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Abstra ct . We study a popular puzzle game known variously as Clicko-
mania and Same Game. Basically, a rectangular grid of blocks is initially

colored with some number of colors, and the player repeatedly removes a
chosen connected monochromatic group of at least two square blocks, and
any blocks above it fall down. We show that one-column puzzles can be
solved, i.e., the maximum possible number of blocks can be removed, in
linear time for two colors, and in polynomial time for an arbitrary number
of colors. On the other hand, deciding whether a puzzle is solvable (all
blocks can be removed) is NP-complete for two columns and v e colors, or
v e columns and three colors.

1. Intro duction

Clickomania is a one-player game(puzzle) with the following rules. The board
is a rectangular grid. Initially the board is full of square blocks eat colored
one of k colors. A group is a maximal connected monochromatic polyomino;
algorithmically, start with ead block asits own group, then repeatedly combine
groups of the same color that are adjacert along an edge. At any step, the
player can select(click) any group of sizeat leasttwo. This causesthose blocks
to disappear, and any blocks stadcked above them fall straight down asfar asthey
can (the settling process). Thus, in particular, there is never an internal hole.
There is an additional twist on the rules: if an entire column becomesempty
of blocks, then this column is \removed," bringing the two sidescloserto ead
other (the column shifting process).

The basic goal of the game is to remove all of the blocks, or to remove as
many blocks as possible. Formally, the basic decision question is whether a
given puzzle is solvable can all blocks of the puzzle be removed? More gen-
erally, the algorithmic problem is to nd the maximum number of blocks that
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can be removed from a given puzzle. We call these problems the decision and
optimization versionsof Clickomania.

There are sewral parameters that in uence the complexity of Clickomania.
One obvious parameter is the number of colors. For example, the problem is
trivial if there is only one color, or every block is a di erent color. It is natural
to ask whether there is somevisible di erence, in terms of complexity, between
a constart number of colors and an arbitary number of colors, or betweenone
constart number of colors and another. We give a partial answer by proving
that even for just three colors, the problem is NP-complete. The complexity for
two colors remains open.

Other parametersto vary are the number of rows and the number of columns
in the rectangular grid. A natural question is whether enforcing one of these
dimensionsto be constart changesthe complexity of the problem. We shaw that
even for just two columns, the problem is NP-complete, whereasfor one column
(or equivalertly, onerow), the problemis solvablein polynomial time. It remains
open precisely how the number of rows a ects the complexity.

1.1. History . The origins of Clickomania seemunknown. We were intro duced
to the gameby Bernie Cosell[1], who suggestedanalyzing the strategy involved
in the game. In a followup email, Henry Baker suggestedthe idea of looking at
a small constart number of colors. In another followup email, Michael Kleber
pointed out that the gameis also known under the title \Same Game."

Clickomania! is implemented by Matthias Schuesslerin a freeware program
for Windows, available from http:/ /www.clic komania.ch/ click/ . On the same
web page, you can nd versionsfor the Macintosh, Java, and the Palm Pilot.
There is even a \solver" for the Windows version, which appearsto be basedon
a constart-depth lookaheadheuristic.

1.2. Outline. The rest of this paper is outlined as follows. Section 2 de-
scribes seweral polynomial-time algorithms for the one-column case. Section 3
provesthat the decisionversion of Clickomania is NP-complete for 5 colors and
2 columns. Section 4 givesthe much more di cult NP-completenessproof for 2
colors and 5 columns. We concludein Section 5 with a discussionof two-player
variations and other open problems.

2. One Column in Polynomial Time

In this sectionwe describe polynomial-time algorithms for the decisionversion
and optimization version of one-column Clickomania (or equivalently, one-row
Clickomania). In this context, a group with more than 2 blocks is equivalent
to a group with just 2 blocks, soin time linear in the number of blocks we can
reducethe problem to have sizelinear in the number of groups, n.

First, in Section 2.1, we showv how to reduce the optimization version to
the decision version by adding a factor of O(n?). Second,in Section 2.2, we
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give a general algorithm for the decision question running in O(kn3) where k
is the number of colors, basedon a context-free-grammer formulation. Finally,
in Section 2.3, we improve this result to O(n) time for k = 2 colors, using a
combinatorial characterization of solvable puzzlesfor this case.

