smaller space) of an input vector, one retains
enough information to reconstruct accurately the input by performing an (efficient) `2

optimization with a sparse `1 penalty.
With Fritz Sommer (Redwood Center for Theoretical Neuroscience) and his student

Will Coulter, we are trying to combine these two techniques for representing data. The
motivation from neuroscience is that overcompleteness and compression might be playing
dual roles between distant regions in the brain. On the one hand, a sparse basis is a
way to explain input from a small selection of a large number of (possible) causes, while
on the other, data is transmitted more efficiently by taking a small number of random
projections into a space of size commensurate to the (presumably small) number of causes
actively making up the input. The mathematics of the investigation involves techniques
from optimization theory, matrix analysis, and (potentially) semidefinite programming
[65].

2. Phase modeling

Circular variables such as phase or orientation have been used effectively for represent-
ing complex physical phenomenon and in the analysis and processing of signals. Countless
physical systems are effectively represented using phase variables. Coupled oscillator sys-
tems are prevalent in classical physics as a canonical model of systems ranging from cou-
pled pendula to coupled Josephson junctions. Oscillator models have also been effective
at describing coupled behavior in nature: chemical reaction diffusion systems, heart-lung
and circadian rhythms, and even the coupling of firefly luminescence can all be described
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with phase variables. In engineering, phase has played a key role in signal representa-
tion. From classical Fourrier analysis to modern techniques in image representation (for
example [19, 62, 25]), phase provides a useful representation.

Within neuroscience oscillatory dynamics and phase variables have had an especially
interesting history. Oscillatory dynamics played a central role in many early theories of
large-scale brain dynamics [26], and oscillatory dynamics have recently received wide-
spread interest [27, 69, 14]. Network oscillations are hypothesized to be functionally
involved in a wide range of tasks, such as representation of sensory information, regulat-
ing the flow of information, learning and memory-recall of information, and binding of
distributed information. Clearly, phase is of central importance to the field.

Motivated by observations of empirical data, Cadieu and Koepsell (Redwood Center
for Theoretical Neuroscience) have introduced the following d-dimensional multivariate
phase distribution:

(2.1) p(θ|K) =
1

Z(K)
exp[−E(θ; K)] =

1

Z(K)
exp

[
−1

2
x∗Kx

]
,

where x is the d-dimensional complex vector with components xi = ejθi , K is a d×d-
dimensional Hermitian matrix, and Z(K) is the normalization constant needed to assure
that the probability integrates to one. Note that it is non-trivial to determine the normal-
ization Z(K). With Charles Cadieu and Kilian Koepsell, I shall study the mathematics of
this distribution; in particular, we shall develop algorithms for determining the parameters
in K given data sampled from the model.

3. Computational complexity of tensor problems

There has been much work recently on “tensor methods” in computer vision, data anal-
ysis, machine learning, scientific computing, neuroscience, and other areas. The idea of
using tensors for numerical computing is attractive. Nearly all problems in computational
science and engineering may eventually be reduced to one or more standard problems
involving matrices: systems of linear equations, least squares problems, eigenvalue prob-
lems, low-rank approximations, matrix decompositions such as LU, QR, EVD, SVD, etc.
If similar problems for tensors of higher order may be solved effectively, then one would
have substantially enlarged the arsenal of fundamental tools in numerical computations.

With Lek-Heng Lim (U.C. Berkeley), we are investigating the computational complexity
of tensor analogues of many problems that are readily computable in numerical linear
algebra. Johan H̊astad has already shown that tensor rank is NP-hard over Q and NP-
complete over finite fields [32]. We are extending the list to include many more multilinear
generalizations of standard problems in numerical linear algebra. Furthermore, these
multilinear problems are not just natural extensions of their linear cousins but have all
surfaced in recent applications.

Let F be the field R or C. Also, let A ∈ Fl×m×n be a 3-tensor and let S ∈ Fn×n×n be a
symmetric 3-tensor. The list of problems we shall analyze includes the following:

• Computing the spectral norm of a 3-tensor:

sup
x,y,z 6=0

|A(x,y, z)|
‖x‖2‖y‖2‖z‖2

.
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• Computing the spectral norm of a symmeric 3-tensor:

sup
x 6=0

|S(x,x,x)|
‖x‖3

2

.

