


More Games of No Chance
MSRI Publications
Volume 42, 2002

Exp erimen ts in Computer Amazons

MARTIN MULLER AND THEODORE TEGOS

Abstra ct . Amazons is a relativ ely new game with some similarities to the
ancient games of chessand Go. The game has become popular recertly
with combinatorial games researchers as well as in the computer games
community. Amazons combines global full-b oard with local combinatorial
game features. In the opening and early middle game, the playing pieces
roam freely across the whole board, but later in the game they become
conned to one of seweral small independent areas.

A line segment graph is an abstract representation of a local Amazons
position. Many equivalent board positions can be mapped to the same
graph. We use line segmert graphs to e cien tly store a table of defective
territories , which are imp ortant for evaluating endgame positions precisely.
We describe the state of the art in the young eld of computer Amazons,
using our own competitiv e program Arrow as an example. We also discuss
some unusual types of endgame and zugzwang positions that were discov-
ered in the course of writing and testing the program.

1. Intro duction

The gameof Amazonswasinvented by Walter Zamkauskas. Two playerswith
four playing piecesead compete on a 10 10 board. Figure 1 shows the initial
position of the game. The pieces, called queens or amazons move like chess
queens. After each move an amazonshoots an arrow, which travelsin the same
way as a chessqueenmoves. The point where an arrow lands is burned o the
playing board, reducing the e ectiv e playing area. Neither queensnor arrows
can travel acrossa burned o square or another queen. The rst player who
cannot move with any queenloses.

Amazons endgamesshare many characteristics with Go endgamesbut avoid
the extra complexity of Go such as ko ghts or the problem of determining
the safety of stonesand territories. Just like Go, Amazons endgamesare being
studied by combinatorial gamesresearters. Berlekamp and Snatzke have inves-
tigated play on sumsof long narrow n 2 strips containing one amazonof eath
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Figure 1. The playing board of Amazons.

player [1; 15]. Eventhough n 2 areashave a simple structure, sum gameplay
is surprisingly subtle, and full combinatorial gamevaluesbecomevery complex.

Amazons has also caugh the attention of programmerswho work on games
such asshogi, Othello or Go. In 1998and 1999, Hiroyuki lida organizedthe rst
two computer Amazonschampionships,which wereheld at the Computer Games
Researt Institute of Shizuoka University [10; 13]. The winning program in both
tournaments was Yamazon written by the leading shogi programmer Hiroshi
Yamashita [16]. Shortly after the secondtournament, Michael Buro's amslot
won a dream match played on the GGS senrwer [6] against the top four cortes-
tants. In summer2000,another Amazonstournament washeld at the Computer
GamesOlympiad in London. 8QP by top chessprogrammer Johan de Koning
convincingly won all its gamesin a eld of six mostly new programs. Yamazon
took secondplace. Yet another strong new program, Amazong was developed
by JensLieberum, who wasthe winner of the human Amazonstournament held
at the combinatorial gamesworkshop at MSRI in Berkeleyin 2000.

This paper cortributes to our understanding of the game of Amazons as fol-
lows: Section 2 discussespartitioning an Amazons board. In Section 3 we in-
troduce the new concept of a line seggment graph, which provides an abstract
represeration of a local Amazons position. Section 4 deals with territories,
which are areascortrolled by one player, and with the problem of defective terri-
tories. As an empirical result, we computed tables of small defective territories.
Section 5 discusseszugzwangpositions, which frequertly occur in the game of
Amazons. Section 6 contains a brief discussionof an evaluation function for com-
puter Amazons, and Section 7 wraps up with a summary, pointers to Amazons
resourcesand future work.

2. Board Partitioning in Amazons

The aim of board partitioning is to decomposea full-b oard Amazonsposition
into a sum of independert subgameswhich canbe analyzedlocally. In the open-
ing, creating such a partition is impossible, since the whole board is connected
in many ways. In the late middle gameand endgame,the board becomesmore
and more fragmented.
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Figure 2. Board position and basic decomposition.

Figure 3. Partition using blocking amazons.

Starting from a given Amazons position, a basic board partition is given by
the 8-connectedcomponerts of all points that have not yet beenburned o by
arrows. Areas are independert sinceamazonscan never move or shoot acrossa
burned-o squareinto a di erent connectedcomponert. Figure 2 shows a board
position and its basic decomposition. Burned-o squaresare either indicated by
a crossin the gures or omitted altogether.

