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Abstra ct . We investigate some interesting extensions of the group of tra-
ditional games, G, to a bigger semi-group, S, generated by some new ele-
ments which are idempotents in the sense that each of them satis�es the
equation G + G = G. We present an addition table for these idempotents,
which include the 25-year-old \remote star" and the recent \enric hed en-
vironmen ts". Adding an appropriate idempotent into a sum of traditional
gamescan often annihilate the lessessential features of a position, and thus
simplify the analysis by allowing one to focus on more imp ortan t attributes.

1. In tro duction and Background

We assumethe reader is familiar with the �rst volume of Winning Ways
[Berlekamp et al. 1982], including Conway's axiomatization of G, the group of
partesangamesunder addition, which can alsobe found in [Conway 1976]. I now
call the elements of this group traditional games. Each of the traditional games
consideredin this paper has only a �nite number of positions. The identit y of
G is the game called 0, which is an immediate win for the secondplayer. We
investigatesomeinteresting extensionsof the group G to a bigger semi-group,S,
generatedby somenew elements which are idempotents in the sensethat each
of them satis�es the equation G + G = G. We also present an addition table for
these idempotents.

Someof theseidempotents have long beenwell-known in other contexts. The
newer ones all fall into a class I have been calling enriched environments. A
companion paper [Berlekamp 2002] shows how these idempotents prove useful
in solving a particular hard problem involving a gallimaufry of checkers, chess,
domineering and Go.

We begin with a review of de�nitions, modi�ed slightly to �t our present
purposes.

Mo ves. In Go, a move is the change on the board resulting from the act of
a single player. In chess,this is commonly called a ply, and the term move is
used to describe a consecutive pair of plys, one by White and one by Black. In
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this paper, we use move as it is understood in Go. This is consistent with the
tradition of combinatorial game theory. This theory has been most successful
in analyzing positions which can be treated as sums of subpositions which are
relatively or completely independent of each other. Each of these subpositions,
as well as their sum, is called a game. Although the players alternate turns,
it is quite common that they may elect to play in di�eren t components, so
that within any particular game,the sameplayer may make several consecutive
moves. Hence,the de�nition of a game,or any of its positions, does not include
any speci�cation of whoseturn it is to play next. Conway's traditional de�nition
of a gameis written recursively as

G = f GL j GR g;

whereGL and GR are setsof previously de�ned games.GL is the set of positions
to which Left can move immediately. These are also known as Left followers.
GR is the set of Right followers.

Other axioms, with which the reader is assumedto be familiar, de�ne sum,
negative, greater-equal, and number.

Outcomes. When played out, traditional gameseventually yield outcomes.
There are two outcomes: Loutcome, which is the outcome if Left plays �rst,
and Routcome, which is the outcome if Right plays �rst. In the most general
case,either of these outcomesmight assumeany of the values LEFT , TIE , or
RIGHT , which Left prefersin the order LEFT > TIE > RIGHT . Ties and draws
are impossiblewithin G, but they can occur in someof the extensionswe will
consider. In G, play eventually terminates when the player to move is unable or
unwilling to do so. That happens to Right when the value of the position is a
nonnegative integer, or to Left when the value of the position is a nonpositive
integer. If the value of the position is 0, whichever player is next to move is the
loser.

Left plays to attain an outcome he prefers, while Right tries to thwart it.
Loutcome and Routcome are the results if both players play optimally . If both

Loutcome(G) � Loutcome(H ) and Routcome(G) � Routcome(H );

we say that

Outcomes(G) � Outcomes(H ):

Greater-Equal. Combinatorial gamessatisfy a partial order. One form of the
traditional de�nition of greater-equal states that

G � H ( ) For all X ; Outcomes(G + X ) � Outcomes(H + X ) (1{1)

If H and X have negatives,this is equivalent to the assertion that

Outcomes(G � H ) � Outcomes(0)
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But sinceLoutcome(0) = RIGHT, that half of the condition is trivially satis�ed
so a su�cien t condition is that

Routcome(G � H ) = LEFT ;

or, as more commonly stated, Left, playing second,can win on G � H .
Following Conway's original axioms, we say that

G = H ( ) G � H and H � G

and that
G > H ( ) G � H but H 6� G

Scores. For somepurposes,it is convenient to de�ne scores and work with them
rather than with outcomes.

Play of any traditional combinatorial game must eventually yield a position
whosevalue is a number. The value of the �rst such position is called the game's
score or stop. If Left plays �rst and G is optimally played, the resulting number
is called the Leftscore, denoted by Lscore(G). Similarly, if Right plays �rst and
G is optimally played, the resulting number is Rscore(G). If G is any traditional
gameand x is any number, then

x > Lscore(G) ) x > G;

Lscore(G) > x > Rscore(G) ) x is confusedwith G;

Rscore(G) > x ) G > x:

It is known that if G is any game, then an optimal Left strategy for playing
G ensuresreaching a maximal score,and an optimal Right strategy for playing
G ensuresreaching a minimal score. However, the converse need not be true
becauseseveral strategiesmight lead to the samescoreand someof them might
yield a suboptimal outcome. This is due to the fact that when the score of a
traditional gameis 0, the outcome dependson who gets the last move.

Somereal gameshave other scores,which are explicitly de�ned by the rules
of the game. Go is such a game. It is an initially surprising and somewhat
remarkable fact that these o�cial scores imposed by any of several variations
of the o�cial Go rules are often identical to these mathematical scores. By
appropriate choicesof rules for \Mathematical Go" [Berlekamp and Wolfe 1994],
we can attain agreement of scoresin all but a few very rare positions, which are
so exotic that di�eren t variations of the o�cial Go rules then fail to agreewith
each other.