• Computing a best rank-1 approximation to a tensor:

min
x,y,z
‖A − x⊗ y ⊗ z‖F .

• Computing a best rank-1 approximation to a symmetric tensor:

min
x
‖S − x⊗ x⊗ x‖F .

• Computing a singular value, or, given a singular value, compute the corresponding
singular vectors of a 3-tensor. These are defined as stationary values and stationary
points of the trilinear Rayleigh quotient

A(x,y, z)

‖x‖p‖y‖p‖z‖p
,

where p = 2 or 3.
• Computing an eigenvalue, or, given an eigenvalue, compute a corresponding eigen-

vector of a symmetric 3-tensor. These are defined as stationary values and sta-
tionary points of the trilinear Rayleigh quotient

S(x,x,x)

‖x‖pp
,

where p = 2 or 3.
• Solving a system of bilinear equations in the exact sense

A(x,y, I) = b

or approximating it in the least-squares sense

min
x,y
‖A(x,y, I)− b‖2.

We have several results that indicate most, if not all, of these are NP hard – both in the
traditional Cook-Karp-Levin sense [16, 41, 49] and also the Blum-Shub-Smale sense [8].
The main tools used in our analysis are algebraic formulations of combinatorial problems
such as 3-colorability in complexity theory [5]. I have previous experience in this regard;
for instance, with Windfeldt, we showed [39] that there is an algebraic characterization
of unique k-colorability of a graph, and we used this result to verify a counterexample of
Akbari, Mirrokni, and Sadjad [1] to a conjecture of Xu [71]. See Section 6 below for more
details.

4. Real Algebraic Geometry and Optimization

4.1. Rational sums of squares. In recent years, techniques from semidefinite program-
ming have produced numerical algorithms for expressing positive semidefinite polynomi-
als as sums of squares. These algorithms have many applications in optimization, control
theory, quadratic programming, and matrix analysis [57, 58, 59, 60, 61]. Moreover, such
representations aid in the computation of the real locus of a polynomial. For a non-
commutative application of these techniques to a famous trace conjecture, see the next
section, which discusses the papers [12, 29, 34, 42, 47, 68].
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One major drawback with these algorithms is that their output is, in general, numerical.
For many applications, however, exact polynomial identities are needed. In this regard,
Sturmfels has asked the following question.

Question 4.1 (Sturmfels). If f ∈ Q[x1, . . . , xn] is a sum of squares in R[x1, . . . , xn], then
is f also a sum of squares in Q[x1, . . . , xn]?

This question has a positive answer in the univariate case due to results of Landau [46]
and Pourchet [63]; an algorithmic solution is due to Schweighofer [68]. It follows from
a famous theorem of Artin [64] that if f ∈ Q[x1, . . . , xn] is a sum of squares of rational
functions in R(x1, . . . , xn), then it is a sum of squares in Q(x1, . . . , xn). Moreover, from
the work of Voevodsky on the Milnor conjectures, it is known that 2n+2 such squares
suffice [45]. However, the transition from rational functions to polynomials is often a
very delicate one. For instance, not every polynomial that is a sum of squares of rational
functions is a sum of squares of polynomials [64].

More generally, Sturmfels is interested in the algebraic degree [55] of maximizing a linear
functional over the space of all sum of squares representations of a given polynomial that
is a sum of squares. In the special case of Question 4.1, a positive answer signifies an
algebraic degree of 1 for this optimization problem.

General theory reduces Question 4.1 to one involving real algebraic numbers. Recently,
I made progress in the multivariate case when the coefficients lie in a totally real number
field K. My main theorem in [33] is the following.

Theorem 4.2. Let K be a totally real number field with Galois closure L and let R be a
commutative Q-algebra. If f ∈ R is a sum of m squares in R ⊗Q K, then f is a sum of

4m · 2[L:Q]
(

[L:Q]+1
2

)
squares in R.

My proof of Theorem 4.2 was constructive. It is known [15] that arbitrarily large
numbers of squares are necessary to represent any sum of squares over R[x1, . . . , xn],
n > 1, making a fixed bound (for a given n) as in the rational function case impossible.

I am working on the generalization of this result to any real algebraic extension of Q
in order to give a complete answer to Question 4.1. This work will settle the important
question of how much limitation one has in using semidefinite techniques for finding
algebraic certificates of nonnegativity.

