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Phutball Endgames are Hard

ERIK D. DEMAINE, MARTIN L. DEMAINE, AND DAVID EPPSTEIN

Abstra ct . We show that, in John Conway's board game Phutball (or
Philosopher's Football), it is NP-complete to determine whether the current
player has a move that immediately wins the game. In contrast, the similar
problems of determining whether there is an immediately winning move in
checkers, or a move that kings a man, are both solvable in polynomial time.

1. Intro duction

John Conway's gamePhutball [1{3,13], alsoknown as Philosopher's Football,
starts with a single black stone (the ball) placed at the certer intersection of a
rectangular grid such as a Go board. Two players sit on opposite sides of the
board and take turns. On ead turn, a player may either place a single white
stone (a man) on any vacart intersection, or perform a sequenceof jumps. To
jump, the ball must be adjacert to oneor moremen. It is movedin a straight line
(orthogonal or diagonal) to the rst vacart intersection beyond the men, and the
men so jumped are immediately removed (Figure 1). If ajump is performed, the
sameplayer may cortinue jumping as long as the ball cortinuesto be adjacert
to at leastoneman, or may endthe turn at any point. Jumps are not obligatory:
one can chooseto place a man instead of jumping. The gameis over when a
jump sequencesndson or over the edgeof the board closestto the opponert (the
opponert's gaal line) at which point the player who performed the jumps wins.
It is legal for a jump sequenceto step onto but not over one's own goal line.
One of the interesting properties of Phutball is that any move could be played
by either player, the only partialit y in the game being the rule for determining
the winner.

It is theoretically possiblefor a Phutball gameto return to a previous po-
sition, so it may be necessaryto add a loop-avoidancerule such as the one in
Chess(three repetitions allow a player to claim a draw) or Go (certain repeated
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Figure 1. A jump in Phutball. Left: The situation prior to the jump. Right: The
situation after jumping two men. The sameplayer may then jump the remaining
man.

positions are disallowed). However, repetitions do not seemto comeup much in
actual practice.

It is commonin other board games that the problemsof determining the out-
comeof the game(with optimal play), or testing whether a given move presenes
the correct outcome, are PSPACE-complete [5], or even EXPTIME-complete for
loopy gamessudh as Chess[8] and Go [11]. However, no suc result is known
for Phutball. Here we prove a di erent kind of complexity result: the problem
of determining whether a player has a move that immediately wins the game(a
mate in one, in chessterminology) is NP-complete. Such a result seemsquite
unusual, sincein most gamesthere are only a small number of legal moves,which
could all be tested in polynomial time. The only similar result we are aware of
is that, in Twixt, it is NP-complete to determine whether a player's points can
be connectedto form a winning chain [10]. However, the Twixt result seemsto
be lessapplicable to actual game play, sinceit dependson a player making a
confusingtangle of his own points, which doesnot tend to occur in practice. The
competition betweenboth playersin Phutball to form a favorable arrangemert
of men seemsto lead much more naturally to complicated situations not unlike
the onesoccurring in our NP-completenessproof.

2. The NP-Completeness Pro of

Testing for a winning jump sequences clearly in NP, sincea jump sequence
can only be as long as the number of men on the board. As is standard for
NP-completenessproofs, we prove that the problem is hard for NP by reducing
a known NP-complete problem to it. For our known problem we choose3-SAT:
satis abilit y of Booleanformulaein conjunctive normal form, with at most three
variables per clause. We must showv how to translate a 3-SAT instance into a
Phutball position, in polynomial time, in such a way that the given formula is
solvable preciselyif there exists a winning path in the Phutball position.

IMore precisely, since most games have a nite prescribed board size, these complexity
results apply to generalizations in which arbitrarily large boards are allowed, and in which the
complexity is measured in terms of the board size.
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Figure 2. Overallplan of the NP-completenesseduction: a path zigzagsthrough
horizontal pairs of lines (representingvariables) and vertical triples of lines (rep-
resentingclauses). Certain variable-clausecrossingsare marked, representingan
interaction betweenthat variable and clause.

The overall structure of our translation is depicted in Figure 2, and a small
complete exampleis shown in Figure 6. We form a Phutball position in which
the possiblejump sequencezigzaghorizontally along pairs of lines, where eath
pair represens one of the variablesin the given 3-SAT instance. The path then
zigzagsvertically up and down along triples of lines, where ead triple represens
one of the clausesin the 3-SAT instance. Thus, the potential winning paths are
formed by choosing one of the two horizontal linesin ead pair (corresponding to
selectinga truth value for ead variable) together with one of the three vertical
linesin ead triple (corresponding to selectingwhich of the three variableshasa
truth value that satis es the clause). By convertion, we assiate paths through
the upper of a pair of horizontal lineswith assignmetts that setthe corresponding
variable to true, and paths through the lower of the pair with assignmerts that
set the variable to false. The horizontal and vertical lines interact at certain
marked crossingsin a way that forcesany path to correspond to a satisfying
truth assignmer.

