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Conformal blocks of a 2d CFT
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Liouville conformal blocks

Integrable structure of the Calogero-Sutherland model
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[Alday, Gaiotto, Tachikawa, 09]

AGT conjecture

Link between a supersymetric 4d theory and a 2d CFT
(via an integrable model)

n-point correlation function of NekrasovOs instanton partition function
Liouville theory E , Of a gauge theory with gauge group
su(2x!..! Su(2h-s

7 u@) — 7 u(l) Zsu(2)

" # u
I\/' !1(# ) \/' o(l)\/' 1(q1) \/' ni 3(q10n| 3) \/' ni 2(0)" = C f(l i) alzdal |Z(qll ’!$)|2

i i
[Nekrasov, 02]

#i = Q2+ &

=l

Li=mi(Qs m), B =#(Q$ #)
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AGT diC’[ionary: [Alday, Gaiotto, Tachikawa, 09]

Gauge theory Liouville theory
Liouville parameters
Deformation parameters €;, € €1:6=>0b:1/b
c=14+6Q*Q=b+1/b
four free hypermultiplets a three-punctured sphere
Mass parameter m Insertion of
associated to an SU(2) flavor a Liouville exponential e*™®
one SU(2) gauge group a thin neck (or channel)
with UV coupling 7 with sewing parameter g = exp(2miT)
Vacuum expectation value a Primary €%*? for the channel,
of an SU(2) gauge group a=Q/2+a
Instanton part of Z Conformal blocks
One-loop part of Z Product of DOZZ factors
Integral of |Z2 | Liouville correlator
" # u

VL) V@ V(@) - M (@ - Gug) V(0= e F() atda [Z(q)! B2
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CFT side: computing the conformal blocks

" # ou
VL) V@V (@) V(@) Vi O F e F() ada jZ (8P

[Belavin, Polyakov, Zamolodchikov, 84 ]

- insert complete set of states |u;"! | In the intermediate channels
Mi

4" %Ly oLy |85

|$i|V' il 1(1)|“i+1 !
1 [Hivs "

- compare with the gauge theory resudkrasov, 02]

- compute the matrix elements elements

——> (physicistOs) proof of the AGT conjectune, Fateev, Litvinov, Tarnoplosky, 10]
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Proof of AGT In mathematical literature:

general proof [Maulik, Okounkov, unpublished ]
u(1) case [carlsson, Okounkov, 08 ]

W Kk case [Schiffmann, Vasserot, 12]

also:

g-deformed analog (Ding-lohara algebra) :

[Awata, Feigin, Hoshino, Kanai, Shiraishi, Yanagida, 11]
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Overview

¥ Review of the Calogero-Sutherland model
¥ CS model and the conformal blocks of Virasoro theories
¥ Bosonisation and CS integrals of motion

¥ Wk symmetry
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2d CFT and the Calogero-Sutherland model

Trigonometric CS model set of N commuting Hamiltonians for N particles on a circle:

IN
Hf: P = zZil
=1
IN ! - :
HE=HI= (1)1 og! 1) z =t
i=1 =3 Zi
IN |
Hg = (Zi!i)3+ gg(l! g) ZZI%(Zi!i ! Zj !j)-
i=1 igj U

Two differentboundary conditions for the wave functions:

Lt (2)= " Y@F (2) or (@)= " IR (2)

Y@= (! g)
i<j
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2d CFT and the Calogero-Sutherland model

Eigenfunctions with abelian monodromy:

T @="923" @) L @="1923"" Y@
Jack polynomials eigenfunctions of the Hamiltonian 1'l=g or 1! g

IN IN

. 1 . .+ 7.

H' = @2+ - 2@ zi 1)
=1 < A
J
IN ) 1 #
E = i i+ Z(N+11 2i)
i

characterized bpartitions ! with !; integers: !;! .. Iy! O
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2d CFT and the Fractional Quantum Hall Effect

holomorphic correlators «— wave functions for the FQHE
free boson (c=1): "(2)" (w)#="! In(z! w)
J9=i& (= 3 [@n,8m] = N"nem,o0

n#Z

primary fields: vertex operatorsiv, =: € (2):

OelectronO operator: Oquasi-holeO operator:
Ve(z) =: ™M@ : Vo(w) =: & ™)

!Ve(Z]_) s Ve(ZN) Vq(W]_) s Vq(Wl\/l )" ) Zirjn Wiij!./m (Zi $ WJ)

i< i<j L]
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2d CFT and the Calogero-Sutherland model

Duality 9! 1lg [Stanley 89; Macdonald 88; Gaudin 92]
! "N
HY9 + gH9+ C(N,M) (1+zw)=0
=il =i
! T Dual partitions:
1+ zw;) = 3,72 ()32 (w)

] !