Dots-and-Boxesis another popular gamein which scoresare explicitly de�ned
by the rules of the game. This pencil-and-paper gamehasvery little in common
with Go. But surprisingly, it again happens that the elegant mathematics of
combinatorial game theory, when applied to an approximation of the popular
game, yields decisive insights into how to play the popular game [Berlekamp
2000b].
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In this paper, we treat scores in the mathematical sense:the value of the �rst
position whosevalue is a number.

We next considerseveral idempotent gamesthat have no negatives.

2. De�nitions of Idemp oten ts with Op ening Ceremonies

Remote Star. The remote star is intro duced in Winning Ways, Chapter 8
and plays a leading role there. Rather than rely on any of those results for a
de�nition, I now proposea rule for playing

Y +

Before moving on such a game, we require an opening ceremony during which
each player submits a positive integer to the refereeas a sealedbid. (From the
mathematical perspective, there is no need for these bids to be sealed;public
bids would work equally well. However, professionalsand other seriouscompeti-
tors are loath to let the opponent know anything about their contingency plans
prematurely. So it is easierto sell mathematical models to seriousgame-players
when the rules ensurethat losing bids remain unknown to the winning bidder.)

The refereeselectsthe larger bid, n, and replaces by � n before play be-
gins. Ordering relations are determined in the usual way, using (1{ 1), with the
understanding that the gameX is speci�ed before the opening ceremonies.

The play of Y + + beginswith two successive auctions. Sinceeither player
can submit a bid to the secondauction which is at least double the winning bid
of the �rst auction, it follows that the sum of two remote stars is now again a
remote star, whence

+ = :

Ish. Traditionally , the term ish means In�nitesimal ly SHifted. It appears in
such expressionsas f 1 j 1g = 1� = 1 ish and f 1� j 1g = 1 ish.

We can also manipulate ish as though it were another element of our semi-
group S. To this end, we henceforth treat ish as a noun with the mnemonic
In�nitesimal SHift. Its ordering relations might be de�ned as

G � H + ish and/or G+ ish � H ( ) Scores(G+ X ) � Scores(H + X ) for all X ;

However, to simplify the task of de�ning the sumof ish plus other idempotents,
I prefer the following more intricate de�nition of ish:

At the opening ceremony of G + X + ish, each player submits a small positive
number asa sealedbid to the referee,who announcesthe smaller such bid, which
we will call " . Then Left wins only if the scoreexceeds" , and Right wins only if
the scoreis lessthan � " . A gamewhich concludeswith a net scoreof magnitude
not exceeding" declaredto be a tie.

It is not hard to show that Left, going �rst, is able to win the gameG+ X + ish
if and only if Lscore(G + X ) > 0. Left, going second,is able to win the game
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G + X + ish if and only if Rscore(G + X ) > 0. Furthermore, it is easily veri�ed
that

ish+ ish = ish :

Commen t. The sophisticated reader wil l recall several types of numbers that
appear in [Conway 1976]: surreal, real, rational, dyadic rational. So when read-
ing that each bid to determine " must be a small positive number, she might
ask which sort of number is required. It turns out that any type of number just
listed is adequate for our present purposes. But only dyadic rationals are ful ly
consistent with our focus on gameswith a �nite number of positions.

Positiv ely Enric hed Environmen t, Et . Enriched environments entail more
elaborate opening ceremonies.Each positively enriched environment hasa spec-
i�ed temperature, t, which is a positive number.

Every enriched environment contains an implicit ish, which is resolved �rst.
This results in the speci�cation of an " . If other ishes are present, then this
initial portion of the opening ceremoniescontinues until are all resolved into a
single small positive " . Then, to resolve the positively enriched environment Et ,
each player submits to the refereeanother small positive number asa sealedbid.
The refereeannouncesthe winning (smaller) number, called � . For simplicit y, we
restrict legal bids so as to ensurethat � is a divisor of t, so that t=� is a positive
integer. Then Et is replacedby the sum of t=� uniformly spacedswitches,called
coupons: t j � t , (t � � ) j (� t + � ), . . . , � j � � . This concludesthe openingceremonies.
Then play begins. Play terminates when all coupons have been taken and the
value of the position is a number. The net scoreis then taken to be this number
plus all of Left's coupons minus all of Right's coupons. The outcome is declared
to be a tie unlessthe magnitude of the scoreexceeds" .

Fully Enric hed Environmen t,
�

t . The temperature of a fully enriched envi-
ronment can be any number not lessthan � 1.

After resolving the implied and explicit ishesto an " , each player submits a
small positive bid for � . Legal bids are constrainted to ensure that (t + 1)=�
is a nonnegative integer. The winning (smaller) bid is announced. Then

�

t is
replaced by a set of coupons, whose face values range from t down to � 1 + � ,
with a constant decrement of � . A very large number of coupons with value � 1
is then placed at the bottom of the coupon stack.1

Play begins. At each turn, a player may either make a legal move from the
current game,G, to one of his legal followers, or he may instead usehis turn to

1Mathematically , one could do without the coupons with value � 1, becauseit is
possible for either player to pick an extremely small value of � . However, the � 1 point
coupons make it easier to sell the concept of coupon stacks to serious competitiv e
gamesmen. A good environment to accompany a 10 � 10 game of Amazons needs
almost 80 coupons with value � 1, even though � of 0.1 or even 0.5 proves interesting.
If there were few or no � 1 point coupons, the appropriate � might need to be reduced
by nearly two orders of magnitude.
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take the top coupon from the stack. Even if the value of the current position,
G, becomesa number, play continuesuntil after only � 1 point coupons remain.
Play terminates after each of the players has taken three � 1 point coupons
consecutively. Then there is a concluding ceremony, during which the referee
gives a special � 1

2 point terminal komi coupon to the player who did not take
the last of the six consecutive � 1 point coupons which causedthe game to be
terminated. Each player's scoreis then computedasthe sumof all of the coupons
he has taken. If the magnitude of the di�erence betweenthesescoresexceeds" ,
the player with the higher scoreis declaredthe winner. Otherwise, the result is
declaredto be a tie.