Often, amazonswhich helpto wall 0 someareaasterritory can be utilized to
improve the board partitioning. Figure 3 shows such an improved decomposition
for the same position as in Figure 2. The basic area ¢ of Figure 2 has been
divided into two areasc and d controlled by White and Black respectively. Area
a has beenfurther subdivided into a dead black stone e and a remaining area a
controlled by two white amazons.

A blacker is an amazon that divides the board into two or more regions.
Decomposition using blockers is not as strict as the basic decomposition into
connectedcomponerts, since blockers can move away. However, blockers often
help to surround a territory . When they leave their position, they always have
the option of shooting an arrow bacdk at their origin square,and thereby keeping
the partition intact.

3. Line Segment Graphs

For the analysisof Amazonspositions, the fact that it is played on arectangu-
lar grid doesnot matter. Even after taking into accourt the obvious symmetries
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of mirroring, rotation and translation, many positions that look dierent on
a grid are in fact equivalent in terms of possible moves and game outcomes.
Consider a represeration of an Amazons board where all points on the same
contiguous horizontal, vertical or diagonal line are joined by a line segmer.
All the structural information about an Amazons position is cortained in two
geometric primitiv es:

1. The points that are contained in eadt line segmen, and
2. the relative order of the points on a line segmei.

For brevity, we will often usethe term line instead of line segmenh. The actual
embedding of lines on a grid doesnot matter. For gameplay, of course,it must
be known which points are occupied by amazons.

Figure 4. An Amazonsregion and its line segmentgraph.

Figure 5. Amazonsregionsshaing the sameline segmentgraph.

Example 1. Figure 4 shows an Amazonsregion and its underlying structure of
line segmers. Figure 5illustrates that di erently shapedregionson an Amazons
board can be mapped to the sameconstellation of line segmetrs.

The following de nitions formally specify a line segment graph (LSG) and
describe its basic properties. Let V = fvp;:::vkg bea nite setof points.

De nition 1. A line segmen over V is an ordered set of two or more points
[Po; 5 pnl, N> 0, with the properties
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1. Distinctness: pp 2 Vandp =p () i=j
2. Ordering on a line: [po;:::5pPn] = [Go;::Gm] () n = m and either p; = ¢ or
pi= 0o i foralli=0:::n.

In words, only the relative order of points on the line is signi cant.

De nition 2. The line distance between points p; and p; on a line [po; ::::; Pnl
is de ned by Id(pi;p;) = ji  jj. ld(p;d@) = 1 if p, g arenot on a line.

De nition 3. A line sgment graph G is a pair (V;L(V)), whereV is a nite
set of points and L (V) a set of line segmers over V.

We'll call a LSG well-formed if it fullls the following simple geometric con-
ditions:

1. ead point is contained in at least oneline.

2. the unique intersection property: two distinct lines have either zero or one
points in common. We write 1\ k = p if p is the unique point contained in
both | and k, and I\ k = ? otherwise.

De nition 4. A path P(p;q) betweentwo points p, q in a line segmemn graph
(V;L(V)) is a set of line segmens fl;:::l,g such that p = po;q= pn;pi 12
lispi 2 156\ i = pie

The distance betweenp and g along path P(p;q) is de ned as

X
dip;g;P) = ld(pi 1:pi):
i=1
The shortest distance between points in a LSG is de ned as the minimum
distance along all possiblepaths connectingp and g, and as1 in the casethat
no path exists.

De nition 5. A line segmen graph (V;L(V)) is connected if there is a path
betweenead pair of points.

LSG created from Amazons positions on a standard board obey further re-
strictions:

1. The shortest path property: if two points p, g are on the sameline, |d(p;q) <
1 , then there is no shorter path betweenthem: d(p;q) = 1d(p;q);

2. the grid restriction: ead point is contained in at most four lines; and

3. the line length restriction: no line is longer than the board size.

