In threedimensims to useX-rays in all possibledirectiors is not
practical. Moreover, sincethe manifold of linesin is four di-
mensiorl, while the object underinvestigdion is a function of
threevariales, it shouldsufce to restrictthe measurmentsto a
three-dmensiond submanibld of lines. A naturalcaseof a three
dimensiomal setof linesarethelinesmeetinga spacecurvein
thisis motivatedby thetomagraphic scannedesignwhereinan X-
ray sour@ movesonatrajectoy in spaceandfor eachsourcepoint
measurerantsare madeon a two-dmensionaldetector Local to-
mographyandthe studyof singularitiesfor this morecomgicated
caseis reviewed in [FLU].

In the bodk [U] thereareseveral otherchaptes whereMA is ap-
plied to inverseproblerns. Maartende Hoop sureys applicatiors
to re ection seismology AndrasVasyto inverse mary-body scat-
tering; ClaudeBardosto the analysisof time reversal mirrors; and
VesselinPetlov andLucheza Stojana to inverseobstaclescatter
ing. Applications of MA to Calderd's problemis givenin [GLU].

A topic of active researchin the inverseproblemssemestewas
SyntheticApertue RadafSAR). In this imagingmethod an an-
tenna(on aplaneor satellite) ies alonga path. Theantennamits
pulsesof electromagneticradiation in a directedbeamperpendic-
ularto the ight path. Thesewavesscatteroff theterrain,andthe
scatteredvavesaredetectedvith the sameantenm. Thereceived
signalsarethenusedto prodice highresolutionimagesesof the
Earth'sterrain. Applicatiors of MA to SAR aregivenin thepapes
[CN] and[BC].
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Bouncin g Ball Modes and Quantum Chaos

The quantum/classicatorrespondaceis a puzding issuethathas
beenwith us sincethe adwent of quartum mechaics a hurdred
yearsago. Many aspectof it go backto the Newton/Huyghers
debateoverthewave vs. corpusculartheoriesof light.

On the surface of our existencewe live in a world governed by
laws of classicalphysics. Thatdoesnot meanthatwe know pre-
cisely how uids ow or solids move. They are describedby
highly nondinear ruleswhich arehardto unravel mathematically
Even the simplestclassicalmotion that of a ball bourting elas-
tically from con ning walls posesmary unanswegd questions—
seehttp:/www.dynamical-systemsrg/illiard/ for a fun introduc-
tion.

If weinvestigae deeperor if we simply useany moden technical
device, we comein contactwith quantun mechanics.lt is gov-

ernedby a different setof ruleswhich mix wave andmatter The
simplestdescriptionof a wave comes from solvingthe Helmholtz
equatia:

1)

Here we put our wave inside of a two dimensioml region

In classicalwave mechanis the limit is describedus-
ing geonetrical optics wherethe waves propagatealong straight
linesre ecting in thebourdary . Roughy speaking we ex-
pect somethirg similar in the classical/quantuntorrespondace

NicolasBurq and Maciej Zworski

with the Helmholtz equationrepla@d by its quantun mechani-
cal version the Schrddnger equation For mary fascinatingil-

lustratiors of this we refer to the web art gallery of Rick Heller:
http:/www.eiricjhellergdlery.com.

Many researchrs on different aspectsof semiclassicabnalysis
have beeninterestedn thethe correspondene of solutionsto the
equaion above andthe classicalgeonetry of ballsbouncing from

An exper imental image of bouncing ball modes in a Buni-
movich stadium cavity. For more details see [CH96] and
http:/ /www .bath.ac.uk/ ~pyscmd/ acoustic s. With a bit of
imagination one can see that the mode has presence in the
wings of the table, which iswhat our theorem belo w requires.



the walls of : Bé&clker, Cvitanovi¢, Eckhadt, Gaspard Heller,
Sridhar in physics, and Colin de Verdiére Melrose, Sjéstrand,
Zelditch,in mathenatics,to menticn some(se€g[BS] for references
to the physicsliterature,and[Ze] for mathemécs).

Billiard tablesfor which the motion is chaoticare a particdarly
interestingmockl to study One of the mostfamousis the Buni-
movich billiard table( gure). By addirg two circular “wings” to
arectanglar tablethe motion of are ecting billiard ball becoms
chaotic,or more precisely hyperbdic, in the sensethat changs
in initial condtions leadto exponentiallylarge changsin motion
astime goeson. (Onewould probably not wantto play billiards
on atablelike that, and a comgetely integrable rectanglar one
canposeenaigh of a challenge. While discussingbilliards and
theclassical/quanturnorrespadene we canna resistmentionirg
that Pyotr Kapitsa,PhysicsNobel Prize 1978, wasfond of saying
that trying to detectthe quantum natureof physical processesit
room temperatee waslik e trying to investigatethe physical laws
governing the collision of billiard balls on a table aboad a ship
goingthroughrough seas.)

As a modelfor studyingquantun pheromenain chaoticsystems
this billiard tablehasbecone popular in experimentalphysics. A
genunely quartum exampleis shovn at the top of the next page.
It comesfrom the scanningunrelling microscge work of Eigler,
Crommie,andothes.

One questionstill mysterios to mathenaticiansand physicists
alike is if the statesof this system(thatis, solutionsof the equa-
tion above) can concetrate on the highly ustableclosed orhits
of the classicalbilliard. Quantumunique ergodicity statesthat
there is no such concentation
(see [Ze] and referencesgiven
there). In the arithmetic case,
thatis for billiards givenby arith-
metic surfaceswherethe motion
is given by the geodsic ow,
spectaculaadvarces have been
recently achieved by Bourgain,
LinderstraussandSarnakwhile
for the popudar quantization of
the Arnold cat map impres-
sive results were produced by
Bonechi,De Bievre, Faure,Non-
nenma&her, Kurlberg and Rud-
nik. Herewe describeanelemen-
tary but striking result obtained
by theauthos at MSRI [BZ2].

For a state what mat-
ters is its probability density
(weassume

is normalizedsoits integral over

is 1). We saythatit is bourded
from below in aregion if its inte-
gral over that region is bourded
from below by a positive con-
stant. With this termimology we
have, rougHy, thisresult:

Theorem. For any normalizedstateof the Bunimovich billiard ta-
ble, the probahlity densityin any neighbourhad of the wings of
the table is bourded from below indepenlently of the enegy

appearingin (1).

In particular theresultsaysthatsinglebouncingball orbits (thatis
orhits following aninterval pergendicularto thehorizontal straight
boundaries)canrot produce localizedwaves. Our result allows
conentrationon the full invariant setof all vertical orbits over
—that is consistentwith the existing physical literature, both
nunericalandexpelimental;see[BS] and[CH96].
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Quantum corral in the shape of the Bunimovich stadium. Courtesy IBM Research.