Commen t. Why do wenot end the gameuntil after the sixth consecutive coupon
of value � 1 is taken? In part, this is modeled after a well-known rule in chess,
which declares the gameto be terminated with a drawn outcome after the same
position occurs three times with the same player to move. Presumablythis is
intended to give each player multiple chances to consider other options. The-
oretically, if both players are playing optimally, one might think that the �rst
repetition of a position would be su�cient. However, in gameslike Go, which
include a ko rule, there are situations in which a pair of consecutive coupons
is taken as a kothreat and its response while the game is stil l quite active. So
we might theoretically weaken the six consecutive coupons to four consecutive
coupons but, at least in the case when the board positions include Go, two con-
secutive coupons is de�nitely not enough.

3. De�nitions of Idemp oten ts Without Op ening Ceremonies

On. Figure 1 shows two positions of a Black checker king. Although White
has no piecesto move, Black can move to and fro between these two positions
whenever he so desires. I call thesepositions onto and onfro. From onto, Black
can move to onfro. From onfro, he can move back to onto. Formally,

onto = f onfro j g; onfro = f onto j g:

Taken together, onto and onfro can be viewed as the bifurcated components
of an abstract gamecalled on, which appearsin the latter half of Chapter 11 of
Winning Ways. In a sum of gamesincluding an on, Right will never be able to

Figure 1. Onto (left) and onfro (right).
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Figure 2. O�.

force the play of the gameto terminate. Formally,

on = f on j g:

This game has in�nite mean. If X is any traditional game, then our de�nition
of equality implies that

on + X = on:

O�. O� di�ers from on only in that the lone checker king is now white instead
of black. Now it is Right who can move to and fro at will. In a sum of games
including an o� , Left will never be able to prevent Right from playing. If Left
has only a �nite number of movesavailable elsewhere,he will eventually run out
of options and losethe game.

This game has mean value of �1 . Like on, it overpowers any traditional
gameto which it is added.

Dud. Although on and o� super�cially look like negativesof each other, every
checker player knows that their sum is not zero (a win for the secondplayer),
but a Deathless Universal Draw, often realized on a single checkerboard when
each player has only a single king, and the two kings are located in the double
cornersat opposite endsof the board.

Dud is not only a draw by itself, it also ensuresthat anything to which it is
added also becomesa drawn game. Dud plays the role of a black hole. If a dud
is present, no other features matter; the overall gamebehavesas a dud .

Commen ts on Outcomes with no Winner. Terminology has somehistory.
In Winning Ways, we distinguished betweenties, in which play terminated with-
out either player winning, and draws, in which play could naturally be drawn
out forever if not terminated by a special rule. In chesstournaments, ties due to
stalemate and draws due to perpetual check are treated identically: each player
receives 1

2 win + 1
2 loss. However, Go has a quite di�eren t tradition. The natu-

ral rules allow certain positions to be repeated immediately in a two-move loop,
one move by each player. Such global repetitions are universally banned by the
so-called Ko rule. Positions involving ko are very common, occurring several
times in most games.Lengthier repetitions, after 4 or 6 or more movesare also
possible,but rather rare, occurring in only a small fraction of one percent of all
professionalgames.The rules about how to handle such superko positions di�er
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from time to time and from placeto place. Today, only the North American rules
and the New Zealand rules simply ban all superkos. Japaneserules explicitly
allow them. Chinese and Taiwaneserules for superkos are more complicated.
In many cases,one player or the other is permitted to repeat the position but
the other player is not. Which player is banned depends on the details of the
position.

If a game gets hung in a superko, the Japanesetournament rules do NOT
treat it as a tied or drawn outcome. The o�cial translation de�nes the outcome
as no result. So I prefer the English word hung, as in a hung jury or a computer
program that is hung in a loop. Like the hung jury, a JapaneseGo gamewhich
hangsin a superko often leadsto a new gamein which the sametwo contestants
begin again from scratch.

To further complicate the situation, someamateur JapaneseGo gamescan
end with a tied score. Many translators have called such an outcome a draw,
in direct con
ict with the terminology of Winning Ways. I call them ties, and
try to avoid any use of the word draw in referenceto Go. As we are primarily
concernedwith individual games,or sums of games,the question of how such
outcomesare treated in tournaments neednot concernus here. So chessgames
which draw in perpetual check and checker gameswhich draw in a dud might
alsobe said to have hung. Whatever the terminology, a win is surely better than
either a tied or hung outcome, which in turn is better than a loss.

Lo ony. Someimpartial gameshave what are called complimenting moves, and
such gamescan have positions with a fascinating value called loony, and denoted
by the lunar symbol, � . One of the best-known such gamesis Dots-and-Boxes,
whoseImpartial variation I shall now describe.