4.2. The BMV trace conjecture. In 1975, while studying partition functions of quan-
tum mechanical systems, Bessis, Moussa, and Villania formulated a conjecture regarding
a positivity property of traces of matrices [7]. If this property holds, explicit error bounds
in a sequence of Padé approximants follow. Let A and B be n × n Hermitian matrices
with B positive semidefinite, and let

φA,B(t) = Tr[exp (A− tB)].

The original formulation of the conjecture asserts that φA,B is completely monotone.
Since the conjecture was introduced in [7], many partial results and extensive compu-

tational experimentation have been given all in favor of the conjecture’s validity. For in-
stance, there have been variational approaches [17, 18, 34, 35], hypergeometric approaches
[23], free probability approaches [24], techniques using matrix analysis [30, 40, 52], and
most recently noncommutative sum of squares approaches [12, 29, 43, 47] that have been
combined with the technology of semidefinite programming [42]. However, despite much
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work, very little is known about the problem, and it has remained unresolved except in
very special cases. Recently, Lieb and Seiringer in [48], and as previously communicated
to us [40], have reformulated the conjecture of [7] as a question about the traces of certain
sums of words in two positive definite matrices.

Conjecture 4.3 (BMV). The polynomial p(t) = Tr [(A+ tB)m] has all nonnegative co-
efficients whenever A and B are n× n positive semidefinite matrices.

The coefficient of tk in p(t) is the trace of the sum, Sm,k(A,B), of all words of length
m in A and B, in which k B’s appear. In [40], among other things, it was noted that,
for m < 6, each constituent word in Sm,k(A,B) has nonnegative trace. Thus, the above
conjecture is valid for m < 6 and arbitrary positive integers n. It was also noted in [40]
(see also [7]) that the conjecture is valid for arbitrary m and n < 3. Thus, the first case in
which prior methods did not apply and the conjecture was in doubt, is m = 6 and n = 3.
Even in this case, all coefficients, except Tr[S6,3(A,B)], were known to be nonnegative
(also as shown in [40]). It was only recently [35], using heavy computation, that Johnson
and I showed this remaining coefficient to be nonnegative.

Much of the subtlety of Conjecture 4.3 lies in the fact that Sm,k(A,B) need not have
all nonnegative eigenvalues, and in addition that some terms within the sum defining
Sm,k(A,B) can have negative trace. This later fact was only proved recently in work with
Johnson [40], in which we disproved the conjecture [40] that all positive definite words in
two letters have positive trace.

In [34], I made progress on the conjecture with the following theorem.

Theorem 4.4. Suppose that there exist integers m′, k′ and n×n positive definite matrices
A and B such that Tr[Sm′,k′(A,B)] < 0. Then, for any m ≥ m′ and k ≥ k′ such that
m − k ≥ m′ − k′, there exist n × n positive definite A and B making Tr[Sm,k(A,B)]
negative.

Corollary 4.5. If the Bessis-Moussa-Villani conjecture is true for some exponent m0,
then it is also true for all m < m0.

Corollary 4.5 motivates a general program to solve the BMV conjecture, and there is
evidence that this approach is more than a theoretical possibility. For instance, Hägele
[29] has used this approach and Corollary 4.5 to prove the conjecture for all m ≤ 7
(and all n). Inspired by Hägele’s ideas, Klep and Schweighofer [42] used semidefinite
programming and noncommutative sums of squares techniques to prove the conjecture
for all m ≤ 13. One of their motivations was the Connes’ embedding conjecture on von
Neumann algebras [43]. It should be noted that these techniques provably fail [29] for the
difficult m = 6 case, making the appeal to Corollary 4.5 fundamental. Other work along
these lines appears in the papers of Burgdorf [12] and Landweber-Speer [47].

Another approach is to use the following theorem found in my paper [34]. It char-
acterizes the BMV conjecture in terms of the eigenvalues of the matrix Sm,k(A,B) and
resembles the Perron-Frobenius theorem for nonnegative matrices.