We now detail ead of the componerts of this structure.

Fan-in and fan-out: At the ends of ead pair or triple of lines, we need a
con guration of men that allows paths along any member of the set of lines
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Figure 3. Con guration of men to allow a choice between three vertical lines.
Similar con gurations are used at the other end of each triple of lines, and at
eachend of pairs of horizontal lines.
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Figure 4. Left: con guration of men to allow horizontal and vertical lines to
crosswithout interacting. Right: after the horizontal jump has beentaken, the
shat gap in the vertical line still allows it to be traversedvia a pair of jumps.
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Figure 5. Left: con guration of men to allow horizontal and vertical lines to
interact. Right: after the horizontal jump has been taken, the long gap in the
vertical line preventspassage.
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to cornverge, and then to diverge again at the next pair or triple. Figure 3
depicts such a con guration for the triples of vertical lines; the con guration
for the horizontal lines is similar. Note that, if a jump sequenceerters the
con guration from the left, it can only exit through one of the three lines at
the bottom. If ajump sequenceenters via oneof the three vertical lines, it can
exit horizontally or on one of the other vertical lines. Howewer, the possibility
of using more than oneline from a group doesnot causea problem: a jump
sequencethat usesthe secondof two horizontal lines must get stuck at the
other end of the line, and a jump sequencedhat usestwo of three vertical lines
must useall three lines and can be simpli ed to a sequenceusing only one of
the three lines.

Non-intera cting line cr ossing: Figure 4 depictsacon guration of menthat
allows two linesto crosswithout interacting. A jump sequenceentering along
the horizontal or vertical line can and must exit along the sameline, whether
or not the other line has already beenjumped.

Intera ction: Figure 5 depicts a con guration of men forming an interaction
betweentwo lines. In the initial con guration, a jump sequencemay follow
either the horizontal or the vertical line. However, once the horizontal line
has beenjumped, it will no longer be possibleto jump the vertical line.

Theorem 1. Testing whether a Phuthall position allows a winning jump se-
quene is NP-complete.

Proof. As described above, we reduce 3-SAT to the given problem by forming a
con guration of menwith two horizontal lines of menfor ead variable, and three
vertical lines for eat clause. We connect theselines by the fan-in and fan-out
gadgetdepicted in Figure 3. If variable i occursasthe jth term of clausek, we
place an interaction gadget (Figure 5) at the point where the bottom horizontal
line in the ith pair of horizontal lines crosseghe j th vertical line in the kth triple
of vertical lines. If instead the negation of variable i occursin clausek, we place
an interaction gadget similarly, but on the top horizontal line in the pair. At
all other crossingsof horizontal and vertical lines we place the crossinggadget
depictedin Figure 4. Finally, we form a path of men from the nal fan-in gadget
(the arrow in Figure 2) to the goal line of the Phutball board.

The lines from any two adjacert interaction gadgets must be separated by
four or more units, but other crossingtypesallow a three-unit separation. By
choosing the order of the variables in eat clause, we can make sure that the
rst variable diers from the last variable of the previous clause, avoiding any
adjacenciesbetweeninteraction gadgets. Thus, we can spaceall lines three units
apart. If the 3-SAT instancehasn variablesand m clausesthe resulting Phutball
board requires6n + O(1) rows and 9m + O(1) columns, polynomial in the input
size.

Finally, we must verify that the 3-SAT instance is solvable precisely if the
Phutball instance has a winning jump sequence.Suppose rst that the 3-SAT
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instance has a satisfying truth assignmet; then we can form a jump sequence
that usesthe top horizontal line for every true variable, and the bottom line

for every false variable. If a clauseis satis ed by the jth of its three variables,

we choosethe jth of the three vertical lines for that clause. This forms a valid

jump sequence: by the assumption that the given truth assignmen satis es

the formula, the jump sequenceusesat most one of every two lines in every

interaction gadget. Conversely supposewe have a winning jump sequencein

the Phutball instance; then as discussedabove it must use one of every two

horizontal lines and one or three of every triple of vertical lines. We form a

truth assignmen by setting a variable to true if its upper line is usedand false
if its lower line is used. This must be a satisfying truth assignmer: the vertical

line usedin eat clausegadgetmust not have had its interaction gadgetcrossed
horizontally, and so must correspond to a satisfying variable for the clause.