The game is played on a array of dots located on the integer points of a
rectangular subset of the Cartesan plane. These dots appear at unit distances
from each other in vertical and horizontal rows. A legal move for either player is
to draw a new horizontal or vertical line of length one, joining two dots. Unless
that line completesa unit square,it completesthe mover's turn. However, if that
line completesone or two unit squares(called boxes), the mover must continue
to make another move. The gameendswhen no further legal movesremain, and
the player who made the last move loses.

(Even though last player loses, this is regarded as a normal rather than a
mis�ere rule becausethe last move necessarilycompletes a box, so the turn is
incomplete. The player losesbecausehe is unable to full�ll the requirement that
he make another move.)

Figure 3, left, shows the position of an impartial Dots-and-Boxes position.
This position can be viewed as the sum of four positions: two squaresin the
northwest, one in the northeast, two in the southeast,and four in the southwest,
whoserespective valuescan be shown to be � , � , � , and � 2. The �gures in the
middle and on the right show two quite di�eren t ways in which the player to
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Figure 3. A Dots-and-Boxesposition (left) and two possiblecontinuations.

move can complete his turn. In the middle, he takes each of the boxes in the
northwest and then completeshis turn with a move elsewhere.In the right-hand
�gure, he completeshis turn in another way, which forceshis opponent to make
the �rst move outside the northwest region. So although it might not be easy
to determine whether or not one wishes to play �rst or secondon the rest of
the board, it is easily seenthat the player to move from a sum which includes
a loony component can win the game in either case. If he wants to make the
�rst move elsewhere,he plays the loony component in a way which enableshim
to do that, as in the middle �gure. On the other hand, if he wishes to force
his opponent to make the �rst move elsewhere,he can achieve that objective by
playing the loony component in the other way.

Loony values can also occur in gameswith entailing moves, as described in
Winning Ways, Chapter 12. Entailing movesare special movesthat require the
opponent to move in a certain portion of the game. Complimenting moves are
special moves (lik e completing a box in Dots-and-Boxes) which can be viewed
as forcing the opponent to skip his next turn. Rather than attempt any general
de�nition, for purposesof this paper it is su�cien t to simply de�ne � very
speci�cally as the northwest corner of the impartial Dots-and-Boxesposition of
the left panel in Figure 3.

4. The Addition Table

The addition table for the idempotents we have discussedis shown on the
next page. The order in which they are listed may be viewed as an order of
increasing vim (as in \vim and vigor"), with the understandings that on and
o� have equal vim, and that otherwise, whenever two of the idempotents are
added, the one with the more vim predominates.

Another view is that adding in any of these idempotents destroys certain
information, and the idempotents with more vim are more destructive.

In practice, adding in an appropriate idempotent can often be the key to the
analysis of a particularly challenging position. The most helpful idempotent is
the onewhich preservesjust those featureswhich are crucial to the winning line
of play, while annihilating all of the lesssigni�can t considerations.
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Addition of Idempotents

zero 0 � ish E� Et
(t>� )

�

t on o� dud

loony � � ish E� Et
�

t on o� dud

remote
star ish E� Et

�

t on o� dud

ish ish ish ish E� Et
�

t on o� dud

E� E� E� E� E� Et
�

t on o� dud

enriched
environ-

ments

8
>>><

>>>:

Et
(t>� )

Et Et Et Et Et
�

t on o� dud

�

t
�

t
�

t
�

t
�

t
�

t
�

t on o� dud

on on on on on on on on dud dud

o� o� o� o� o� o� o� dud o� dud

dud dud dud dud dud dud dud dud dud dud

5. Other Prop erties of These Idemp oten ts

Homomorphisms. Each idempotent I inducesa mapping: A 7! A + I . If also
B 7! B + I , it is evident that A + B 7! A + B + I . So each such mapping is a
homomorphism on the semigroupS.

We now give expandeddescriptions of someof the idempotents:

Lo ony. Loony, or � , lies at the heart of a rich structure described in some
detail in [Berlekamp 2000b]. This context, within which � seemsso powerful, is
impartial; the only other gameswhich appearthere arenimbers. When compared
with partesan games,we soon discover that � has so little vim that it preserves
all strict inequalities in the ordering relationships within the traditional group,
G. To seethis, it is su�cien t to verify that for every positive integer n,

min yn < � < tin y n

where tin y n is de�ned as 0k 0 j � n and min y n = � tin y n . It has long been
known (as can be veri�ed by an induction on zero-basedcanonical birthda ys)
that every positive gamewith a �nite number of positions is greater than tinies
which have su�cien tly large n. So, if G and H are traditional gamesfor which
G > H , the inequality is preserved if � is added to either or both sides.
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Remote Star. Adding , a remote star, into a gameinducesa homomorphism
whosekernel contains all in�nitesimals of higher order than " = 0 j � .

Remote star plays the central role throughout Chapter 8 of Winning Ways,
which presents the theory of atomic weights, including uppitiness and the Norton
multiply operation. When the results of that chapter were �rst discovered, the
main application was the game of Hackenbush hotchpotch, where the remote
star, and its proximit y to the red and blue kites, arises quite naturally . The
generalization to other \all-small" gamessuch aschildish Hackenbush was fairly
immediate, although we neglectedto notice the relevanceto the Toads-and-Frogs
analysis in an earlier chapter of Winning Ways. Another decadepassedbefore
the discovery of the crucial role which atomic weight theory plays in getting
the last one-point move in Go endgames[Berlekamp and Wolfe 1994; Moews
1996]. One must wonder why atomic weight theory, or even someapproximate
version of it, eluded Go players for so many centuries. I think the explanation
is that, except for � , the nimbers (of which the remote star might be viewed as
a limit) occur only very rarely in Go or in chilled Go.2 So here we have a good
example of how an issue in one game (How do I get the last one-point move
in Go?) bene�ts from insights that originate in another quite di�eren t game
(Hackenbush hotchpotch).