2.1. Reducing Optimization to Decision. If a puzzleis solvable, the op-
timization versionis equivalert to the decisionversion (assumingthat the algo-
rithm for the decisionversionexhibits a valid solution, which our algorithms do).
If a puzzleis not solvable, then there are somegroupsthat are never removed. If
we knew one of the groupsthat is not removed, we would split the problem into
two subproblems,which would be independert subpuzzlesof the original puzzle.

Thus, we can apply a dynamic-programming approach. Each subprogram is
a consecutive subpuzzle of the puzzle. We start with the solvable cases,found
by the decision algorithm. We then build up a solution to a larger puzzle by
choosing an arbitrary group not to remove, adding up the scoresof the two
resulting subproblems, and maximizing over all choices for the group not to
remove. If the decisionversion can be solved in d(n; k) time, then this solution
to the optimization versionruns in O(n?d(n; k) + n®) time. It is easyto seethat
d(n; k) = ( n), thus proving

Lemma 1. If the decision version of one-mlumn Clickomania can be solvel in
d(n; k) time, then the optimization version can be solvel in O(n2d(n; k)) time.

2.2. A General One-Column Solver. In this section we show that one-
column Clickomania reducesto parsing context-free languages. Becausestrings
are normally written left-to-right and not top-down, we speak about one-row
Clickomania in this subsection,which is equivalernt to one-columnClickomania.
We can write a one-rowv k-color Clickomania puzzle as a word over the alpha-
bet = fcy;:::;¢6k0. Such words and Clickomania puzzlesare in one-to-one
correspondence,so we usethem interchangably.
Now considerthe context-free grammar

G:S! jSSj

We claim that a word can be parsedby this grammar preciselyif it is solvable.

Theorem 2. The context-free languagel (G) is exactly the languageof solvable
one-row Clickomania puzzles.

Any solution to a Clickomania puzzle can be described by a sequenceof moves
(clicks), my; my;:::mg, such that after removing mg no blocks remain. We call a
solution internal if the leftmost and rightmost blocks are removedin the last two
moves (or the last move, if they have the samecolor). Note that in an internal
solution we can choosewhether to remove the leftmost or the rightmost block in
the last move.
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Lemma 3. Every solvableone-row Clickomania puzzlehasan internal solution.

nia puzzle, and supposethat the leftmost block is removed in move my,. Because
move my removesthe leftmost group, it cannot form new clickable groups. The

cept perhapsfor the group containing the leftmost block. If the leftmost block is
removed in this subsequencegortin ue discarding movesfrom the sequenceuntil

the remaining subsequenceemoves all but the group cortaining the leftmost
block. Now the puzzle can be solved by adding one more move, which removes
the last group cortaining the leftmost block. Applying the sameargumert to
the rightmost block provesthe lemma.

We prove Theorem 2 in two parts:
Lemma 4. If w2 L(G), then w is solvable.

Proof. Becausew 2 L(G), there is a derivation S ) w. The proof is by
induction on the length n of this derivation. In the basecase,n = 1, we have
w = , which is clearly solvable. Assumeall strings derivedin at mostn 1 steps
are sohable, for somen 2. Now considerthe rst stepin a n-step derivation.
Becausen 2, the rst production cannotbeS ! . Sothere arethree cases.

S) SS) w

In this casew = xy, suchthat S) xandS) vy bothinatmostn 1
steps. By the induction hypothesis,x andy are solvable. By Lemma 3, there are
internal solutions for x and y, where the rightmost block of x and the leftmost
block of y are removed last, respectively. Doing thesetwo movesat the very end,
we can now arbitrarily mergethe two move sequencedor x and y, removing all
blocks of w.

S) aSc) w:

In this casew = ¢xcj, such that S) x in at most n 1 steps. By the
induction hypothesis, x is solvable. By Lemma 3, there is an internal solutions
for x; if either the leftmost or rightmost block of x hascolori, it canbe chosento
be removedin the last move. Therefore, the solution for x followed by removing
the remaining ¢ ¢ (if it still exists) is a solution to w.

S) ¢SGSg ) w:

This caseis analogousto the previous case.