Figure 6 shows the complete reduction for a simple 3-SAT instance. We
note that the Phutball instancescreated by this reduction only allow orthogonal
jumps, sothe rule in Phutball allowing diagonal jumps is not essetial for our
result.

3. Phutball and Checkers

Phutball is similar in many ways to Cheders. As in Phutball, Cheders
players sit at opposite endsof a rectangular board, move piecesby sequence®f
jumps, remove jumped pieces,and attempt to move a pieceonto the side of the
board nearestthe opponert. As in Phutball, the possibility of multiple jumps
allows a Cheders player to have an exponertial number of available moves.
Cheders is PSPACE-complete [7] or EXPTIME-complete [12], depending on
the termination rules, but theseresults rely on the di cult y of gametree seart
rather than the large number of movesavailable at any position. DoesCheders
have the samesort of single-move NP-completenessas Phutball?

It is conveniert to view Chedersasbeing played on a nonstandard diamond-
shaped grid of square cells, with piecesthat move horizontally and vertically,
rather than the usual pattern of diagonal moveson a chedkerboard (Figure 7).
This view doesnot involve changing the rules of chedkersnor eventhe geometric
positions of the pieces,only the markings of the board on which they rest. Then,
any jump presenesthe parity of both the x- and y-coordinates of the jumping
piece, so at most one fourth of the board's cells can be reached by jumps of a
given piece (Figure 8, left).

For any given piece p, form a bipartite graph G, by connecting the vacart
positions that p can reach by jumping with the adjacert piecesof the opposite
color that p can jump. If pis a king, this graph should be undirected, but
otherwise it should be directed accordingto the requiremert that the piecenot
move backwards. Note that ead jumpable piece has degreetwo in this graph,
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Figure 7. The checlerboard can equivalently be viewed as a diamond-shagd
grid of orthogonally adjacent squae cells.
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Figure 8. Left: only cells of the sameparity can be reachedby jumps. Right:
graph G, formed by connectingjumpable pieceswith cellsthat can be reached
by jumps from the upper black king.

sothe possiblesequence®f jumps are simply the graph paths that begin at the
given piece and end at a vacart square. Figure 8, right, depicts an example;
note that opposing piecesthat can not be jumped (becausethey are on cells of
the wrong parity, or becausean adjacert cell is occupied) are not included in
Gp. Using this structure, it is not hard to show that Cheders moves are not
complex:

Theorem 2. For any Checkers position (on an arbitrary-size board), one can
test in polynomial time whether a checker can become a king, or whether there
is a move which wins the gameby jumping all the opponent's pieces.

Proof. Piecep canking preciselyif there is a directed path in G, from p to one
of the squaresalong the opponert's side of the board. A winning move exists
precisely if there exists a piece p for which G, includes all opposing piecesand
cortains an Euler path starting at p; that is, preciselyif G, is connectedand has
at most one odd-degreevertex other than the initial location of p.



PHUTBALL ENDGAMES ARE HARD 359

The secondclaim in this theorem, testing for a one-move win, is also proved
in [7]. That paper also shows that the analogousproblem for a generalization of
chedersto arbitrary graphsis NP-complete.

4. Discussion

We have shown that, in Phutball, the exponertial number of jump sequences
possiblein a single move, together with the ways in which parts of a jump se-
guencecan interfere with ead other, leadsto the high computational complexity
of nding a winning move. In Chedkers,there may be exponertially many jump
sequencesbut jumps can be performed independertly of ead other, so nding
winning movesis easy What about other games?

In particular, Fanorona[4,6] seemsa natural candidate for study. In this game,
capturing is performedin a di erent way, by moving a piecein one step towards
or away from a contiguous line of the opponert's pieces.Board squaresalternate
between strong (allowing diagonal moves) and weak (allowing only orthogonal
moves), and a piece making a sequenceof captures must change direction at
ead step. Like Cheders (and unlike Phutball) the gameis won by capturing all
the opponert's piecesrather than by reaching somedesignatedgoal. Is nding
a winning move in Fanorona hard? If so, a natural candidate for a reduction is
the problem of nding Hamiltonian paths in grid graphs [9].

The complexity of determining the outcome of a general Phutball position
remains open. We have not even proven that this problem is NP-hard, since
even if no winning move exists in the positions we construct, the player to move
may win in more than one move.
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