3.1. Generating Small Line Segment Graphs. We have written programs
that generateall Amazonspositions up to size10that can t within somerect-
angular box of sizeup to 56. We have also converted all thesepositionsinto LSG
form. Table 1 showsthe numbers and Figure 6 the ratio betweenthe number of
LSG and Amazons positions on a board. For both positions on the board and
LSG the numbers have beenminimized by eliminating isomorphic cases.Figure
7 shows all LSG up to size4 that can be realized on a standard board.
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Size| Board LSG
1 1
2 2
3 5 3
4 22 11
5 94 42
6 524 199
7 3031 960
8| 18769 4945
9| 118069| 25786
10 | 755047| 137988

Table 1. Small regionsand LSG.

Figure 6. Ratio LSG/board positions.

3.2. Isomorphism Testing for Line Segment Graphs. In order to build
and usea databaseof LSG, isomorphism of line segmen graphs must be tested
ecien tly. The following mapping, proposedby Brendan McKay in a private
communication, transforms the LSG isomorphismtest problem into isomorphism
testing for colored undirected \ordinary" graphs. The result is in a format suit-
able for input to nauty, McKay's e cien t program for computing graph auto-
morphisms and isomorphisms[11; 12]. Given an LSG G = (V;L(V)), create a
colored graph G°= (V%E;col) as follows:

1. Both points and lines of G becomeverticesof G% Vo= V [ L(V). It is also
possibleand more e cien t to omit all the lines of length 2 here.
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Figure 7. All LSG up to size4.

2. In G color all vertices from V with one color (green), and all vertices from
L (V) with adierent color (red).

3. Construct the set of edgesE: Connect green points if and only if they are
adjacert points on someline. Furthermore, connecta greenpoint represering
a point v with a red point represeting a line | if and only if v 2 I.

4. Extend the mapping to graphs containing amazonsby changing the coloring
of the points which contain amazonsfrom greento the color of the amazon.

It is easyto seethat a given G° completely determinesthe underlying LSG G,
even with the optimization that doesnot create red points for lines of length 2.

4. Filling Territory and Defectiv e Areas

An areathat contains only amazonsof one color is a territory and represerts
a number of free movesfor oneplayer. The questionis exactly how many moves?
In most cases,a territory can be completely lled, and n empty squaresyield n
moves.

De nition 6. A k-defective territory providesk lessmovesthan the number of
empty squaresin the territory . A k-defective territory is said to have k defects.

Example 2. Figure 8 shaws the three smallest defective territories, namely two
1-defective areaswith 2 empty squaresand one2-defectiveterritory with 3 empty
squares.In ead case,the amazoncan only move once becauseshe hasto shoot
badk to her current position, disconnecting herself from the remaining empty
square(s).
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Figure 8. Small defectiveterritories.

Figure 9. k-defectiveterritory.

Example 3. Figure 9illustrates that there are k-defective areasfor any k. The
amazonin the middle cannot avoid losing one of the long strips on the left or on
the right. The furthest points that the queencan reach with its rst shot are A
and B, and all k or more points beyond the rst shot are lost.

Figure 10. Defective territories containing many amazons.

Usually, two amazonsin the same territory are much more powerful than
a single one. However, there are small defective areas containing two or more
amazons. Figure 10 shows someexamples.

In theory, it is dicult to decidewhether a given territory provides a certain
number of moves. Michael Buro hasrecertly proventhat this is an NP-complete
problem [5]. In practice, a table of all small defective areas combined with a
simple lling heuristic for larger areasseemsadequate.
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4.1. Dead Ends.

De nition 7. A dead endin a LSG is a subgraphwith the following property:
if an amazonmovesinto the deadend (or already is in the dead end), sheeither

1. cannot Il the deadend region completely, or
2. hasto disconnectthe region from the rest of the board.

Figure 11. Dead ends.

Figure 11 shavs someexamplesof dead ends, and one example which is not
a deadend.

De nition 8. The defect count of a deadend is the minimum number of defects
causedby a dead end if an amazon has to move out of the dead end. In the
rst two examplesin Figure 11 the defect count is one while in the rightmost
examplethe defect court is two.

LSG are certain to be defective if they contain more disjoint dead endsthan
amazons. To avoid a local defectin a dead end, someamazon'spath hasto end
there. Therefore, eadh amazon can eliminate at most one dead end. Given a
LSG containing n amazonsand a number of disjoint dead ends, the sum of all
but the n largest defect counts of dead endsis a lower bound on the number of
defectsof the LSG.

