
In threedimensions to useX-rays in all possibledirections is not
practical. Moreover, sincethe manifold of lines in
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is four di-
mensional, while the object under investigation is a function of
threevariables, it shouldsuf�ce to restrict themeasurementsto a
three-dimensional submanifold of lines. A naturalcaseof a three
dimensional setof linesarethelinesmeetingaspacecurvein
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this is motivatedby thetomographic scannerdesignwhereinanX-
raysourcemovesonatrajectory in spaceandfor eachsourcepoint
measurementsaremadeon a two-dimensionaldetector. Local to-
mographyandthestudyof singularitiesfor this morecomplicated
caseis reviewed in [FLU].

In thebook [U] thereareseveral otherchapters whereMA is ap-
plied to inverseproblems. MaartendeHoopsurveys applications
to re�ection seismology; AndrasVasyto inversemany-body scat-
tering;ClaudeBardosto theanalysisof time reversalmirrors; and
VesselinPetkov andLuchezar Stojanov to inverseobstaclescatter-
ing. Applicationsof MA to Calderón'sproblemis given in [GLU].
A topic of active researchin the inverseproblemssemesterwas
SyntheticAperture Radar(SAR). In this imagingmethod, an an-
tenna(ona planeor satellite)�ies alongapath.Theantennaemits
pulsesof electromagneticradiation in a directedbeamperpendic-
ular to the �ight path. Thesewavesscatteroff theterrain,andthe
scatteredwavesaredetectedwith thesameantenna. Thereceived
signalsarethenusedto produce high-resolutionimagesesof the
Earth'sterrain.Applicationsof MA to SARaregivenin thepapers
[CN] and[BC].
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Bouncin g Ball Modes and Quantum Chaos
NicolasBurq and Maciej Zworski

Thequantum/classicalcorrespondenceis a puzzling issuethathas
beenwith us sincethe advent of quantum mechanics a hundred
yearsago. Many aspectsof it go back to the Newton/Huyghens
debateover thewavevs. corpusculartheoriesof light.

On the surfaceof our existencewe live in a world governed by
laws of classicalphysics. That doesnot meanthatwe know pre-
cisely how �uids �o w or solids move. They are describedby
highly non-linear ruleswhich arehardto unravel mathematically.
Even the simplestclassicalmotion, that of a ball bouncing elas-
tically from con�ning walls posesmany unansweredquestions—
seehttp://www.dynamical-systems.org/billiard/ for a fun introduc-
tion.

If we investigate deeper, or if we simplyuseany modern technical
device, we comein contactwith quantum mechanics.It is gov-
ernedby a differentsetof ruleswhich mix wave andmatter. The
simplestdescriptionof a wave comes from solvingtheHelmholtz
equation:
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(1)

Here we put our wave inside of a two dimensional region
)

.
In classicalwave mechanics the limit

�+3 4

is describedus-
ing geometrical opticswherethe wavespropagatealong straight
lines re�ecting in the boundary

��)

. Roughly speaking, we ex-
pect something similar in the classical/quantumcorrespondence

with the Helmholtz equationreplaced by its quantum mechani-
cal version, the Schrödinger equation. For many fascinatingil-
lustrations of this we refer to the web art gallery of Rick Heller:
http://www.ericjhellergallery.com.

Many researchers on different aspectsof semiclassicalanalysis
have beeninterestedin the thecorrespondenceof solutionsto the
equation above andtheclassicalgeometry of ballsbouncingfrom

An exper imental image of bouncing ball modes in a Buni-
mo vich stadium cavity . For more details see [CH96] and
http:/ / www .bath.ac.uk/ ~pyscmd/ acoustic s. With a bit of
imagination one can see that the mode has presence in the
wings of the ta ble, which iswhat our theorem belo w requires .
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the walls of
)

: Bäcker, Cvitanović, Eckhardt, Gaspard, Heller,
Sridhar, in physics, and Colin de Verdière, Melrose, Sjöstrand,
Zelditch,in mathematics,to mention some(see[BS] for references
to thephysicsliterature,and[Ze] for mathematics).

Billiard tablesfor which the motion is chaoticare a particularly
interestingmodel to study One of the most famousis the Buni-
movich billiard table(�gure). By adding two circular “wings” to
a rectangular tablethemotionof a re�ecting billiard ball becomes
chaotic,or more precisely, hyperbolic, in the sensethat changes
in initial conditions leadto exponentiallylargechangesin motion
astime goeson. (Onewould probably not want to play billiards
on a table like that, anda completely integrable rectangular one
can poseenough of a challenge. While discussingbilliards and
theclassical/quantumcorrespondencewecannot resistmentioning
thatPyotrKapitsa,PhysicsNobelPrize1978, wasfond of saying
that trying to detectthe quantum natureof physical processesat
room temperature waslike trying to investigatethe physical laws
governing the collision of billiard balls on a table aboard a ship
goingthrough rough seas.)

As a model for studyingquantum phenomenain chaoticsystems
this billiard tablehasbecome popular in experimentalphysics.A
genuinely quantum exampleis shown at the top of thenext page.
It comesfrom thescanningtunnelling microscopework of Eigler,
Crommie,andothers.

One questionstill mysterious to mathematiciansand physicists
alike is if the statesof this system(that is, solutionsof the equa-
tion above) can concentrate on the highly ustableclosedorbits
of the classicalbilliard. Quantumuniqueergodicity statesthat
there is no such concentration
(see [Ze] and referencesgiven
there). In the arithmetic case,
thatis for billiardsgivenby arith-
metic surfaceswherethe motion
is given by the geodesic �o w,
spectacularadvances have been
recently achieved by Bourgain,
Lindenstrauss,andSarnak,while
for the popular quantization of
the Arnold cat map impres-
sive results were produced by
Bonechi,De Bièvre,Faure,Non-
nenmacher, Kurlberg and Rud-
nik. Herewedescribeanelemen-
tary but striking result obtained
by theauthorsat MSRI [BZ2].

For a state
� �"!#�%$&�

what mat-
ters is its probability density,
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(weassume
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is normalizedso its integral over
)

is 1). Wesaythatit is bounded
from below in a region if its inte-
gral over that region is bounded
from below by a positive con-
stant. With this terminology we
have,roughly, this result:

Theorem. For anynormalizedstateof theBunimovich billiard ta-
ble, theprobability densityin any neighbourhood of the wingsof
the table is bounded from below independentlyof the energy
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appearingin (1).

In particular, theresultsaysthatsinglebouncingball orbits(thatis
orbits following aninterval perpendicularto thehorizontalstraight
boundaries)cannot produce localizedwaves. Our result allows
concentrationon the full invariant set of all vertical orbits over

�

— that is consistentwith the existing physical literature,both
numericalandexperimental;see[BS] and[CH96].
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Quantum corr al in the shape of the Bunimo vich stadium. Cour tesy IBM Research.
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