Lemma 5. If w2 is solvable,thenw 2 L(G).

Proof. Supposew 2 be solvable. We will prove that w 2 L(G) by induction
on jwj. The basecase,jwj = 0 follows since 2 L(G). Assumeall solvable
strings of length at mostn 1 arein L(G), for somen 1. Considerthe case
jwj = n.

Sincew is solvable, there is a rst move in a solution to w, let's say removing
agroup ¢" form 2. Thus,w = xc"y. Now, neither the last symbol of x nor
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the rst symbol of y canbec. Let w®= xy. Sincejwy jwj 2=n 2, and
w? is solvable, wP is in L (G) by the induction hypothesis.
Obsere that ¢ 2 L(G) by one of the derivations:

S ) (m 3)=2 Ci(m 3)=ZSCi(m 3)=2 ) Ci(m 3)=ZSCiSCi(m 3)=2 ) 2 qn

if m is odd, or
S) ™2 s ) "
if miseven. Thus,if x = , wcanbederivedasS) SS) d"S) c"y=w.
Analogously for y = . It remainsto considerthe casex;y 6 .
Considerthe rst stepin a derivation for w’. There are three cases.

S) SS) uS) uv=w®

We can assumethat u;v 6 , otherwise we consider the derivation of w® in
which this rst stepis skipped. By Lemma4, u and v are both solvable. Consider
the substring ¢ of w that was removed in the rst move. Either w = ui¢"uyv
(uz possibly empty) or w = uvic"vy (vi possibly empty). Without loss of
generality, we assumethe former case,i.e., U = uiu,. Then u® = uig'uy is
solvable becauseu is solvable and m was maximal. Sincev 6 , it follows that
ju§ < jwj, and by the induction hypothesis, u®2 L(G). HenceS ) SS)
u’s) u% = wis aderivation of w and w 2 L(G).

S) ¢S ) qug =wb

Sincex;y 6 , it must be the casethat w = ¢juic"u,G, whereu = ujus.
By Lemma 4, u is solvable, hencesois u® = u;c"u, becausem was maximal.
Moreover, juj = jwj 2 and thus u®2 L(G) by the induction hypothesis and
S) ¢S¢g) ¢qu% =w2L(G).

S) ¢SgSg ) gugvg = wl

Sincex;y 6 , eitherw = ¢ uig"u,cvg andu = uiUy, OF W = G UG V1G" VoG
and u = vivy. Without lossof generality, assumew = ¢ u,C¢" UG ve . Anal-
ogously to the previous case,u® = u;c"u, 2 L(G), henceS ) ¢ ScSg )
gul%vg = w2 L(G).

Thus, deciding if a one-row Clickomania puzzleis solvable reducesto deciding
if the string w corresponding to the Clickomaniapuzzleisin L (G). Sincedeciding
w 2 L(G) isin P, sois deciding if a one-ron Clickomania is solvable. This
completesthe proof of Theorem 2. In particular, we can obtain a polynomial-
time algorithm for one-row Clickomaniaby applying standard parsing algorithms
for context-free grammars.

Corollary 6. We can decide in O(kn®) time whethera one-row (or one-mlumn)
k-color Clickomania puzzleis solvable.

Proof. The context-free grammar can be corverted into a grammar in Chomsky
normal form of size O(k) and with O(1) nonterminals. The algorithm in [4,
Theorem7.14, pp. 240{241]runs in time O(n?) times the number of nonterminals
plus the number of productions, which is O(k).
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Applying Lemma 1, we obtain

Corollary 7. One-row (or one-olumn) k-color Clickomania can be solvel in
O(kn®) time.

2.3. A Linear-Time Algorithm for Tw o Colors. In this section, we show
how to decidesolvability of a one-columntwo-color Clickomania puzzlein linear
time. To do so, we give necessaryand su cien t combinatorial conditions for
a puzzle to be solvable. As it turns out, these conditions are very dierent
depending on whether the number of groupsin the puzzleis even or odd, with
the odd casebeing the easierone.

