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There are different continents 
 

of  Math 





Number Theory 



Harmonic Analysis 



Geometry 



Robert Langlands at his office at the Institute for Advanced Study, 1999 
                                    (photo: Jeff  Mozzochi) 



Langlands Program — a bridge between 

Number Theory  and  Harmonic Analysis. 

 

A kind of  Grand Unified Theory of  Math. 



Symmetry in Geometry 



Symmetry in Number Theory… 

�  Integers: 0,1,2,3,4,…    −1,−2,−3,−4,… 

�  Rational numbers: 

                  where        and        are integers 
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There are also irrational numbers such as 
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�  We can use it to create new numbers such as 

 

 

   

    where          and         are rational numbers. 

�  We can add and multiply these numbers in the 
same way as the usual rational numbers. 

�  These “new” numbers form a numerical system 
called a number field. 
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�  These number fields have hidden symmetries. 

�  In our example, there is the following symmetry:                                

a+ b 2 a− b 2→



“Butterfly group” 

2 − 2



The group of  symmetries of  a number field is called  

a Galois group 

in honor of  Evariste Galois 

(1811−1832) 

brilliant French mathematician 

who was killed in a dual at 

age 20. 



Finding solutions of  
polynomial equations in 

“radicals” 



Al-Khwarizmi (780−850) 





Solution of  cubic equation 
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Short history 

�  1515 – Scipione dal Ferro 

�  1535 – Niccolò Tartaglia (in a contest with Fiore) 

�  1539 – Tartaglia communicates his formula to          
Gerolamo Cardano 

�  1543 – Cardano and Ferrari visit dal Ferro’s son-in-
law and learn about dal Ferro’s formula 

�  1545 – Cardano publishes (to Tartaglia’s fury!) his 
“Arse Magna” with formulas for the solutions of  
general cubic and quartic equations (the latter 
discovered by Cardano’s student Ferrari) 



Cardano’s “Ars Magna” 



Galois “hacked” the problem 

�  Instead of  looking for a formula for a solution, he 
suggested looking at the group of symmetries of 
all solutions of  a given equation. 

�  From the properties of  this group one can find out 
whether solutions may be expressed in radicals or 
not, without solving the equation! 



Permutations 

x1 x2 x3 x4 x5

x1 x2 x3 x4 x5



          Robert Langlands at his office, 2014 (photo: Toronto Star) 



To come… 

�  Fermat’s Last Theorem 

�  Shimura–Taniyama–Weil conjecture 

�  Elliptic curves and their role in encryption 

�  Symmetry in Quantum Physics 


