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1 Toro’s problems

Problem 1 A Radon measure ;1 on R" is said to be doubling, if there exists a constant
C' = C(n) depending only on n, such that for every r > 0 and every € R"

w(B(z,2r)) < Cu(B(z,r)).

Show that for any open set U C R", and /0, there exists a countable collection G of disjoint
closed balls in U such that diam B < ¢ for all B € G, and

w0\ | B) =0,

Beg

Problem 2.

Definition: Let S C R", m <n—1, and € € (0, ;). Assume that 0 € S. We say that S has
the weak e- approximation property in B;(0) if ¥p € (0, 1] and for each @ € SN B;(0) there
exists an m plane L(p, Q) containing ) and such that

SN B,(Q) C (ep) — neighborhood of L(p, Q) N B,(Q).

Prove that there is a function § : (0,00) — (0,00) with lim; o 8(t) = 0 such that if S
satisfies the weak e- approximation property in B;(0) then

H™ O (S N By (0)) = 0.

Here H® denotes the s dimensional Hausdorfl measure.

Problem 3. Let i be a Borel measure on R”, and let £ C R™ be a py-measurable set with
0 < u(E) < oco. Show that for s > 0



r—0 ré

<c<oo Vzel,

r—0 re

>c>0 VxeFE,

then H*(E) < oo.

Problem 4. Let p be a Radon measure on R™. Prove that p << H* if and only if
0**(u, x) < oo for p almost all =z € R".
Problem 5. Let £ C R" satisfy 0 < H*(E) < oo, for 0 < s < 1. Show that the density

0°(E, x) = lim H(EN B(z, 7))

r—0 wet®

fails to exit at almost every point of E (i.e. 0°(F,x) exists at most in a subset of £ of H*
measure 0).

Remark: Marstrand proved this result in 1954. Later on he showed that if s > 0, and
0°(E, x) exists on a subset F' C E with H*(F) > 0, then s must be an integer.

Problem 6. Let ;;, 1 be Radon measures on a metric space X. Assume that for each
r e X,and each j = 1,2, ...

Y

BB ) — PB)

O ,m) = W™ Wy, 7™
n n

are non-decreasing functions of r. Assume also that jp; converges weakly to p, and that
xj — x as j — 00. Prove that

limsup 0(u;, ;) < 0(p, x).

Jj—00
Here 0(pj, x) = lim, 0 0(p;, ,7), and 6(p, x) = lim, o 0(p, x, 7).

Remark: Note that in particular if p; = p for each j and 6(u,z,r) is a non-decreasing
function of r, then the result above proves the upper semi-continuity of the density.



Problem 7. Let M C R™, 0 < n < m, and 4 = H" L M. Assume that p is a Radon

measure, and that for each © € M 0(u,z,r) = % is a non-decreasing function of r. Let
Aj > 0 be a sequence converging to 0 as j — oo. For x € M, let
1 1
Mi=—M-z)={y=—(—2):2¢€ M},
Aj Aj
and

i =H" L (M; 1 By(0)).

Show that for each j, p; is a Radon measure. Prove that there exists a subsequence p;, of
; that converges weakly to a Radon measure v, and that

(%) O(p, ) = 6(v,0).
Note that in particular (x) asserts that lim, ,00(v,0,7) exits.

Remark: The situation described in Problem 3 occurs when M is a minimal n-dimensional
submanifold of R™. In that case v = H" L C, where C'is a cone of vertex 0. C' is a tangent
cone of M at x. As defined this cone depends on the subsequence \j,. One of the big
open questions in the subject is whether there is a unique tangent cone. Moreover the set
{r € M :0(u,x) =1} is open and smooth. The set {x € M : (u,x) > 1} is a closed set of
Hausdorff dimension at most n — 1.

Problem 8.
Definition: Let y be a Radon measure in R". Set, for z € R",

1
—sup———— d

if f is a p-measurable function, and

V(B(,1)
M) = S0 B, )’

if v is a Radon measure in R™.

e Show that there exists a constant C' < oo depending only on n, with the following
property: if u and v are Radon measures in R”, then

p({z e R": Mu(x) > t}) < Ct 'w(R™).

e Show that for 1 < p < oo there exists a constant C), < oo, depending only on n and p
with the following property: if p is a Radon measure in R”, then

[y awsc, [isran

for all y-measurable functions f.



Problem 9. Let f: R" — R™ be a Lipschitz map, and A C R" be an H"-measurable set.
Show that ©7(f(A),x) > 0 for H" almost every x € f(A).

Problem 10.

Definition 1: Amap f: A — B, A C R", B C R™ is said to be bi-Lipschitz if f is Lipschitz
and it has a Lipschitz inverse f~!: B — A.

Definition 2: A set F C R" is said to be an Ahlfors s-regular set for some 0 < s < n, if
there exists a constant C' > 1 so that for every » > 0 and each x € F,

C~'r* <H(EN B(z,r)) < Cre.

Show that the image of an Ahlfors s-regular set by a bi-Lipschitz map is an Ahlfors s-regular
set.