We assumethroughout the section that the groups are named gs;:::;0n. A
group with just one block is called a singleton, and a group with at least two
blocks in it is called a nonsingleton

The characterization is basedon the following simple notion. A checkerloard
is a maximal-length sequenceof consecutive groups eat of size one. For a
chedkerboard C, jCj denotesthe number of singletonsit contains. The following
lemma formalizes the intuition that if a puzzle has a chedkerboard longer than
around half the total number of groups, then the puzzle is unsolvable.

Lemma 8. Consider a solvableone-mlumn two-color Clickomania puzzlewith
n groups, and let C be the longestcheckerlpard in this puzzle.

() If Cis at an end of the puzzle,then jCj 1L,

2

(i) If C is strictly interior to the puzzle,then jCj %
Proof. (i) Each group g of the chederboard C must be removed. This is only
possibleif g is merged with some other group of the samecolor not in C, so
there are at leastjCj groupsoutside of C. Thesegroups must be separatedfrom
C by at least one extra group. Therefore,n 2jCj+ 1 or Cj %

(i) Analogously, if C is not at one end of the puzzle, then there are two extra
groups at either end of C. Therefore,n 2jCj+ 2 or jCj %

2.3.1. An Odd Number of Groups. The condition in Lemma 8 is alsosu cien t if
the number of groupsis odd (but not if the number of groupsis even). The idea
is to focus on the median group, which hasindex m = % This is motivated
by the following fact:

Lemma 9. If the median group hassize at least two, then the puzzleis solvable.

Proof. Clicking on the median group removes that piece and mergesits two
neighbors into the new median group (it has two neighbors becausen is odd).
Therefore, the resulting puzzle again has a median group with sizeat least two,
and the processrepeats. In the end, we solve the puzzle.

Theorem 10. A one-olumn two-color Clickomania puzzlewith an odd number
of groups, n, is solvableif and only if
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the length of the longestcheckerlpard is at most (n 3)=2; or
the length of the longestcheckertoard is exactly (n  1)=2, and the checkertoard
occurs at an end of the puzzle.

Proof. If the puzzle contains a chedkerboard of length at least m = % then
it is unsohable by Lemma 8. If the median has size at least two, then we are
also done by Lemma 9, so we may assumethat the median is a singleton. Thus
there must be a nonsingleton somewhereto the left of the median that is not
the leftmost group, and there must be a nonsingletonto the right of the median
that is not the rightmost group. Also, there are two such nonsingletonswith at
most ”2—2 other groups betweenthem.

Clicking on any one of thesenonsingletonsdestroys two groups (the clicked-on
group disappears, and its two neighbors merge). The new median moved one
group right [left] of the old one if we clicked on the nonsingleton left [right] of
the median. The two neighbors of the clicked nonsingleton merge into a new
nonsingleton, and this new nonsingleton is one closerto the other nonsingleton
than before. Therefore, we can cortin ue applying this procedureuntil the median
becomesa nonsingleton and then apply Lemma 9. Note that if one of the two
nonsingletonsever reachesthe end of the sequencehen the other singleton must
be the median.

Note that there is a linear-time algorithm implicit in the proof of the previous
lemma, so we obtain the following corollary.

Corollary 11. One-mlumn two-color Clickomania with n groupscan be decided
in time O(n) if n is odd. If the problemis solvable,a solution can also be found
in time O(n).

2.3.2. An EvenNumber of Groups. The characterization in the evencasereduces
to the odd case,by showing that a solvable even puzzle can be split into two
solvable odd puzzles.

Theorem 12. A one-mlumn two-color Clickomania puzzle,g;;:::;gn, With n
evenis solvableif and only if there is an odd index i suchthat g;;:::;0 and
O+1;:::;0, are solvablepuzzles.

and gi+1 becomesa nonsingleton. Thesetwo solutions can be executedindepen-
dertly becauseg; and gj+; form a\barrier." Then g and gi+1 can be clicked to
solve the puzzle.

instance. One of these clicks, say m;, removesthe blocks of group g:. (Note
that this group might well have been merged with other groups before, but we
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are interested in the click that actually removesthe blocks.) Let i be maximal
sudh that the blocks of group g; are alsoremoved during click m; .
Clearly i is odd, sincegroupsg; and g; have the samecolor and we have only

two colors. It remainsto shaw that the instancesg:;:::;g and gi+1;:::; g, are
solvable.
The clicks my;:::;m; 1 canbe distinguished into two kinds: thosethat a ect

blocks to the left of gi, and those that a ect blocks to the right of g;. (Since g
is not removed before m;, a click cannot be of both kinds.)
Consider those clicks that a ect blocks to the left of g;, and apply the exact

o1 and g, sothat this group becomesa nonsingleton. One last click onto g;
hencegivesa solution to instance gi;:::;g.