Apply this property to the state:

i i
< i<i §

IVe(z1) ... Ve(zn) Vg(Wa) ... VoW )" % Z"  wi™  (z$ w)
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States with non-abelian monodromy and Virasoro theories

. | (g! 1)° g
Virasoro models with central charge : c=116 g Ising: g=4/3
. . . . I — 1 | r2 1 2 I
Degenerate fieldwith dimensions : Ll T g T Tt Dgr2ltors)
! " i 1 2
Two second-level degenerate fields : Lfy! gliz ' ap =0, Lf,! 5"! 2 l@mn=0

When inserted in correlation function, the null-vector
conditions translate intdifferential equations

O (@) 1 1 (z1)...) v (zn)" =0
with
| 2 | W I 1 I N
9(zy= " ! %
0°(2) !zzlg (z! z)? z! z !z i
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States with non-abelian monodromy and Virasoro theories

The correlators of second order degenerate fields

T A A'K na 4 AV
" iy (wi) aa'ag(wm) and 1" 112 (z1) A&%B ) (zn)"°

are groundsates of the CS model with non-abelian monodi@may, 04]

They can be represented as Coulomb integrailsenko, Fateev, 84]

IN In |m P d ! o In Im
Ly (2)" % dx dy! €7@ Vvi(x)  V(y)"
i i j G Si i j j
| | |
- 2
V. (X Vi (v screening operators ar=+/2. a_=-2g.
+ (%) 1) with charges T Vg
2000 = a4 +a_
neutrality condition: li+nl,+m!, =21,

Friday, March 30, 12



States with non-abelian monodromy and Virasoro theories

h= 9,1
1" 211y (W1) @aa'agqy (Ww )" 1" 12)(z1) &% ) (zn)"™ g’ i
h = 2 # 3
How to characterize the excited states above these ground states?
consider the mixed correlators dressed by an extra u(1) component
[Bernevig, Estienne, Santachiara, 10]
) M ! IN
Fun (W;2) &"" o1 (Wi) @88 1) (Ww )" (112)(Z1) @88 2) (zn )hb wa o (wi! z)Y? z"
1" i< ij 1" i<j
! 1
Duality : h' (2)+ gh®(w) FER (w;2)=0
N " NM (M " 2) 1'1=11 g, 1'l=11 ¢!t

@ H @ B+ ot 1 P@" Pl
L "

Calogero-Sutherland

4
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States with non-abelian monodromy and Virasoro theories

Consequence of duality:

IN
E =

smallest Opartition® ! 1 =

largest OpartitionO 10 =

2h is not integer in general

— 10
!2i

10+

i notintegers

= 2h(N! 2i)

M
2

F,f,‘lk,’\l (W;z) =

#

L !i+%(N+1! 21)

P (w) P, °(2)

1't=11g, t'!t=1tg"*

\

\
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An excited state ! IS characterizedhlwy partitions ne and n (reminiscent of AGT conjecture):

M/2 M/2
A A
N/2
I N | |
ne ne
| |
y bn)! 2 (" ni=  ni(n" 1)
) M/2 ] - N/Z - - N/2 > I |
In| ! ni = [n’|
A J A i
!C~) M/2
Y
N n® n®
| |

— -

M/2

E- =[b(n) + B(n®)]! g[b(n®)+ b(n)]+ (X ! gN! M + g)(In°[+ [n°))+2(g! 1)In®|+ Egpy pn
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Bosonized version of the CS Hamiltonian