Enric hed Environmen ts. We shall seethat adding a su�cien tly hot enriched
environment preserves the mean, but destroys all other information about the
traditional game to which it is added. This is why it has becomesuch an im-
portant tool in the study of Amazons [Berlekamp 2000a,Snatzke 2002]and Go:
It eliminates all of the lessessential features, allowing one to focus on the pri-
mary attribute of each position. At a relatively early stage of the endgame,it
enablesone to obtain a real-valued count which is precisely accurate in a well-
de�ned mathematical sense.In many cases,the board contains numeroussmall
battles which themselvesserve as a plausible approximation to the enriched en-
vironment. For this reason, the line of play which is provably optimum in the
enriched environment often provides an extraordinarily good guide as to how to
play the actual endgame.

Coupons with positive values behave exactly like switches. The only real
di�erence betweenE and

�

is that the former stack of couponsendsat 0, whereas
the latter stack also includes negative coupons and a terminal komi. In other
words, for positive t,

�

t = Et +
�

0:

When E is played all by itself, the playersalternately take coupons,e�ectiv ely
dealing the stack out between them. Each player ends with n=2 coupons, and
each of the secondplayer's coupons is � less than the prior coupon just taken

2Even the existence of � 2 was until very recently an open problem (listed for example in
[Guy 1996, p. 487, problem 45]); its resolution came in [Nakamura and Berlekamp 2002] in the
form of a chilled Go position of value � 2.
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by his opponent. So �rst player wins by a net scoreof n� =2 = t=2. One way to
make the gamefairer is to follow the common practice used in professionalGo
games,which assignsa speci�ed number of points to the secondplayer (White)
as compensation for the advantage which Black gets from the �rst move. This
compensation is called the initial komi. Evidently , the fair initial komi corre-
sponding to Et is t=2. Similarly, it can be veri�ed that the terminal komi (of
value � 1

2 ) included in the coupon stack
�

0 is just enough to balance out the
disadvantage of the last coupon (at temperature � 1), so that when

�

0 is played
out all by itself, the net scorehasmagnitude lessthan " , sothe resulting outcome
is a tie.

Thermographs. The thermograph of a given traditional game, G, consistsof
two functions of an independent variable, t, which is called the temperature. The
functions are the thermograph's Leftwall and Rightwall, which may be de�ned
as follows:

Leftwall(G; t) = Lscore(G + Et ; t) � t=2;

Rightwall(G; t) = Rscore(G + Et ; t) + t=2:

It can be shown that for traditional games,thesede�nitions yield the samewalls
of the thermograph as the recursionsbasedon the cooling homomorphismfound
in such referencesas Chapter 6 of Winning Ways. Alternativ ely, if one takes
thoserecursionsasthe de�nition, then onecan provethat the scoresof G+ Et are
the solutions of these sameequations. In other words, the �nal scoreof a well-
played gameconsisting of a traditional game, G, plus an enriched environment
is equal to the fair initial komi, t=2, plus whichever wall of the thermograph
corresponds to whoever plays �rst.

It is conventional to plot thermographswith the independent variable, t, run-
ning upwards along the vertical axis, starting from a minimal value which is
often taken to be 0 or � 1. Positive valuesare plotted as increasingtowards the
left along the horizontal axis, negative values to the right. This reversal of the
signs normally used in analytic geometry facilitates a more direct comparison
between thermographs and the expressionsor graphs of the underlying games,
in which Left seeksto move leftward, and Right seeksto move rightward.

If t is su�cien tly large, then Leftwall(G; t) = Rightwall(G; t) = Mast(G), a
value independent of t. Traditionally , this mast is alsoknown as the mean value,
or mean(G). The greatest lower bound on temperatures, � , such that

Leftwall(G; t) = Rightwall(G; t) = Mast(G) for all t � � ;

is called the temperature of G.
In someapplications, it is useful to color portions of the mast. If t > � and

if Left can attain the optimal Leftscore of G + Et by playing on G, the mast of
G at t can be colored blue. Similarly, if Right can attain the optimal Rightscore
of G + Et by playing on G, the mast of G at t can be colored red. A portion of
the mast that is colored both red and blue is shown as purple. A portion that
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is neither red nor blue is shown as yellow (or gray). All traditional gameshave
thermographs whosemasts becomegray at all su�cien tly high temperatures.

One can also apply this reasoningto a sum of traditional games,A + B + C.
For large t, onecan study A + Et , B + Et , C + Et , and then add them up to obtain

A + Et

B + Et

C + Et

A + B + C + Et ;

becauseEt is an idempotent. Evidently , Mast(A+ B + C) = Mast(A)+ Mast(B )+
Mast(C), a result well-known in traditional thermography.

If G is any traditional gameand n is any positive integer, then Mast(n G) =
n Mast(G) and temp(nG) � temp(G). The scoresof traditional gamescan be
bounded by

� � + Mast(G) � Rightscore(G) � Mast(G);

Mast(G) � Leftscore(G) � � + Mast(G);

Mast(G) �
�
n

�
Scores(nG)

n
� Mast(G) +

�
n

;

from which is becomesreasonableto say that Mast(G) is the mean of G.

