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Xvi HENRY MCKEAN

The signi cance of McKean's work

Henry McKean has championed a unique viewpoint in math@satiith
good taste and constant care toward a balance between thiacat@nd the
concrete. His great in uence has been felt through both bidipations and his
teaching. His books, all of which have become in uentialn de recognized
by their concise, elegant and ef cient style.

His interests include probability theory, stochastic ps®es, Brownian mo-
tion, stochastic integrals, geometry and analysis of aladtfferential equations,
with emphasis on integrable systems and algebraic cuhvets, functions, Hill's
equation and nonlinear equations of the KdV type. He alsoan@isneer in the
area of nancial mathematics before it became a househotd wo

The importance of stochastic models in modern applied madties and
science cannot be overestimated. This is well documentedebkarge number
of diverse papers in this volume that are formulated in alsietic context.
Henry McKean was one of the early workers in the theory ofdiffn processes,
as documented in his classic work with Ko |Diffusion Processes and Their
Sample PathgSpringer, 1965). This was followed by h&tochastic Integrals
(Academic Press, 1969). This book led the way to understgntlie close
connections between probability and partial differergigliations, especially in
a geometric setting (Lie groups, Riemannian manifolds).

On January 6, 2007, McKean was awarded the Leroy P. Steele feriLife-
time Achievement, presented annually by the American Matigal Society.
The prize citation honors McKean for his “rich and magni tenathematical
career” and for his work in analysis, which has a strong d¢gition towards prob-
ability theory; it states further that “McKean has had a puwfd in uence on his
own and succeeding generations of mathematicians. Iniexlditthe important
publications resulting from his collaboration wittdJtMcKean has written sev-
eral books that are simultaneously erudite and gems of mmattieal exposition.
As his long list of students attest, he has also had enormupedt on the careers
of people who have been fortunate enough to study under t@stitin.”

McKean's published work includes ve books and more than agiles, in
such journals as th&nnals of Mathematic#cta Mathematicandlnventiones
Mathematicagto name a few. To illustrate the richness of the mathematcs
has been involved with, we take a brief look at publishedewsi of his books
and then discuss the main threads of his research articlsstjgct.

1. Diffusion Processes and Their Sample Patfwith Kiyosi Itd). Grundlehren
der mathematischen Wissenschafigth, Springer, New York, 1965; second
(corrected) printing, 1974; reprinted @lassics in Mathemati¢s.996.
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We adapt the comments by T. Watanabéviathematical Reviewd-eller's
work on linear diffusion was primarily of an analytic chatexc This spurred
some outstanding probabilists (including the authorseastablish Feller's re-
sults by probabilistic methods, solving some conjectufdsetier and studying
profoundly the sample paths of one-dimensional diffusibneir purpose is to
extend the theory of linear diffusion to the same level ofensthnding which
Paul Levy established for Brownian motion. This is completelylizeal in this
book by combining special tools such as Brownian local tinith the general
theory of Markov processes. This book is the culmination t#rayear project
to obtain the general linear diffusion from standard Brawmnimotion by time
change and killing involving local times.

On the occasion of the book's republishing in Spring€Htassics in Mathe-
maticsseries, the cover blurb could boast without the least exagjga: “Since
its rst publication ... this book has had a profound and ety in uence
on research into the stochastic processes associatediffitbiah phenomena.
Generations of mathematicians have appreciated theyct#rthe descriptions
given of one or more dimensional diffusion processes andrththematical
insight provided into Brownian motion.”

2. Stochastic Integrals.Academic Press, New York, 1969.

From comments by E. B. Dynkin iMathematical ReviewsThis little book
is a brilliant introduction to an important interface beemethe theory of prob-
ability and that of differential equations. The same subjeas treated in the
recent book of I. I. Gihman and A. V. Skorokhod. The authodskis smaller,
contains more examples and applications and is therefooh imetter suited for
beginners. Chapter 1 is devoted to Brownian motion. Chaptdeals with
stochastic integrals and differentials. Chapter 3 death wne-dimensional
stochastic integral equations. In Chapter 4, stochastagial equations on
smooth manifolds are investigated. Winding properties lah@r Brownian
motion (about one or two punctures) are deduced from theysiti@rownian
motion on Riemann surfaces. The last three sections ar¢atbtmconstructing
Brownian motion on a Lie group, starting from Brownian maotan the Lie alge-
bra. by means of the so-called product integral and the MajtDynkin results
about Brownian motion with oblique re ection. In treatinyet applications of
stochastic integrals, the author frequently explains thindeas by means of
typical examples, thus avoiding exhausting generalifidgs remarkable book
will be interesting and useful to physicists and engineespécially in the eld
of optimal control) and to experts in stochastic processes.
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3. Fourier Series and Integrals(with Harry Dym). Academic Press, New York,
1972.