Theorem 4.6. Fix positive integers m ≥ k and n. Then, Tr[Sm,k(A,B)] ≥ 0 for all posi-
tive semidefinite A,B if and only if for all positive semidefinite A,B, the matrix Sm,k(A,B)
either has a positive eigenvalue or is the zero matrix.
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It follows that to prove the BMV conjecture, it is enough to show the positivity of only
one of the eigenvalues of Sm,k(A,B), rather than the sum of all of them. I propose to
continue the study of this conjecture in light of these new methods and approaches.

5. Finiteness questions in rings with infinite Krull dimension

5.1. Ideals of Algebraic Relations. In chemistry [51, 66, 67] and algebraic statistics
[22], a motivating problem is to determine the algebraic relations between experimental
measurements. In this regard, Sturmfels has asked whether, up to symmetry, there are
finitely many of them that generate the others. We discuss the mathematics of this
problem and an approach by Aschenbrenner and myself for solving it.

Fix a natural number k ≥ 1. Given a positive integer n, we denote by 〈n〉k the set of
all ordered k-element subsets of {1, . . . , n}. Let K be a field, and for n ≥ k consider the
polynomial ring Rn = K

[
{xu}u∈〈n〉k

]
. We let Sn act on 〈n〉k by

σ(u1, . . . , uk) =
(
σ(u1), . . . , σ(uk)

)
.

This induces an action (σ, xu) 7→ σxu = xσu of Sn on the indeterminates xu, which
we extend to an action of Sn on Rn in the natural way. Set R =

⋃
n≥k Rn. Note

that R = K
[
{xu}u∈〈Ω〉k

]
, where Ω = {1, 2, 3, . . . } is the set of positive integers, and

that the actions of Sn on Rn combine uniquely to an action of S∞ on R. Now let
f(y1, . . . , yk) ∈ K[y1, . . . , yk], let t1, t2, . . . be an infinite sequence of pairwise distinct
indeterminates over K, and for n ≥ k consider the K-algebra homomorphism

φn : Rn → K[t1, . . . , tn], x(u1,...,uk) 7→ f(tu1 , . . . , tuk).

The ideal Qn = ker φn of Rn determined by such a map is the prime ideal of algebraic rela-
tions between the quantities f(tu1 , . . . , tuk). An important open problem is to understand
the limiting behavior of such relations.

The ideals Qn form an increasing chain Q◦ : Qk ⊆ Qk+1 ⊆ · · · ⊆ Qn ⊆ · · · . Such chains
fail to stabilize in the usual sense; however, it is possible for them to stabilize “up to the
action of the symmetric group”, a concept we make precise below. Notice first that the
chains induced by a polynomial f are invariant under the action of the symmetric group
in the sense that

〈SmQn〉 ⊆ Qm and Rn ∩Qm ⊆ Qn for all n ≤ m.

Equivalently, the ideal Q =
⋃
n≥kQn ⊆ R is invariant under the action of S∞. The

stabilization definition alluded to above is as follows.

Definition 5.1. A chain Q◦ stabilizes if there exists a positive integer N such that

〈SmQn〉 = Qm for all m ≥ n > N .

To put it another way, accounting for the natural action of the symmetric group, the
ideals Qn are the same for large enough n. In applications, this would imply that there
are only a finite number of “test relations” to check whether a series of measurements
satisfies a hypothetical underlying model.

When k = 1, Aschenbrenner and I have shown thatR is Noetherian as anR[S∞]-module
[4], which implies that any invariant chain stabilizes. When k > 1, however, R is no longer
Noetherian, making Sturmfels’ question about stability much more subtle. In [4], we were
able to prove a special case.
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Theorem 5.2. The sequence of kernels Qn induced by a square-free monomial f ∈
K[y1, . . . , yk] stabilizes. Moreover, a bound for when stabilization occurs is N = 4k.

The proof of this result used in a special way the toric geometry that underlies this
question. This theorem provides evidence for the following conjecture.

Conjecture 5.3. The sequence of kernels induced by any monomial f ∈ K[y1, . . . , yk]
stabilizes.

We propose to settle this conjecture. A key step will be to generalize a theorem of
Camina and Evans [13]. Namely, we will give a characterization of all the S∞-submodules
of Q〈Ω〉k. We will then use this description to get precise information on the union Q of
toric ideals Qn. These results will also be of independent interest.

5.2. Symbolic Computation of Symmetric Gröbner Bases. In computational al-
gebra, one encounters the following general problem.