Thermographs of Games Including Kos. A commonfeature of Go positions
is a situation called ko, which is a 2-move loop in the game graph of a local
position. Globally, the immediate repetition of a position is bannedin all dialects
of the rules of Go. However, since the ban is global, it is quite common for the
local position to be repeated locally in a so-calledko�ght . During the ko�gh t,
many moves elsewherebecomeworthwhile as kothreats. Locally, the game can
stay in a two-cycle loop as long as each player is able to �nd worthwhile threats
elsewhere.

The recursive de�nitions which formed the original basis of thermography
werenot designedto handle the loopinessof kos. This problem wasaddressedby
Berlekamp [1996]. That paper intro ducedan extendedthermography which was
subsequently applied to the study of a collection of over eighty kosby Berlekamp,
M•uller and Spight [Berlekamp et al. 1996]. Many of those kos were taken from
professionalgamesstudied by M•uller.

Even though the play of actual kos can depend signi�can tly on kothreats
located in other regionsof the board, the total environment consisting of all of
thesekothreats can often be usefully approximated by one of a small number of
possibilities, depending on who is komaster or komonster, with a relatively small
intermediate hypersensitive region. When the mast of a game depends on who
is komaster of a ko occurring in one the game'spositions, that game is said to
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be hyperactive. Other positions may contain koswhich are called placid, because
their meansare independent of who is the master of the ko.

In any sum of gamesincluding at most one hyperactive ko position in which
it is clear who is komaster, it remains true that the mast of the sum is still the
sum of the masts. Becauseof this, extendedthermographs prove very useful for
analyzing a wide range of positions from actual Go games,which typically have
at most one position depending on a hyperactive ko. However, sums of two or
more gamesdependent on hyperactive kos are more complicated.

If a position's mast depends on a hyperactive ko, then its mean typically
di�ers from either its mast with Left komaster or its mast with Right komaster.
In many cases,the analysisof the gamedependson oneof thesetwo mastsrather
than on the mean.

Spight [1998]has begun a theoretical investigation of sums of several hyper-
active positions. The situation is complicated. Fortunately such sums are not
very common in practice.

In some situations, an analysis of the whole board may be neededto dis-
tinguish whether a game including a ko position is best characterized as Left
komonster, Left komaster, hypersensitive, Right komaster, or Right komonster.
But often the answer is heavily biasedby factors which depend only on a careful
local analysis of the hyperactive ko.

Studies of this topic are continuing to progressat a rapid rate, as discussed
in the section on further work at the conclusionof this paper.

Positiv e or Full Enric hmen t? Amazons [Berlekamp 2000a] is a hot game
which, like Go, is primarily a territorial battle. However, unlike Go, positions
with the traditional number valuesdo occur in Amazons;Snatzke [2001]recently
discovered a value of 1

16 . But even the best current players are often unable to
determine whether the value of a position is a number or not. So enforcement
of the traditional stopping rule of Winning Ways, pp. 145{162 is problematical.
Negative coupons were intro duced to addressthis issue.

The negative coupons in
�

have also proved helpful in teaching subzerother-
mographs [Berlekamp 1996]. Game positions with subzerothermographs actu-
ally occur in chilled Go [Berlekamp and Wolfe 1994],and someof their properties
are more easily understood when chilled rather than when warmed [Takizawa
2001].

Environmen tal Go The concept of enriched environments grew out of a se-
quenceof attempts to improve communication with professionalGo players.

Historically, thermographs were �rst developed in terms of taxes rather than
stacks of coupons. However, e�orts to interest seriousGo players in formal de�-
nitions of cooling and heating werevery unsuccessful.The notion of determining
tax rates by a competitiv e auction in [Berlekamp 1996]failed to catch on. Most
people simply don't like to think about taxes. Changing the sign of the payo�
(at positive temperatures) from negative to positive, and calling these payo�s
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coupons instead of taxes had a large impact. Jujo Jiang and NaiWei Rui, both
famous 9-dan Go players, agreed to play the �rst demonstration game of en-
vironmental Go in 1998. An analysis of the endgameof this game appears in
[Spight 2001]. Jiang and Rui played another gameof environmental Go at MSRI
on July 23, 2000. The analysisof that gameis still underway. Many participants
at the American Go Congressheld in Denver in August 2000 expressedmuch
interest in Environmental Go. As a meansto provoke quantitativ e discussion,
the concept of a stack of coupons must now be viewed as an enormoussuccess.

The most popular current stack consists of 40 coupons, all positive, with
values 20, 19.5, 19, . . . , 0.5 This stack is placed next to the initially empty
Go board. White receives a komi of 9.5 points, and Black moves �rst. There
is universal agreement that Black should open by taking the 20-point coupon.
White respondsby taking the 19.5-point coupon. Excitement mounts asthe play
continues. Eventually , when the temperature of the coupon stack descendsto
somewherein the low teens,someoneplays the �rst stoneon the board. Possibly
the opponent replies by taking another coupon. Outstanding professionalssuch
as Jiang and Rui often provide fascinating games. Unlike a conventional Go
game,the environmental gameforcesthe playersto give us their expert opinions,
at every move, as to whether or not the current move on the board is worth as
much as the top coupon on the stack. In this way, we extract someinteresting
quantitativ e expert opinions about how big the various moves are, at least to
within the � = 0:5 point di�erence betweensuccessive coupons.

