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1. One hundred ants are placed on a stick one meter long. Each
ant begins to travel either to the left or to the right at a constant
speed of one meter per minute. When two ants meet, they bounce
off and reverse direction while maintaining their speed. When an
ant reaches either end of the stick it falls off.

What is the longest amount of time one must wait to be sure that
the stick is completely ant-free?

Comment: We saw this on Ravi Shankar’s puzzle mailing at the
University of Oklahoma and he found it on Francis Su’s Math Fun
Facts web site at Harvey Mudd College.

2. Let n be a positive integer. (a) Show that some multiple of n has
only 0’s and 1’s in its ordinary base 10 representation. (b) Show
that some multiple of 2n has only 1’s and 2’s in its base 10 repre-
sentation.

Comment: This problem will appear in a forthcoming book Math-
ematical Puzzles: a Connoisseur’s Collection, by Peter Winkler,
published by A K Peters, expected to be available early in 2004.
The first puzzle is due to Muthu Muthukrishnan, and the second
appeared on the First All Soviet Union Mathematical Competition
in 1967.

3. How many disks of diameter 1 fit in a 2×N rectangle?

Comment: This problem is from The Inquisitive Problem Solver
(published by the MAA), edited and translated by Paul Vaderlind,
Richard Guy, and Loren Larson from a Swedish problem book.

4. A chess game ends on White’s sixth move, which is g×f8N,
checkmate. (This means that a pawn on KN7 captures a piece on
KB8 — the home square of the Black king’s bishop — promoting
to a knight and checkmating.) Reconstruct the game.

Comment: Richard Stanley and Noam Elkies are working on a
book on mathematical aspects of chess, and a preview/teaser ap-
peared in the Winter 2003 Mathematical Intelligencer. This is ap-
parently the longest known game in which the last move uniquely
determines the game.

5. We have a circular key chain and want to color the keys, using
as few colors as possible, so that each key can be identified by the
color pattern — that is, by looking at they key’s color and neighbor-
ing colors as far away as needed. Let f(n) be the minimal number
of colors required to uniquely disambiguate a circular key chain of
n keys in this way. Determine f(n) for all positive integers n.

For instance, for n = 4 the diagram on the right shows that three
colors suffice — the keys can be identified as green, blue, red next
to green, red next to blue. By checking cases one sees that two
colors is impossible (key rings can be flipped over, so references
to left, right, clockwise etc. are forbidden). All in all, we conclude
that f(4) = 3.

Comment: We learned of this problem from Stan Wagon, who in-
cluded it in his book Which way did the bicycle go?; it was origi-
nally due to Frank Rubin in the Journal of Recreational Math.
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6. A read-only array of length n contains entries a[1], a[2], . . . ,
a[n] all taken from the set {2, . . . , n}. By the pigeonhole principle
there is a duplicated element (at least one).

(a) Assume that there is exactly one duplicated entry. Find an algo-
rithm (e.g., a program in your favorite programming language) that
takes this array as input and then prints out the duplicated value.
The program cannot modify the input array. It should run in linear
time, and it should use a constant amount of storage words (each
capable of storing integers up to n).

(b) Write a program, subject to the same constraints, that prints a
duplicated element, without making any assumptions on the num-
ber of duplicated entries. This program, too, is forbidden from
modifying the input, should run in linear time, and should use con-
stant extra space.

Comment: Part (b) seems to be a lot harder than part (a), and it
apparently requires entirely different techniques. We learned of
problem (b) from Eric Roberts, who heard it at a SIGCSE meeting
in Greece this summer. (Readers aware of earlier sources can share
that information by sending email to berlek@math.berkeley.edu or
jpb@reed.edu.)

Solutions will be posted in the near future at the Emissary web
page, http://www.msri.org/publications/emissary/.
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