Problem 5.4. Let I be an ideal of a ring R and let f ∈ R. Determine whether f ∈ I.

When R = K[x1, . . . , xn] is a polynomial ring in n indeterminates over a field K, this
problem has a spectacular solution due to Buchberger [11].

Theorem 5.5 (Buchberger). Let I = 〈f1, . . . , fm〉R be an ideal of R = K[x1, . . . , xn].
Then, there is a computable, finite set of polynomials G such that for every polynomial f ,
we have f ∈ I if and only if the polynomial reduction of f with G is 0.

One remarkable feature of this result is that once such a Gröbner basis G for I is found,
any new instance of the question “Is f ∈ I”? can be solved very quickly. Theorem 5.5
forms the backbone of the field of computational algebraic geometry.

We study a different but related membership problem Let X = {x1, x2, . . .} be an
infinite collection of indeterminates, indexed by the positive integers, and let S∞ be the
group of permutations of X. For a positive integer N , we will also let SN denote the set of
permutations of {1, . . . , N}. Fix a field K and let R = K[X] be the polynomial ring in the
indeterminates X. The group S∞ acts naturally on R: if σ ∈ S∞ and f ∈ K[x1, . . . , xn],

(5.1) σf(x1, . . . , xn) = f(xσ1, . . . , xσn) ∈ R.

We motivate our discussion with the following concrete problem. Questions of this
nature arise in applications to chemistry [51, 66, 67] and algebraic statistics [22].

Problem 5.6. Let f1 = x3
1x3 + x2

1x
3
2 and f2 = x2

2x
2
3 − x2

2x1 + x1x
2
3 and consider the ideal

I = 〈S∞f1,S∞f2〉R of R = K[X] generated by all permutations of f1 and f2. Is the
following polynomial involving 10 indeterminates in I?

f = −x2
10x

2
9x

6
5 − 2x2

10x9x
3
8x

5
5 − x2

10x
6
8x

4
5 + 3x2

10x
2
8 + 3x2

10x7 + 3x10x9x7x
3
4x

2
3x

2
2x1

+ 3x10x9x7x
3
4x

2
3x

2
1 − 3x10x9x7x

3
4x

2
2x

2
1 − x2

9x
7
8x7x6x

6
5 − 2x9x

10
8 x7x6x

5
5

+ x9x
3
5x3x2x

3
1 + x9x

3
5x

4
2x

2
1 + x9x3x

3
2x

4
1 + x9x

6
2x

3
1 − x1

83x7x6x
4
5 − 3x2

8x7

+ x2
7x6x

3
3x

7
2 + x2

7x6x
3
3x

5
2x1 − x2

7x6x3x
7
2x1 + x5x

2
4 − 3x5x

2
3 + 2x5x

2
1 + x2

4x
2
3

− 2x2
3x

2
1 + 5x3x

5
1 + 5x3

2x
4
1.
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Naively, one could solve this problem using Buchberger’s algorithm with truncated
polynomial rings Rn = K[x1, . . . , xn]. Namely, for each n ≥ 10, compute a Gröbner
basis Gn for the ideal In = 〈Snf1,Snf2〉Rn , and reduce f by Gn. There are several
problems with this approach. For one, this method requires computation of many Gröbner
bases (the bottleneck in any symbolic computation), the number of which depends on the
number of indeterminates appearing in f . Additionally, it lacks the ability to solve new
membership problems quickly, a powerful feature of Buchberger’s technique.

Building on our work in [4], Aschenbrenner and I have been developing an algorithm
that solves the general membership problem for symmetric ideals (such as those appearing
in Problem 5.6) and has all of the important features of Buchberger’s method. It is the
first algorithm of its kind that we are aware of. We develop some notation.

Let R[S∞] denote the (left) group ring of S∞ over R with multiplication given by
fσ · gτ = fg(στ) for f, g ∈ R and σ, τ ∈ S∞, and extended by linearity. The action (5.1)
naturally gives R the structure of a (left) module over the ring R[S∞]. An ideal I ⊆ R
is called symmetric if S∞I := {σf : σ ∈ S∞, f ∈ I} ⊆ I. Symmetric ideals are then
simply the R[S∞]-submodules of R.