Of course, the popular coupon stack is only a crude approximation to
�

20.
One approximation is that � = 0:5 is relatively large. Another is that the popu-
lar initial komi is 9.5, which di�ers from the fair komi of

�

20, which is 10. These
discrepenciesare the results of an e�ort to maintain as much compatibilit y as
feasible with the traditions and practices of conventional Go, where the score
excluding the komi is necessarilyan integer, and where the komi is a half-integer
(to avoid ties) and generally one more than an odd integer (in order to mini-
mize the risk that Chineseand Japanesescoring systemsmight disagreeon the
outcome of the game).

In Go, it is very di�cult to realize a traditional gamevalue of 1
2 . Bill Spight

[2000]hasconstructed a position including a hyperactive ko and two sekiswhich,
if there are no other kothreats on the board, behaves like the traditional math-
ematical value of 1

2 . Possibly the game value of 1
2 cannot be realized on a Go

board without a hyperactive ko position. I know no proof of this, but if such
a position were to occur, it would almost certainly result in a dispute. After
an appeal to the rules committees, this position would �nd its way into the col-
lections of exotic casescovered by special scoring rules. Such collections now
appear as appendicesto the various dialects of o�cial Go rules used in various
Asian jurisdictions [Bozulich 1992]. The fact that none of the positions found in
these appendiceshas traditional gamevalue of 1

2 provides strong evidencethat
such valuesare either impossibleor can be constructed only with great e�ort.
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Someof the more common complexities which can occur in Go scoring are
described in Chapter 8 of [Mathews1999],an excellent intro ductory book. Exotic
subtleties substantially more intricate than have ever appeared in any known
professionalgamehave beencomposedby Harry Fearnsley[2000a;2000b].

Most professionalGo players are quite adept at calculating meansand tem-
peratures of latestage endgamepositions. Their methodology di�ers somewhat
from ours. It is faster but lessaccurate. Under appropriate assumptionswhich
are usually satis�ed in practice, it yields answers which agreewith ours when
the position is su�cien tly simple and no kos are relevant. When the position is
more complicated, professionalsusually get approximate values quickly. Com-
pared with mathematicians, the Go pros are vastly better at seeing the best
local moves, but less patient and persistent in comparing the temperatures of
di�eren t moves in di�eren t regions. Pros do approximations very quickly, but
the mathematicians achieve more quantitativ e accuracy, and in many casesthis
improved accuracy translates back to improved lines of play which the players
readily appreciate.

Ortho dox Mo ves. Supposethat an enriched environment of su�cien tly high
temperature, t, is added to a game G, minus its mast value, and plus the ap-
propriately signedfair initial komi, t=2. Then if both playersplay optimally , the
net scoreat the end of the gamewill have magnitude lessthan " , and the game
will be declareda tie. The moveswhich a guru might play in the courseof such
a gameare called orthodox. Other movesare called unorthodox.

As illustrated in [Berlekamp 2000a], there are many situations in which the
traditional canonical methodology leads to a creepinggrowth of unmanageable
complexity. So rather than consider all options of G which might be useful
in playing G + X for some X , orthodoxy focuseson playing G + X for one
particularly tractable value of X , namely X = Et . Thanks to the fact that E is
idempotent, orthodox movesin G and H will, at the appropriate temperatures,
remain orthodox movesin G + H .

An algorithm called sentestrat providesadviceon how to play a sum of games.
When a stack of coupons is present, the ambient temperature is de�ned as the
value of the top coupon. If the opponent has just moved to a board position
whosetemperature is now higher than the ambient, then sentestrat tells you to
respond in the same local game wherein your opponent has just moved. Oth-
erwise, play in whichever region of the board or stack has the highest local
temperature. Sentestrat is provably an orthodox strategy, assuming the only
hyperactive ko (if any) has a clear komaster.

The board temperature is the temperature of the hottest region in which it
is legal to move. (When a koban is applicable, the temperature of the ko is
excluded.) The board temperature of a sum is the maximum of the temperatures
of the summands.
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One might chooseto play an orthodox strategy, behaving as if coupons were
present, even when there is no stack of couponsavailable. This requiresa revised
de�nition of the ambient temperature, which is de�ned historically. It is the
minimum board temperature of any position which has yet occurred.

In the presenceof an enriched environment, orthodox play by either player
ensuresthat he will attain a result as least as desirable as the orthodox score,
which is the mast value adjusted by the fair komi. When no enriched environ-
ment is present, then there aresituations in which an unorthodox strategy cando
better. Finding the optimal lines of play in such situations may require consid-
erablesearch. The next section discussesan accounting technique for evaluating
candidate lines of unorthodox play.

Ortho dox Accoun ting. Ortho dox accounting quanti�es the bene�ts and costs
of each move, whether the move is orthodox or not. The system is based on
the forecasting methodology presented and illustrated in [Berlekamp and Wolfe
1994]. The present version includes re�nements which handle kos.

Ortho dox accounting attributes the �nal net scoreof a gameto �v e di�eren t
typesof terms:

1. Mast value of the current position.
2. Fair current komi. The magnitude of this term is one half the ambient tem-

perature, and the sign favors whoever's turn it is to move next.
3. 1

2 Summation of signedtemperature drops. Whenever the ambient tempera-
ture drops by � t, then half that drop is awarded to whichever player got the
last move at the old (higher) temperature.

4. Komaster adjustments. In many cases,these have already been correctly
accounted for in term 1.

5. Komonster adjustments. This occurs only when one player �nishes play on
a hot ko; he then gains an adjustment equal to the di�erence between the
temperature of his move and the ambient temperature.