4.2. Small Defectiv e Regions. We have built a database of all defective
regions up to size 11 that can t into a box of maximum size56 ona 10 10
board, and again converted them to LSG format. Table 2 shawvs the number
of defective board positions and LSG for areasup to size 11. Empirically, the
number of LSG of a given size and defectivenessseemsto grow exponertially
slower than the number of such positions on the Amazons board. Figure 12
shows the ratios on a logarithmic scale. As a concreteexample, Figure 13 shows
all 12 3-defective Amazonsareasof size8 in our databaseand the single LSG that
is equivalent to ead of the 12 areas. Figure 14 shows all small highly defective
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Size 1-defective 2-defective 3-defective | 4-defective

3 2/1 - - -
4 2/1 1/1 - -
5 37/6 - - -
6 236/12 23/3 - -
7 2238/125 101/8 5/1 -
8 16442/666 1111/71 12/1 -
9| 125797/4610 12974/370 274/14 -

10| 929277/28500 | 137976/2665 5464/70 42/3

11| 6747413/186564] 1208467/17974| 193410/1310| 1188/17

Table 2. Small defectiveregionsand LSG.

Figure 12. Ratio of number of LSG and number of regionson board.

LSG from the database: 1-defective LSG of size 3, 4 and 5, 2-defective LSG of
size4 and 6, 3-defective LSG of size7 and 8 and 4-defective LSG of size 10.

5. Zugzw ang in Amazons

Zugzwang positions in Amazons are interesting becausein contrast to most
other games,they have to be played out, and it is nontrivial to play them well.

5.1. Denition and Examples of Zugzw ang Positions.

Example 4. The left side of Figure 15 shows an example of zugzwangn Ama-
zons. A white blocker sits on an articulation point of its territory . If White
is to move, one side or the other of the territory below is lost, since the white
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Figure 13. 3-defective Amazonsareasand LSG of size 8.

Figure 14. Table of all small highly defectiveLSG.

queenmust shoot bad to its origin squareto prevent black from moving in there.
White would much prefer if Black moved rst since Black can only retreat to
the territory above and block the erntrance, thereby giving White cortrol over
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Figure 15. Zugzwang (left), and a blocker that neednot block (right).

the complete area on both sidesbelon. The combinatorial game value of this
zugzwang position is 3j6 = 4. Black is guaranteed four more movesthan White
locally, but can get more if White is forcedto move rst.

Example 5. The position showvn on the right sidein Figure 15 looks similar to
the zugzwang on the left side but it is di erent. White can obtain all points by
refusing to defendthe blocking point. In this position, White can moveto A and
shoot at B, then plod along and Il the whole area in right-to-left order. The
black amazon can never move down, sinceit is tied to the defenseof its own,
bigger, territory by the other white queen. The combinatorial gamevalue of this
position is 4 aswell, but White can never get into zugzwang.

De nition 9. We de ne a simple zugzwangposition in Amazonsas a gameajb
with a;bintegerssuch that a< b 1.

By the Simplicity Rule [2] of combinatorial gametheory, the value of a zug-
zwang position ajb is the simplest number x such that a < x < h. For example,

2]1=0, 1 2= 3and3j6= 4. In Amazons,the rst player to getinto
zugzwang can still win the overall game. Zugzwang positions do not a ect the
main question of which player can win a sum game. In a full board situation
involving one or more zugzwangs, it is su cien t to treat the zugzwangsjust like
an ordinary number.

Zugzwangs do matter if we want to determine the exact scorewith optimal
play. Optimizing the scoreis important sinceit is usedasthe tiebreaking method
in tournaments.

Example 6. Figure 16illustrates a di erent type of zugzwang. A white amazon
defendsan area W of sizew, a black amazondefendsan areaB of size b, and
both have the option of either retreating to their area or trading it in for a
common region C of sizec. An amazonwho retreats givesthe area C to the
opponert, while an amazonwho movesinto C losescortrol over her own area.
In the example in Figure 16, w = 8b = 9 and c = 3. Black's options are
Bi=b 1 w c(retreat) andB,=c 1 w (trade), while White's options
areW; = b+ c (w 1) forretreatingand W, = b (c 1) for trading. In the
example, G = fB1;B2jW1;Wog=f 3; 6]5,7g = 0. In this caseboth players
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Figure 16. Another exampleof zugzwang.