Elliot Lieb of Princeton University wrote: “In my opinionhé book of Dym
and McKean is unique. It is a book on analysis at an intermedevel with
a focus on Fourier series and integrals. The reason the Isookique is that
books on Fourier analysis tend to be quite abstract, or kg are applied
mathematics books which give very little considerationheary. This book is
a solid mathematics book but written with great uency andhgnaxamples. In
addition to the above considerations, there is also thethattthe literary style
of the authors is excellent, so that the book has a readathibit is rarely found
in mathematics books, especially in modern texts.”

4. Stationary Gaussian Processeg@vith Harry Dym). Academic Press, New
York, 1976.

From comments by S. Kotani iMathematical Reviews!This is a mono-
graph on stationary Gaussian processes in one dimensi@en @imean zero
Gaussian processt/, t 2 R, one may ask the following questions: (i) to predict
the future given the past < t < 0; (ii) to predict the future given the nite
segment of the past2T < t < 0; (iii) to predictx.t/ for jtj < T givenx.t/ for
jtj> T; (iv) the degree of dependence of the future on the pasthésiégree of
mixing of the procesx.t/. This book contains a clear and concise introduction
to the subject, often original presentations of known ftissaladdition to several
new results. The solution to problem (i) goes back to Kolntogowhile the
solution of (iii) is due to M. G. Krein in 1954. The authorswerk the solution
of Krein and from that point they completely solve problein (They also make
important contributions to the understanding of probleiwsgnd (v).”

5. Elliptic Curves: Function Theory, Geometry and Arithmetiqwith Victor
Moll). Cambridge University Press, Cambridge, 1997.

From W. Kleinert's review inZentralblatt fir Mathematik “Altogether, this
highly non-standard textbook provides the reader with .deep insight into
historically known mathematical interrelations and referes to modern devel-
opments in the analysis, geometry and arithmetic of etliptirves. The book
re ects the authors' profound knowledge and deep devotmithe historical
development of the theory of elliptic curves. In these days certainly very
pro table for the mathematical community to have such a bantong the in-
creasing number of others on the subject ... this book is nbt a perfect
primer for beginners in the eld, but also an excellent seufar researchers in
various areas of mathematics and physics.”

Peter Sarnak agrees: “Very unusual in covering the impbespects of el-
liptic curves (analytic, geometric and arithmetic) andirtlag@plications —in a
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single reasonably sized volume. This account of the subjethe style of the
original discoverers is, in my opinion, the best way to pnésee material in an
introductory book.”

Works by subject

Given his wide spectrum of interest, it is dif cult to sumnme McKean's
contributions in a few paragraphs. We mention some of thecfpal themes:

Questions in the theory of probability and stochastic psses beginning with
Brownian motion and leading to the completion of W. Fellgulogram, to
found the theory of one-dimensional diffusion on a prohstid basis rather
than the analytical foundation (Hille—Yosida theorem)ttvas standard before
the 1950s. One probabilistic approach is to use the natoedé sand speed
measure to obtain the diffusion process directly from Brianrmotion. This
approach is well documented idkMcKean. The other approach is to develop
Itd's theory of stochastic differential equations (SDE) tdaid the diffusion as
the image of a Brownian motion process via a nonlinear maptsiat de nes
the solution operator of the SDE. This approach, which wedgsally well in
higher dimensions, is well documented in Bigchastic Integrals

Geometry and analysis of partial differential equationspecially integrable
systems and algebraic curves, theta functions and Hilllsagign Hill's equa-
tion is the one-dimensional Séitinger equation

yoCqx/yD vy

where the potential function.x/ is periodic. The spectrum of the operator
L D d?=dx? C q associated to such an equation is generally made up of
an in nite number of intervals. But it can happen that, inilimg cases, the
spectrum is formed of a nite number of intervals and an in nite interval