In some sense,orthodox accounting is like a bank statement; it allows the
observer, after the fact, to seeexactly what credits camein and what debits were
paid. It is a good accounting system in the sensethat it always starts and ends
with the correct balances,and the current bottom line doesnot undergospurious
big swings. In particular, supposean orthodox move changesthe mean by the
current ambient temperature, which remains unchanged. In such a transaction,
the changesin terms 1 and 2 cancel out, and the predicted net score remains
unchanged.

When an enriched environment is present, Terms 3 and 5 are negligible. To
seethis, let m be an upper bound on the total number of movesthat might be
played on the board. For example, in a 19 � 19 Go game, most players would
regard m = 400 as such a bound. Then since either player can place a bid
which ensuresthat � < "=2m, we can assumethat at least one of them does
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so. In the courseof the game, term 3 will provide many adjustments, but the
number favoring one side cannot di�er from the number favoring the other by
more than m. A similar argument can bound the total e�ect of terms 5. When
one player becomeskomonster, he plays a kothreat and gets a responsebefore
retaking the ko. His opponent then takes a coupon as a kothreat, to which
the komonster responds by taking another coupon after which the komonster's
opponent retakesthe ko. So the net a�ect of this typical sequenceof six moves
is two moveson the board and a decreasein ambient temperature of 2� . So the
sum of the magnitudes of all terms of type 5 cannot exceedm� .

The presenceof an enriched environment ensuresthat the ambient temper-
ature will decreaseadiabatically. When no enriched environment is present, a
decreasein the ambient temperature can be larger than � . Such a decreaseis
called a thermal shock. Although an individual thermal shock can be signi�can t,
the sum of the magnitudes of all terms 3 is precisely the sameas the magnitude
of the fair initial komi, which is t=2. It is possiblefor the sameplayer to get the
bene�ts of all thermal shocks. But it is much more common for these bene�ts
to be nearly evenly divided betweenthe two players.

No matter how impoverished the environment, nor how poorly the game is
played, orthodox accounting assignsa precise cost to each unorthodox move.
In order for such a move to be a wise investment, it must lead to a future
payo� via an item of type 3, 4, or 5. Even when an enriched environment is
present, it is possible for the costs of the unorthodox move to be justi�ed if it
changesthe balance of kothreats in such a way as to change the master of a
forthcoming hyperactive ko. In an impoverished environment, there can also
be other opportunities for returns on unorthodox investments (see the section
on suspenseand remotenessin Chapter 6 of Winning Ways). However, in the
professionalGo gameswe have analyzed,many of the unorthodox moveswe have
identi�ed havesimply turned out to be mistakes. Others subsequently breakeven
in the sensethat the cost is later recovered and the �nal scoreis the sameas it
would have been if an orthodox line had beenplayed. Caseswhere unorthodox
movesactually yield a pro�t seemto occur quite rarely in real play.

6. Suggestions for Further W ork

Analysis of Real Go Endgames. The combination of local orthodox analysis,
plus orthodox accounting, plus well-known search techniquessuch asalpha-beta
pruning (which are well known in the arti�cial intelligence communit y) looks
very promising but has yet to be thoroughly investigated and implemented.

Re�nemen ts of Ish. Onecanenvision an expansionof the idempotent addition
table to include more elements. Just below loony might be somesort of generic
tin y . Tin y is a symbol which becomescompletely de�ned only when followed by
a subscript, G, which must be a gamethat is larger then somepositive number.
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Then tin y G = 0k 0 j � G. The smallest traditional tinies with �nitely many
positions are those for which G = n, a very large integer, and the largest are
those for which G = 2� k , a very small positive fraction. In some gameswe
frequently encounter tinies whosesubscripts are very complicated gameswhich
are de�nitely not numbers. Several of the positions in the complete analysis
of Toads-and-Frogs in Winning Ways, Figure 12, p. 132 of are of this type.
Chilling almost any professionalGo gameyields several such positions. So, it is
often convenient to treat tiny generically, with the subscript unspeci�ed. One
may then need to specify whether the assertion one is making applies to all
possiblevaluesof the subscript or to only somepossiblevaluesof the subscript.
In many cases,it doesn't matter, as in the assertionearlier in this paper that

min y < � < tin y

So I have yearned to insert tin y into the addition Table between � and , but
I have not found any plausible opening ceremony with which to de�ne a generic
tiny that would be asnice as the other idempotents, and compatible with them.

In chilled Go, it is often desirable to distinguish between

0 j tin y + #

and

0 j tin y + #�

Both are common. The latter is a positive in�nitesimal much bigger than tiny,
but still small enough to be negligible for most purposes.The former is closely
approximated by � . One may need to preserve the distinction between � and
0 while neglecting 0jtin y + #� . The remote star is too crude for this purpose,
because

+ � n =

for all n, including n = 1.
An in�nitesimal which preservesdistinctions between0 and � needsnot only

to be of higher order than " , but also of higher order than " n [Conway 1976,
pp. 199{200].

Near the big end of the range of ish, one might try to retrieve at least the
biggestterm in Norton's thermal dissociation (described in the Heating sectionof
Winning Ways, Chapter 6). This term is nicely preserved by traditional cooling,
but eradicated by enriched environments. In some composed problems, these
terms can point the way to low-cost unorthodox plays which capture the bene�t
of a big thermal shock.

Kothreat Environmen ts. In August 2000,Spight, Fraser, and I beganstudy-
ing several promising models of kothreat environments. Theseenvironments all
behave like 0 when added to any traditional loopfree game, but they can have
desirablesimplifying e�ects on kos.
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