Consider those clicks beforem; that a ect blocks to the right of g,. None of
theseclicks can mergeg; with a block g, k > i, sincethis would corntradict the
de nition of i. Henceit doesnot matter whether we executethese clicks before
or after m;, asthey have no e ect on g; or the blocks to the left of it.

If we took these clicks to the right of g, and combine them with the clicks
after m; (note that at this time, block g; and everything to the left of it is gone),

Using this theorem, it is possibleto decidein linear time whether an even
instance of one-columntwo-color Clickomania is solvable, though the algorithm
is not as straightforward asin the odd case. The ideais to proceedin two scans
of the input. In the rst scan, in forward order, we determine for ead odd

a chedkerboard. We initialize i = j = k=1= 0.

When considering group g, we rst update |. If g is a singleton, then | is
unchanged. Otherwise, | = i + 1. Next, we update j and k, by verifying whether
i I>k j,andif so,settingj = | andk = i. Clearly, this takesconstart time.

This holdsif (k+ 1) j (i 3)=2, sincethen the longestchederboard is short
enough. If (k+ 1) | (i + 1)=2, then the instance is not solvable. The only
casethat requiresa little bit of extra work is (k+ 1) j = (i 1)=2, sincewe
then must verify whether the longest chederboard is at the beginning or the
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end. This, howewer, is easy If the longestchederboard haslength (i 1)=2 and

i.e., gi 1=2 must be a nonsingleton. If the longest chedkerboard is not at the
beginning or the end, then the median group is a singleton. This can be tested
in constart time. Hencewe can test in amortized constart time whether the

Corollary 13. One-mlumn two-color Clickomania with n groupscan be decided
in time O(n) if n is even. If the problemis solvable,a solution can also be found
in time O(n).

3. Hardness for 5 Colors and 2 Columns

Theorem 14. Deciding whether a Clickomania puzzle can be solval is NP-
complete, evenif we haveonly two columns and ve colors.

It is relatively easyto reduce two-column six-color Clickomania from the
weakly NP-hard set-partition problem: given a set of integers, can it be par-
titioned into two subsetswith equal sum? Unfortunately this does not prove
NP-hardnessof Clickomania, becausethe reduction would represen the integers
in unary (as a collection of blocks). But the partition problem is only NP-hard
for integersthat are superpolynomial in size, so this reduction would not have
polynomial size. (Set partition is solvable in pseudo-plynomial time, i.e., time
polynomial in the sum of the integers|[3].)

Thuswereducefrom the 3-partition problem, which is strongly NP-hard [2; 3].

3-Partition Problem. Given a multiset A = fay;:::;a,gofn= 3:&; positive
integersbounded by a xed polynomial in n, with the propertylg,hat i”:l a =
tm, is there a partition of A into subsetsS;;:::; Sy such that ,5 a=t for
all i?

Sud a partition is called a 3-partition . The problem is NP-hard in the case
that t=3 &  2t=3for all i. This implies that a 3-partition satis es jS;j = 3
for all i, which explains the name.

The construction hastwo columns; refer to Figure 1. The left column encades

well as corntaining separatorsand blocks to match the sets.

Esserially, the idea is that in order to remaove the singleton that encadesset
U; , we must remove three blocks that encade elemerts in A, and these elemerts
exactly sum to t, henceform the setS;.

The preciseconstruction is asfollows. The left column consists,from bottom
to top, of the following:

3m squares,alternately black and white
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. set-matchers
(m 1)st ‘ .
set-indicator
4maszm
w Al
4amt
4mt(m 1) 3m 1+4m?2t
4amt
4amt
4mas
3m
I 4may
I 4ma

Figure 1. Overall construction, not to scale.
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m 1 sectionsfor the m 1 setsU;;:::;Uyn 1, numbered from bottom to
top. The sectionfor U; consistsof 4mt 1 black and white squares,follows
by one\red" square(indicated hashedin Figure 1). This red squareis called
the j th set-indicator.