Figure 17. No zugzwang, hot position.

prefer to retreat if they get into zugzwang. If one player's territory is smaller, or
if the bottom areais bigger, then it would becomebetter to trade. An exampleis
w = 8;b= 5andc= 3, whereBlack's trading option -6 dominatesthe retreating
option -7.

Example 7. Figure 17 shaws a situation that looks very similar to Figure 16,
but is a hot game with value 8j7. Black has a good move to A, shooting to B.
This neutralizes the points D and E and leaves C as Black's privilege. On the
other hand, White has a skilful move to B, shooting at D. Becauseof the path
B C A leadinginto the black area, Black cannot a ord to move forward to
F. White can later move badk to F and gains.

Figure 18. A zugzwang situation that leadsto hot intermediate positions.

5.2. Finding Small Zugzw ang Positions. We have searded our databaseof
small Amazonspositions for zugzwang situations. Candidateswereidenti ed by
performing two minimax seardes,onewith ead player going rst. We analyzed
the caseswhere moving rst leadsto a worse scorethan moving second. Some
of the zugzwangswe found involve intermediate hot positions. For example, the
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Figure 19. Somesmall zugzwang positions.

gamevalue of the hexagonin Figure 18is 0 2jj2j0 = 0, with intermediate hot
positions O 2 and 2j0. Figure 19 shows the four smallest zugzwang positions,
which have size 6, and a few represertative examples of the many zugzwang
positions of size7.

5.3. Playing Sums of Zugzw ang Positions. By the Number Avoidance
Theorem of combinatorial gametheory [2], zugzwangswill never be played while
there are any noninteger gamesleft. Moreover, the gameloserwill evertually be
forcedto useup all the zugzwangsthat provide free moves(positive integersfor
Black, negative integersfor White). In the very end the loserwill also be forced
to play all the zugzwangsthat evaluate to zeroand collect all the penaltiesthere.

The interesting caseare the zugzwangsthat are nonzerointegersfor the win-
ner. From now on, let's assumewithout loss of generality that Black is the
winner. If Black can win a sum game containing a zugzwang such as 3j6 = 4
in Figure 15 without making the move from 4 to 3 in this subgame,then White
will be forced to move to 6, giving Black extra prot. Black wants to useup as
few zugzwangsas possible,and maximize the gain when White is forced to play
them in the end.

De ne the gain for Black in a simple zugzwang position z = ajb= a+ 1;0
a<b 1,bygan(z)=zR z 1=Db a 2 (and the gain for White in a
position z= ajb=Db 1;0 b>a+ 1,bygain(z)=z z- 1=b a 2).
Let G be a sum gamewon by Black, and let k be the largest integer such that
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G ks still a win for Black. Let fzg be the set of zugzwang positions in G
that evaluate to positive integers not greater than k. Black wants to win the
game while leaving the Ia[gest overall gain,l§o the problemisto nd the subset
I fl:::;;ngsudhthat ,,zz kand ,, gain(z) is maximized. This is
exactly the well-known knapsackproblem This problem is NP-complete if the
input is givenin the form of numbersrepresened by their usual encading which
has logarithmic size. Howewer, the problem can be solved in pseudomlynomial
time [7] by dynamic programming if the input sizeis proportional to the size
of the numbers. This secondrepresenation seemsmore appropriate here since
eah number n is derived from an Amazons area of sizeabout n.

6. Programs that Play Amazons

6.1. Search. The large branching factor of Amazonsin the opening and middle
gamestrongly limits the seard depth of full-width seard programs. There are
over 2000possiblestarting movesonthe 10 10board, and although this number
decreaseqyuickly in the opening, there are seweral hundred legal moves during
most of the game. Experiments have shovn that asin most other games,searh
depth is strongly correlated to playing strength. Amazons seemsto be a very
suitable gamefor experimerting with selective seard methods. Can deepseard
of a few promising move candidates be superior to shallow full-width searh?
Currently, the verdict is not clear. While someof the top programs are selective,
others use a brute force approad, or vary their selectivenessdepending on the
game stage. Our programs Arrow and Antiope currently o er both options, se-
lective and full-width seard. In Arrow, in ead position all movesare generated,
executedand evaluated statically by the function explained in Section 6.2. In
selective seardy mode only the top 10 to 15 movesin the static evaluation are
further expandedin the seard. A more systematic approac to selective seard,
the MultiPr obCut algorithm [4], is usedin Buro's amskot program [3].