We will also use the following notation. Let B be a ring and let G be a subset of
a B-module M . Then 〈f : f ∈ G〉B will denote the B-submodule of M generated by
the elements of G. For instance, the invariant ideal I = 〈x1, x2, . . .〉R, as a module over
the group ring R[S∞], has the compact presentation I = 〈x1〉R[S∞]. The results of [4]
generalize this simple example and imply a surprising Noetherianity of the module R.

Theorem 5.7. Let I be a symmetric ideal of R. Then, I is finitely generated as a module
over R[S∞]. Moreover, there is finite set of polynomials G such that for every polynomial
f , we have f ∈ I if and only if the polynomial reduction of f with G is 0.

The polynomial reduction appearing in Theorem 5.7 is a symmetric modification of the
reduction in the context of normal (finite dimensional) polynomial rings.

Example 5.8. The ideal I = 〈x3
1x3 + x2

1x
3
2, x

2
2x

2
3 − x2

2x1 + x1x
2
3〉R[S∞] from Problem 5.6

has a symmetric Gröbner basis given by:

G = S3 · {x3x2x
2
1, x

2
3x1 + x4

2x1 − x2
2x1, x3x

3
1, x2x

4
1, x

2
2x

2
1}.

Once G is found, testing whether a polynomial f is in I is computationally fast; for
instance, one finds that f ∈ I for the polynomial encountered in Problem 5.6. �

My work with Aschenbrenner has focused on developing a theoretical framework for
an algorithm we discovered that finds the set G in Theorem 5.7. This involves a new
and important partial order on monomials that respects the action of the symmetric
group. We aim to make our techniques computationally effective, and we will apply them
to the important finite dimensional situation. Many researchers in this field have been
interested in incorporating our methods for computing Gröbner bases with symmetry
because traditional techniques remove such structure. We also aim to generalize our
results to other group actions and rings.

6. Gröbner Basis and Combinatorics

6.1. Graphs and Commutative Algebra. In recent years, it has been fruitful to study
questions on graphs using commutative algebra. Let G be a simple, undirected graph
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with vertex set V = {1, . . . , n} and edge set E. Fix a positive integer k < n, and let
Ck = {c1, . . . , ck} be a k-element set. Each element of Ck is called a color. A (vertex)
k-coloring of G is a map ν : V → Ck. We say that a k-coloring ν is proper if adjacent
vertices receive different colors; otherwise ν is called improper. The graph G is said to be
k-colorable if there exists a proper k-coloring of G. Let R = C[x1, . . . , xn], and consider
the following ideals of R:

In,k = 〈xki − 1 : i ∈ V 〉,
IG,k = In,k + 〈xk−1

i + xk−2
i xj + · · ·+ xix

k−2
j + xk−1

j : {i, j} ∈ E〉.

The zeroes of In,k and IG,k represent k-colorings and proper k-colorings of the graph
G, respectively. The idea of using roots of unity and ideal theory to study graph coloring
problems seems to originate in Bayer’s thesis [5], although it has appeared in many other
places, including the work of de Loera [20] and Lovász [50]. These ideals are important
because they allow for an algebraic formulation of k-colorability. Versions of the following
theorem appeared in [2, 5, 20, 50, 53].

Theorem 6.1. The following statements are equivalent:

(1) The graph G is not k-colorable.
(2) dimCR/IG,k = 0.
(3) The constant polynomial 1 belongs to the ideal IG,k.
(4) The graph polynomial fG belongs to the ideal In,k.

This theorem gives rise to algorithms [39] for determining k-colorability of a graph
that are different from the traditional ones that use deletion and contraction. In [39],
Windfeldt and I refined Theorem 6.1 and gave an algebraic characterization of uniquely
colorable graphs. This provided us with algorithms to verify a counterexample of Akbari,
Mirrokni, and Sadjad [1] to Xu’s conjecture [71].

Independently, de Loera et al [21] have been studying complexity questions related to
Gröbner bases and combinatorial optimization problems, such as graph colorings. The
condition that 1 ∈ IG,k can be checked by a Gröbner basis calculation, but the speed of this
calculation is intimately related to the sizes of the degrees in a Nullstellensatz certificate.
General theory says that this complexity is doubly exponential in the number of vertices
n. However, for the special situation encountered here, there is much evidence to suggest
that the complexity is only singly exponential. This would explain our experimental
findings in [39]. Moreover, a careful implementation would allow for the computation of
the chromatic numbers of large graphs, a significant advance.