The black and white squaresare coloredalternatingly black and white, even

acrossa set-indicator. That is, if the last squarebelow a set-indicator is white,
then the rst oneaboveit is black and vice versa.
Another long stretch of alternating black and white squares. There are exactly
asmany black and white squaresabove the last set-indicator asthere were be-
low, and they are arrangedin such a way that if we removed all set-indicators,
the whole left column could collapseto nothing.

The right column contains at the bottom the elemerts in A, and at the top
squaresto remove the set-indicators. More precisely the right column consists,
from bottom to top, of the following:

3m sectionsfor ead elemert in A. The section for a; consistsof 1 \blue"
square (indicated with vertical lines in Figure 1) and 4ma; \green" squares
(indicated with diagonalsin Figure 1). Elemert a; doesnot have a separator.
The blue squaresare called seprators, while the greensquaresare the one
that encade the actual elemerts.
m 1 sectionsfor eat set. These consist of three squaresead, one red and
two blue. The red squareswill also be called set-matchers while the blue
squareswill again be called segrators.

The total height of the construction is bounded by 8m?t + 6m, which is poly-
nomial in the input. And it is not dicult to seethat solutions to the puzzle
correspond uniquely to solutions to the 3-partition problem.

4. Hardness for 3 Colors and 5 Columns

Theorem 15. Deciding whether a Clickomania puzzle can be solval is NP-
complete, evenif we haveonly ve columns and three colors.

The proof is by reduction from 3-SAT. We now give the construction.
LetF = C;» ~Cy beaformulain conjunctive normal form with variables

white, gray, and black, wherethe two leftmost columns, the v-columns, represen
the variables, and the three rightmost columns, the c-columns, represen the
clauses(seeFigure 2(a)). Most of the board is white, and gray blocks are only
usedin the c-columns. In particular, a singlegray block sits on top of the fourth
column, and another white block on top of the gray block. We will show that
this gray block can be removed together with another single gray block in the
rightmost column if and only if there is a satisfying assignmen for F.

All clausesoccupy a rectangle CB of height hcg. Each variable x; occupies
a rectangle V; of height h,. The variable groups are slightly larger than CB,
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Figure 2. The Clickomaniapuzzle. The white areais not drawn to scale.
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namely hy = hcg + 3hg. The lowest group Vp represerts a dummy variable Xg
with no function other than elewating x; to the height of CB. The total height
of the construction is therefore approximately (n+ 1) (hy + 3hp).

For all i, there are two sliding groups Sj+1 and Sj+1 of size 2hg and hg,
respectively, underneath V;; their function will be explained later. The variable
groups and the sliding groups are separatedby single black rows which always
court for the height of the group below. The variable groups contain somemore
black blocks in the secondcolumn to be explained later.

CB sits above a gray rectangle of height h, at the bottom of the c-columns,
a white row with a black block in the middle, a white row with a gray block to
the right, and a white rectangle of height 6hgy 2. Figure 2(b) shows the board

rst i 1 variables.

CB and V,; are divided into m chunks of height h., one for ead clause(see
Figure 2(c)). Note that V; is larger than CB, soit also has a completely white
rectangleon top of thesem chunks. Each clausecontains three locks, correspond-
ing to its literals, ead variable having a di erent lock (we distinguish between
dierent locks by their position within the clause, otherwise the locks are in-
distinguishable). Each variable group V; on the other hand contains matching
X;-keyswhich can be usedto open a lock, thus satisfying the clause. After we
have unlocked all clausescontaining x; we can slide V; down by removing the
white areaof V; 1 which is now near the bottom of the v-columns. Thus we can
satisfy clausesusing all variables, one after the other.