Problem 11. Let SCR", m <n—1,and e € (0,1). Let 0 € S. Assume that there exists
an m plane L containing the origin, such that Vp € (0, 1] and for each z € SN B(0,1)

SN B(x,p) C (ep) — neighborhood of (L + z) N B(z, p).

Prove that SN B(0, i) is contained in a Lipschitz graph. Give an estimate for the Lipschitz
constant of the corresponding function.

Problem 12. Let f : R® — R™ be Lipschitz, n > m. Let ¢ : R* — R be an H"-
summable function. Assume that sup,cp. |f(2)| < R, and that g > 0. Show that for each
H™-measurable set A C R™, there exists a set S C B(0, R) C R™ (S = S(g, f, A)), such that
H™(S) > 3H™(B(0, R)), and for each y € S

2
gdH"™™ < —/ngdH”.
/fl(y)mA H™(B(0,R)) Ja

Problem 13.. Let U C R"™ be an open set, let v € BV(U) and f € C¥(U). Then
fu € BV(U) and Vo € CH{U,R"),

[ eants)= [ erapa+ [ w-prd.

ie. D(fu) =uDf+ fDu in the distribution sense. Here if u € BV (U), d[Du| = od| Dul],
where |[Du|| is the variation measure of u, and o is the |[Dul||-measurable function that
appears in the structure theorem for BV functions.



Problem 14. Let N be a C' n-submanifold in R™**. Let § : N — R be an H" measurable
function. Let n,,N = £(M — z). Prove for H" — a.e. z € N and all f € C.(R"™")

lim Nf(y)G(TyH:)dH”(y):@(w) TNf(y)d”H"(y)-

Here T, N denotes the tangent plane to N at z.

Problem 15. Let u be a Radon measure on R"”. Assume that for a € support u = %

e AB(0:20)
1 1 <limsup ————- < 00.
@ w(B(ar))
1. Show that for 7> 1 and a € X
B
1< limsupw < 00.
w(B(a,r))
2. Prove that if there exit k > 1 and R > 0 such that for r € (0, R) and all a € ¥
p(B(a,2r))
P e, 2)
@ u(Blar))

then for any measure v obtained as a weak limit of a sequence
—1 . n
(u(Bla, i) Topr, 0t where T, ., pu(E) = p(r; £ + a) for E C R™ Borel

the following statement holds: x € support v if and only if there exists a sequence

x; € Ty, (X) such that z; — x.
2 DelLellis’s problems
Problem 1. U C R" is a convex open set.

W (U) = {u € LS, : Du € L™}

Lip (U) = {u € C(U) : 3L with |u(x) — u(y)| < Lz — y|Vx,y € U}.
Show that W (U) = Lip (U).

Problem 2. Let U C R™ be open and u € WP(U), with p > n. Prove that u is differentialbe
a.e.. Show a map u € W' (U) which is not differentiable a.e..



Problem 3. Prove the Cauchy-Binet formula: if m > n and M is an m X n matrix, then

det (L'- L) = > (det M)? .
n X n submatrices M of L

Problem 4. Prove the area and coarea formulas for linear maps.
Problem 5. Prove that BV (U) is a Banach space.

Problem 6. Prove that for every u € BV (U) there exists a sequence {uy} C BV (U)NC*(U)
such that u, — u strongly in L' and || Dug||(U) — || Dul||(U).

Problem 7. Let U = {x € R" : 2, > 0}. For f € BV(U) define

1 g
—/ f(x', z,) dx,, .
€ Jo

Prove that {f.} is Cauchy in L'.

Problem 8. Let f € BV(U). Prove

i) = [ 017 > 11I(A) dr

for every Borel set A C U.

Problem 9. I C R interval, (E,d) separable metric space. Define BV (I, E) following
Ambrosio (see lecture). Define TV (I, E) as the set of measurable functions u : I — E such

that
N

TV (u) := sup Zd(u(wi,u(xi,l) < 0.
NeNzo<z1<...<xny€I i—1
Prove that BV (I,E) = TV (I, E) (i.e. that every u € TV(I, F) belongs to BV (I, E) and
for every u € BV(I, E) there is « € TV (I, E) such that @ = u a.e.).

Problem 10 When E = R prove that || Du||(I) = T'V(u) where @ is the precise representative
(see lecture).



Problem 11. Assume {p;}ier is a (not necessarily countable!) collection of nonnegative
measures on a Borel set £/ C R™ with the property that there is a measure p with p; < p
Vi € I. For every Borel set ' C F define

v(F) = sup {Z wi, (Fy) : {F,} is a Borel partition of F' | {i,} C I} .
n=0

Show that v is a measure. Show that v is the smallest measure with the property that u; < v
Viel.

Problem 12. Let C, C R? be the cone

{(z1,22) * |22| 2> af21]}
Prove the existence of a Borel set K C R? such that
o 0 <HYK) < o0

[ ]
YKNB
11{51 HKNB @) 0(Cat ) =0 for all & and H'-a.e. z.
r r

e K is not rectifiable.

Hint: look at graphs of suitable functions.