I have begun working on this complexity problem with the team of de Loera, Margulies,
and Woo. Our first approach will be to step through the papers of Sombra [70] and Kollár
[44] for our special class of ideals. The hope is that some of the estimates in these works
can be improved when the ideals come from graphs. We will also perform a similar
inspection of the recent algorithmic advances on Castelnuovo-Mumford regularity [31],
which is an important invariant measuring the complexity of an ideal. This theoretical
work will be accompanied by a series of large-scale computations, which we will use to
test our conjectures. In the process, we will develop a suite of tools that will be made
available for other researchers working on symbolic computation and graph theory.
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6.2. Gröbner Bases and Partial Sums of Catalan Numbers. The Casas-Alvero
conjecture says that the following are equivalent for a degree d monic polynomial f ∈ C[x]:

(1) f(x) = (x− b)d for some b ∈ C.

(2) gcd(f, d
if
dxi

) 6= 1 for all k = 1, . . . , d− 1.

For certain classes of degrees (for instance, prime powers), this result is known to be true
[10]. Garcia and I have been studying this conjecture from the perspective of commutative
algebra and Gröbner bases. Clearly (1)⇒ (2), and so the conjecture is (2)⇒ (1). Fix d
and let r1, . . . , rd be indeterminates. Also, set fd(x) = (x− r1) · · · (x− rd). Consider the
polynomials in Z[r1, . . . , rd],

sk = Res(fd, f
(k)
d ), k = 1, . . . , d− 1,

in which f
(k)
d is the kth derivative of fd with respect to x. The conjecture may be

reformulated in terms of the ideal Id = 〈sk : k = 1, . . . , d− 1〉 and its variety:

Conjecture 6.2. For the ideals Id, we have V (Id) = {(r, r, . . . , r) ∈ Cd : r ∈ C}.

Unfortunately, this ideal is very complicated [10], and so Garcia and I made a relaxation.
Let Jd be the ideals generated by the following polynomials:

tk = Res(x− r1, f
(k)
d ), k = 1, . . . , d− 1.

In this case, it is readily verified that an analog of Conjecture 6.2 holds. We have some
ideas for using the information gained from studying the ideals Jd. For instance, we hope
to induct on the integer l in a relaxation that replaces (x − r1) with (x − r1) · · · (x − rl)
in the definition of tk. The ideals Jd then form the base case in this approach.

It turns out that the collection of Jd are very interesting combinatorially. For instance,
choosing the lexicographic ordering on monomials in r1, . . . , rd and computing the reduced
Gröbner basis Gd for each Jd, one finds that it consists of homogenous polynomials and
that |Gd| is identical (up to d = 12) to an interesting combinatorial sequence of numbers
{1, 2, 4, 9, 23, 65, 197, 626, . . .}, the partial sums of the Catalan numbers. Let Cd = 1

d+1

(
2d
d

)
denote the dth Catalan number. Then, we conjecture the following.

Conjecture 6.3. For the Gröbner bases Gd, we have |Gd| =
∑d−1

i=0 Cd.

We have much evidence for this conjecture. For instance, we have determined an
algorithm that (conjecturally) generates the leading monomials in Gd. We also found a
way to index the monomials generated by this algorithm, and we have proved that they
are in combinatorial bijection with partial sums of Catalan numbers. The next step in
our approach is to match the steps in this algorithm with the sequence of S-polynomial
reductions that occur in a Gröbner basis calculation of the ideals Jd.

The phenomenon found in Conjecture 6.3 appears to be new, although Aval-Bergeron-
Bergeron have also recently discovered an ideal having similar combinatorial structure
that occurs naturally when computing the dimension of a quotient ring of quasisymmetric
functions [6]. As in our case, they sought a bijection between the combinatorial objects
they were studying and steps in a Gröbner basis calculation. Garcia and I also plan to
investigate if there is a quotient ring of dimension |Gd| hiding in our work.
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[66] E. Ruch, A. Schönhofer, Theorie der Chiralitätsfunktionen, Theor. Chim. Acta 19 (1970), 225–287.
[67] E. Ruch, A. Schönhofer, I. Ugi, Die Vandermondesche Determinante als Näherungsansatz für eine
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