Variables can appear as positive or negative literals, and we must prevert
Xj-keys from opening both positive and negative locks. Either all x;-keys must
be usedto open only x;-locks (this corresponds to the assignmen x; = 1), or
they are usedto open only x;-locks (this correspondsto the assignmen x; = 0).
To achieve this we usethe sliding groups S; and S;. Initially , a clausecontaining
literal x; hasits x;-lock 2hg rows below the x;-key; if it corntains the literal x;
then the x;-lock is hg rows below the x;-key; and if it does not contain the
variable x; there is no x;-lock. So before we can use any x;-key we must slide
down V; by either hg (by removing S;) or by 2hg (by removing Sj). Removing
both S; and S; slidesV; down by 3hg which again makes the keys useless,so
either x; = 0in all clausesor x; = 1.

To prevent removal of the large gray rectangle at the bottom of the c-columns

ead and a barrier group E (seeFigure 2(d)). The locks for positive literals are
located in Es, and the locks for negative literals are in Eg. The keysare located
in E;. As said before, we can slide them down by either hqg (i.e., x = 0), or by

keys by sliding them down more than 2hy.
We only describe Es, the construction of Eg is similar (seeFigure 2(e)). To
keep the drawings simple we assumethat the v-columns have been slid down
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by 2hg, i.e., the chunk E7 in the v-columns is now chunk Es. Es is divided

contains an x;-key which is a black rectangle of height hy in the secondcolumn
(seeFigure 2(f)), surrounded on both sidesby white spaceof height hs. In the
c-columns,rectangle F- contains an x--lock if and only if the literal x- appearsin
the clause. The lock is an alternating sequenceof black and white blocks, where
the topmost black block is aligned with the topmost black block of the x--key
(seeFigure 2(f) and (g)). The number of black blocks in a lock varies between
clauses,we denoteit by by for clauseC;, and is independert of the variable x;.
Let Bj = b, + + t] .

The barrier of clauseC; is locatedin the chunk E,, of that clause(seeFigure 3).
It is a single black block in column 4. There is another single black block in
column 3, the bomb, B; rows above the barrier. The rest of Ey, is white. As long
asthe large white area exists, the only way to remove a barrier is to slide down
a bomb to the sameheight asthe barrier.

hp

AN B

Figure 3. A barrier in Ep

With somee ort one can show that this board can be solved if and only if
the given formula has a satisfying assignmei.

5. Conclusion

Oneintriguing direction for further researt is two-player Clickomania, a com-
binatorial gamesuggestedo us by Richard Nowakowski. In the impartial version
of the game, the initial position is an arbitrary Clickomaniapuzzle,and the play-
erstaketurns clicking on groupswith at leasttwo blocks; the last player to move
wins. In the partizan versionof the game,the initial position is a two-color Click-
omania puzzle, and ead player is assigneda color. Players take turns clicking
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on groups of their color with at least two blocks, and the last player to move
wins.

Seweral interesting questionsarise from thesegames. For example,what is the
complexity of determining the game-theoreticvalue of an initial position? What
is the complexity of the simpler problem of determining the outcome (winner)
of a given game? Thesegamesare likely harder than the corresponding puzzles
(i.e., at least NP-hard), although they are more closelytied to how many moves
can be made in a given puzzle, instead of how many blocks can be removed as
we have analyzedhere. The gamesare obviously in PSPACE, and it would seem
natural that they are PSPACE-complete.

Probably the more interesting direction to pursue is tractabilit y of special
cases. For example, this paper has shavn polynomial solvability of one-column
Clickomonia puzzles, both for the decision and optimization problems. Can
this be extendedto one-columngames? Can both the outcome and the game-
theoretic value of the gamebe computed in polynomial time? Even these prob-
lemsseemto have an intricate structure, although we conjecture the answersare
yes.

In addition, seweral open problems remain about one-player Clickomania:

1. What is the complexity of Clickomania with two colors?

. What is the complexity of Clickomania with two rows? O(1) rows?

3. What is the precise complexity of Clickomania with one column? Can any
context-free-grammar parsing problem be converted into an equivalent Click-
omania puzzle? Alternativ ely, can we construct an LR(k) grammar?

4. In someimplementations, there is a scored version of the puzzle in which
removing a group of size n results in (n  2)? points, and the goal is to
maximize score. What is the complexity of this problem? (This ignoresthat
there is usually a large bonus for removing all blocks, which aswe have shovn
is NP-complete to decide.)

N
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