Figure 20. Min-distance function for Black and White.

6.2. Evaluation. Like most Amazons programs, our program Arrow usesa
simple min-distance heuristic evaluation. Unlike most programs, Arrow does
not use any other features in its static evaluation function. In min-distance
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evaluation, the player who canread a squaremore quickly with a queen,ignoring
arrow shots, owns that square. Figure 20 shaws the min-distance function for
both colorsin a late endgameposition.

The evaluation computesthe following function:

. for each point p, comparedb = dist(p,Black) and dw = dist(p,White);
. if db< dw: Black point;

. elseif db> dw: White point;

. elsepoint is neutral.

AW N PR

Figure 21. Evaluation using min-distance.

Figure 21 shows the evaluation of the example position. Squaresmarked with
?" areneutral. This algorithm is simple-mindedbut fast. It canbeimplemented
e cien tly by using bitmap operations. It correctly evaluates enclosedterritories
and regionsthat are somewhat open but well-cortrolled by one player. It also
givesreasonableresults in well-balancedsituations such as gh ts with 1 vs 1 and
2 vs 2 amazons. The method fails in open and in unbalanced situations such
as1vs 2 and 1 vs 3 amazons,sinceit optimistically propagates piecesin all
directions at once. A singleamazonthat tries to defenda large territory can be
badly outplayed by two or more attackers approaching from di erent sides.

We have tried a number of more sophisticated evaluation functions includ-
ing features such as mobility and blockability. Howewer, in test matches with
equal time limits the simple but fast evaluation above always beat its more re-
ned but slower competitors. A similar pattern becameapparent in the Second
Computer-Amazons championship in which Arrow participated and took third
place. Most of the other programs used a better evaluation function including
mobility terms, but searhed lessdeeply. Arrow would typically get a bad po-
sition in the opening and early middle game, but useits greater seard depth
and specialized endgame knowledge about blockers to turn the gamesaround
later. Howewer, against aggressie human players and programs, such as Jens
Lieberum's Amazong Arrow gets into trouble quickly. Becauseof the missing
mobility term, it lets its amazonsbe blocked too easily in the opening.
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7. Summary and Outlo ok

This paper made a number of conceptual and empirical cortributions to the
study of the game of Amazons. We have de ned the concept of line segment
graphs an abstract represertation that mapsmany equivalent Amazonspositions
on areal board into onegraph. This represenation is shovn to achieve excellen
compressionfor storing tables of exceptional defective territories. We have also
analyzedzugzwang positions in Amazons,which tend to be a sourceof confusion
not only for beginners. Optimal play in a sum of zugzwang positions is shovn
to be equivalent to solving the well-known knapsackproblem

7.1. Amazons Resources. Amazonsis still a young game, and we are not
aware of any books dealing with the game,or of any player's organizations. Some
recen articles about the game are listed in the references[1; 5; 8; 10; 13]. A
few opportunities exist for playing on Internet game servers or by email [6; 14].
For exdhanging gamerecords,the SGF le format hasbeenextendedto include
Amazons[9]. We maintain an Amazons web site with links to all known other
sites at http:/ /www.cs.ualberta.ca/_tegos/amazonsfindex.html.

7.2. Future Work.

We consideredonly simple zugzwangsin the form of gamesajbwith integersa
and b. However, playing into a zugzwang can lead to a hot gameasin Figure
18. We found our small zugzwang positions in Figure 19 by a simple pair of
minimax seardes. It is conceiable that such minimax values are distorted
if the follow-up positions contain further zugzwangs. It would be interesting
to nd such casesor prove that they cannot exist, and develop a complete
theory of zugzwang in Amazons.

Determine the asymptotic growth ratio of LSG and defective LSG.
Determine the complexity of isomorphism testing for LSG. This could be
easierthan generalgraph isomorphism testing becauseof the extra structure
and constraints.

4 4 Amazonsis a secondplayer win, and can be solved easily by brute-force
seard. Using a specializedendgamesolver, we have recertly shovnthat 5 5
Amazonsis a rst playerwin. The 6 6 caseis much harder, and it is unclear
whether the rst or secondplayer wins. Solve Amazonson 6 6 boards.
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