> ,,. For which potentials does this occur? Several authors bhge/n
that this phenomenon requires that the potential be a salofisome auxiliary
differential equations. Then Peter Lax showed in 1972/1®¢drelation with
certain solutions of the KdV equation. McKean and van Mokebsolved the
problem by establishing a close relation with the classtoti of hyperelliptic
functions. Then McKean and Trubowitz in 1976/1978 exterttledesults to the
casen D1 , showing that the periodic spectrum of the Hill operatomnigite.
This work proved to be the starting point of a series of newettggments asso-
ciated with the names of McKean and Trubowitz, Feldmamer, Krichever
and Merkl.
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Geometry of KdV equation3he Korteweg—de Vries equation

@ @ 2@3
describes the propagation of a wayex;t/ in a shallow canal. It has certain
common features with other nonlinear partial differenéglations: KdV has
the structure of the equations of Hamiltonian dynamicsag bertain “solitary
solutions” rather than wave train solutions; nally, it hasich set of constants
of motion related to the spectra of certain associated amsatThese equations
appear as “isospectral deformations” of some natural opexaThis series of
articles, devoted to the geometry of KdV, is based on toamfalgebraic ge-
ometry (in dimensiorl ), especially hyperelliptic curves, their Jacobians,ahet
functions and their connections with the spectral theoriditis equation.

Nonlinear equations.The nonlinear equations that interested McKean are the
classical commutation relations

@
— D E;Ks;
@

wherelL is a differential operator of rst order whose coef cientsea? 2
matrices of clas€! and whereK is an antisymmetric operator of the same
type. The KdV equation

@ @ 2@3
is of this type wherd. is the Hill operator

LWD Cuaq;
K wzD® 3.9D C Dg/;

whereD D @=@and D D?2. In addition to these equations, McKean studied
the sine-Gordon equation

@DQ Sinq
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and the equations of Boussinesq and Camassa—Holm, wriggpectively, as
Gy, @ 4,100 .
@ @ 3 3@2?
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Financial mathematicsln 1965, following a suggestion of the economist Paul
Samuelson, McKean wrote a short article on the problem oféAoan options”.
This was rst published as an appendix to a treatise by Sasonebn nancial
economics. It anticipated by eight years the famous Blacke&s—Merton for-
mula. In this paper, McKean shows that the price of an Amaragation can be
computed by solving a free boundary problem for a parabealitigd differential
equation. This was the rst application of nonlinear pdrigferential equations

in nancial mathematics.

Some personal tributes

Paul Malliavin: In 1972 | was working in the theory of functions of several
complex variables, more speci cally on the charactermatf the set of zeros of
a function of the Nevanlinna class in a strictly pseudo-esrdomain ofC". In
the special case of the ball, by using semisimple harmordtyais, | computed
exactly the Green function and obtained the desired chenaation. For the
general case | was completely stuck; | looked at the canbhiat equation
associated to an exhaustion function; a constructive toevaluate the Green
function near the boundary was urgently needed. Then lestda study Id's
papers on SDEs; their constructive essence seemed to necagpitopriate for
this estimation problem.

Then McKean'sStochastic Integralappeared: | was fully rescued in my
efforts to grasp from scratch the theory of SDEs. McKean'skbs short,
with carefully written concrete estimates; it presentshvdparkling clarity a
conceptual vision of the theory. In a note in tReoceedings of the National
Academyl found the needed estimate for the Green function. Fromether
started to study the case of weakly pseudoconvex domairesewtypoelliptic
operators of Brmander type appeared; from that time onward (for the taityt
years) | became fully involved in probability theory. So eihas had a key
in uence on this turning point of my scienti c interests.

From the middle seventies Henry has kindly followed thealdht steps of
my career, supporting me at every occasion. For instancenwhvas in the
process of being red from UnivergtParis VI in 1995, he did not hesitate to
cross the Atlantic in order to sit on a special committee cigy constituted
by the president of Univerg&tParis VI, in order to judge if my current work
was then so obsolete that all the grants for my research iags®dad to be
immediately eliminated.