Heisenberg algebra : [an,am]= N'nsm,o

Virasoro algebra: [, L.1=(n! MLoyem + —n(n2! 1)lnsmo

12
Feigin-Fuchs representation : L, = % By mbm 1! o(n+1) by
m! Z
H 7 o
210= =1 2
0 g g
basis for the Hilbert space:
)al m1 ...amlL! N1 ...L! nqu"
Degenerate fields dressed by u(1) vertex operators
V@)! L@e 2@, Vw1 uw)e ™
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Bosonized version of the CS Hamiltonian

Consider generic correlation functions :

fJ(Zl,Zz,éééZN) - 'HlV(Zl)V(Zz)ééﬁ(ZN)lpu
f(21,22,484zn) = IP|V(z1)V(22) 8&¥ (zv )W

IU! : generic state (primary or descenc
|IP! : primary state

Translate the CS action on states

+ ;s 7 7 | i + # + ;s 7z 2
HRf L (z1,22,4d80zy) = I 741 (9) 0! fi(z1,22,2aaazy)

! " | (A

1Eg) =201 @ Mamant 29 @ wlnt 5% @ k@@t & md K@mik
m! 1 m #0 mk! 1

(+) (1) [Alba, Fateev, Litvinov, Tarnopolsky,10]
(@) F 1 7(1/g) for Liowvile g!" g

Friday, March 30, 12



Bosonized version of the CS Hamiltonian

(am " bm)

[AFLT, 10; Belavin and Belavin, 11

S

1
¥ rotate the boson basis: Cm = ’—é (am + bm) , Em =

¥ introduce the one-component bosonised CS Hamiltonians:

12(g)=(L! 9 MemGnt T (G mi kGnGk+ G mC kCn+k)
m> 0 m,k> 0

[Jevicki, 91]
[Awata, Matsuo, Odake, Shiraishi, 95]

¥ related to the Benjamin-Ono hierarchyg.[Abanov, Bettelheim, Wiegmann, 09 |

Then the integrals of motion in Virasoro x u(1) have the triangular structure:

3@ = 13Co)+ 17@a+ 29(h$ #o)(12(0$ 12(B) +2(1 $0)  mC mbh

m> 0
also

[Maulik, Okounkov, unpublished]
[Shou, Wu, Yu, 11]
[Schiffmann, Vasserot, 12 |
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Constructing the eigenstates of the CS Hamiltonian

At g=1 the eigensstates can be constructed with the help of Schur polynomials
+ reflection condition

In°, n®% g = |n°,n°#"

C! n I pn — XI
IN°, n*¢; gl = Spo(Q)Sne (E)|0! + Sno(B)Sne ()" ¢ bola! = dld!
At arbitrary g, use the Jack basis:
In°%nqg' = 33 (c) IX @) |q + ...
I$i|V' il 1(1)“'li+1"

In°,n% d" s the basis used by AFLT to compute the matrix elements FITNE
. i+

and prove the AGT conjecture
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[Fateev, Zamolodchikov, 85

WA k-1 theories [Fateev, Lukyanov, 87 ]

The same construction extends to WAlgebras (differential equations, duality, bosonisation)

k-1 bosons x u(1) component——> k- component CS Hamiltoniar

| S i jp | .
Iéi)(g)ZZ(l' g) ma- mam * 29 (a"ml_m + |_"mam)i é% a' m" kAmak T a"ma"kam+kI T WO
m! 1 m! 1 mk! 1
after basis rotation in the space of bosons:
| k | ] .
17(g) = 1¥(d:g)+2(1! g) m:c oG+

j=1 i<l mP'1

—>»  additive spectrum depending kipartitions (~ AGT conjecture for U(k) theories )

[see also Fateeyv, Litvinov, arXiv1109.4042]
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Conclusions and remarks

¥ The states of their x H CFT, orWA«k-1 x H can be characterized in terms of eigenstates of t
CS integrals of motion

¥ The CS integrable structure lies behind the AGT relation

¥ Extension to a large number of caseg (coset and superconformal theol@savin, Bershtein,
Feigin, Litvinov, Tarnopolsky, 11]; parafermionic theorig@lfimov, Tarnopolsky, 11])

Open problems

¥ Theory of non-polynomial CS eigenfunctions?

¥ How to systematically generate the integrals of motion (transfer matrix, Q operators) in CF

¥ Relation with the integrable structure uncoveregBbyhanov, Lukyanov, Zamolodchikov, 94-98
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