With gratitude | dedicate our paper to Henry; also with a@widn, discover-
ing every day more and more the breadth and the depth of l@stsciimpact.
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Daniel Stroock: | have known Henry since 1964, the year he visited Rocke-
feller Institute and decided to leave MIT and New Englandtfar city of New
York.

| do not know any details of Henry's childhood, but | have a fewpressions
which | believe bear some reasonable resemblance to the tdenry was the
youngest child of an old New England family and its only soe.dtlew up in the
North Shore town of Beverly, Massachusetts, where he dpedla lasting love
for the land, its inhabitants and the way they pronouncedetigdish language.
| gather that Henry was younger than his siblings, so he ézhito fend for
himself from an early age, except that he was taught to skiidgldest sister,
who was a superb athlete. He was sent to St. Paul's for highoserhere, so far
as | know, his greatest distinction was getting himself &ttlout for smoking.
Nonetheless, he was accepted to Dartmouth College, wheder the in uence
of Bruce Knight, he began to develop a taste for mathemaltitsinterests in
mathematics were further developed by a course which he doeksummer
from Mark Kac, who remained a lasting in uence on Henry.

In fact, it was Kac who invited Henry to visit and then, in 1966ove to
Rockefeller Institute. Since | nished my PhD the spring dref Henry joined
the faculty, | do not know many details of life in the Rockéfelmathematics-
physics group during the late 1960s. However | do know ongystom that
period which, even if it's not totally true, nicely portray#enry's affection for
Kac, the founding father of the Rockefeller Mathematics &épent. As such,
it was his job to make it grow. For various reasons, not thetlewhich was
his own frequent absence, Kac was having limited succedsisnenterprise;
at one faculty meeting Kac solicited suggestions from hisnger colleagues.
Henry's suggestion was that they double Kac's salary in or@éave him there
on a full-time basis.

Henry's mathematical achievements may be familiar to aeywho is likely
to be reading this book, with one proviso: most mathematgido not delve
into the variety of topics to which Henry has contributed.id&sfrom the con-
stant evidence of his formidable skills, the property stidrg all of Henry's
mathematics is a strong sensdaste Whether it is his early collaboration with
Itd, his excursion into Gaussian prediction theory, or hisriggt in completely
integrable systems and spectral invariance, Henry hasohmeblems because
they interest him and please his sense of aesthetics. Aslg lds mathematics
possesses originality all of its own, and a beauty that tsieafaus can appreciate.
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Srinivasa Varadhan, former director of the Courant Insitute: Henry has been
my colleague for nearly thirty- ve years. | have always beéepressed by the
number of students Henry has produced. | checked the Geyyeploject. It
lists him with nearly fty students. It is even more impregsihat he has nearly
three hundred descendants, which means he has taughtdéatshow to teach.

Henry is known for meticulous attention to detail. When Daro&ck and |
wrote our rst paper on the martingale problem we gave theusaript to Henry
for comments. The paper was typewritten, before the daysoodl \wrocessors
and xerox machines. Henry gave it back to us within days aeadctmments

lled out all the empty space between the lines on every page typist was
not amused.

Henry's own work drifted in the seventies out of probabilibeory into in-
tegrable systems and then back again at some point into tiyparalking to
Henry about any aspect of mathematics is always fun. He hay interesting
but unsolvable problems and will happily share them with.yilblicome across
a cute proof of something Henry is the rst one | will think alling.

Charles Newman, member and former Director of the Courant Institute:
Henry's earliest papersdfin. Math.1955) concerned sample functions of sta-
ble processes, together with several papers on Browniai tooe . Math.
Kyoto 1962, Adv. Math. 1975). These topics and the general subject of one-
dimensional diffusions were of course analyzed in greaitiet Henry's cele-
brated 1965 book with & | mention these all because they play a major role in
my own much later work (jointly with Fontes and Isopinn. Prob.2002) on
scaling limits of random walks with random rates to singw#fusions (with
random speed measures).

There are a number of other connections between papers of'sland my
own —typically with a multidecade gap. For example, there eose con-
nections between Henry's paper “Geometry of differentgce” Ann. Prob.
1973) and my 2003 paper with D'Aristotile and Diaconis, “Brtian motion
and the classical groups”.

The paper by Camia and myself in this volume is less direalgted to
Henry's work. However, the general subject of Schramm-Lwewevolutions,
to which our paper belongs, combines many of the same thdratgsave perme-
ated Henry's work: Brownian motions and related processasiplex variable
theory, and statistical mechanics.



