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Langlands Program — a bridge between 

Number Theory  and  Harmonic Analysis. 

 

A kind of  Grand Unified Theory of  Math. 



Langlands letter to Weil 

  

          Cover page of  Langlands’ letter to Weil, 1967 

      (from the archive of  the Institute for Advanced Study)  



Fermat’s Last Theorem 
 

 

       Xn + Yn = Zn      n=3,4,5,… 

 
    has no positive integer solutions X, Y, Z. 



Solutions for n=2 



Pythagoras triples 

�       32 + 42 = 52 

�       52 + 122 = 132 

      ……. 



Pierre de Fermat (1601–1665) 
 

 

“I have found a truly marvelous 

proof of this result, which this 

margin is too narrow to contain” 







Shimura–Taniyama–Weil 
Conjecture 

�  It implies Fermat’s Last Theorem (this was proved 
by the Berkeley mathematician Ken Ribet in 1986) 

�  Shimura–Taniyama–Weil conjecture was proved by 
Andrew Wiles and Richard Taylor in 1995 

    (in the “stable” case, which is sufficient) 

�  This completed the proof  of  Fermat’s Last Theorem 



Proof  by contradiction 

�  Suppose that the Fermat’s equation has a solution 
X, Y, Z among positive integers (for some n>2). 
Then we can construct an “elliptic curve” whose 
existence is prohibited by the TSW conjecture. 

 

�  Therefore, if  the T-S-W conjecture is true, such a 
curve cannot exist, and hence this solution of  the 
Fermat equation cannot exist. 



Likewise, we can do arithmetic modulo any number; for 
example, a prime number, such as  2, 3, 5, 7, 11, 13, … 

Arithmetic modulo primes 



�  Cubic equation, such as  

 

    y2 = x3 − 3 x + 5     modulo p 
 

�  Look for whole numbers x and y solving this equation  

    modulo a prime number p 

�  Count the number of  such solutions (for a given prime p) 

 



Elliptic Curve Cryptography 

�  A general cubic equation, such as 

            y2 = x3 − 3 x + 5     modulo p 

defines what’s called an 

                    Elliptic Curve 

 

�  And these are used in encryption 



















“The essence of  mathematics lies in its 
freedom” 

            —Georg Cantor    



Shimura−Taniyama−Weil 
�  Cubic equation, such as 

�  Look for solutions modulo every prime number p 

 

�  Count the number of  solutions for each prime p 
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ficient in front of qm by bm. So we have b1 = 1,b2 = °2,b3 = °1,b4 = 2,b5 = 1,
etc. It is easy to compute them by hand or on a computer.

An astounding insight of Eichler was that for all prime numbers p, the
coefficient bp is equal to ap! In other words, a2 = b2,a3 = b3,a5 = b5,a7 = b7,
and so on.

Let’s check, for example, that this is true for p = 5. In this case, looking at
the generating function we find that the coefficient in front of q5 is b5 = 1. On
the other hand, we have seen that our cubic equation has 4 solutions modulo
p = 5. Therefore a5 = 5°4= 1, so indeed a5 = b5.

We started out with what looked like a problem of infinite complexity:
counting solutions of the cubic equation

y2 + y= x3 ° x2,

modulo p, for all primes p. And yet, all information about the solution to this
problem is contained in a single line:

q(1° q)2(1° q11)2(1° q2)2(1° q22)2(1° q3)2(1° q33)2(1° q4)2...

This one line is a secret code containing all information about the numbers of
solutions of the cubic equation modulo primes.

A useful analogy would be to think of the cubic equation like a sophisticated
biological organism, and its solutions as various traits of this organism. We
know that all of these traits are encoded in the DNA molecule. Likewise, all the
complexity of our cubic equation turns out to be encoded in a simple generating
function, which is like the DNA of this equation.

What’s even more fascinating is that if q is a number, whose absolute value
is less than 1, then the above infinite sum converges. We obtain a function in
q, which turns out to have a very special property, similar to the periodicity of
the familiar trigonometric functions, sine and cosine. Indeed, we know that the
sine function sin(x) is periodic with the period 2º, that is to say, sin(x+2º) =
sin(x). But then also sin(x+ 4º) = sin(x), and more generally sin(x+ 2ºn) =
sin(x) for any integer n. Think about it this way: each integer n gives rise to a
symmetry of the line: every point x on the line is shifted to x+2ºn. Therefore,
the group of all integers is realized as a group of symmetries of the line. The
periodicity of the sine function means that this function is invariant under this
group.

Likewise, the Eichler generating function of the variable q written above



Counting Problem 

prime p 

2 

3 

5 

7 

11 

13 

number (#) 

of  solutions 
4 

4 

4 

9 

10 

9 

a(p)=p−# 

−2 

−1 

1 

−2 

1 

4 



Miracle 

�  These numbers a(p) can be described all at once in 
the language of  Harmonic Analysis! 

�  Namely, they are coefficients in the infinite series 
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other terms, such as q(q+ q2)3, will only contain powers of q greater than 3.)
The first of these three summands does not contain q3, and each of the other
two contains q3 once. Their sum yields 2q3. We obtain in a similar way other
terms of the above series.

Analyzing the first terms of this series, we find that for n between 1 and 7,
the coefficient in front of qn is the nth Fibonacci number Fn; for example, we
have the term 13q7 and F7 = 13. It turns out that this is true for all n. For this
reason mathematicians call this infinite series the generating function of the
Fibonacci numbers.

This remarkable function can be used to give an effective formula for cal-
culating the nth Fibonacci number without any reference to the preceding Fi-
bonacci numbers.11 But even putting the computational aspects aside, we can
appreciate the value added by this generating function: Instead of giving a self-
referential recursive procedure, the generating function beholds all Fibonacci
numbers at once.

Let’s go back to the numbers ap counting the solutions of the cubic equation
modulo primes. Think of them as analogues of the Fibonacci numbers (let’s ig-
nore the fact that the numbers ap are labeled by the prime numbers p, whereas
the Fibonacci numbers Fn are labeled by all natural numbers n).

It seems nearly unbelievable that there would be a rule generating these
numbers. And yet, German mathematician Martin Eichler discovered one in
1954.12 Namely, consider the following generating function:

q(1° q)2(1° q11)2(1° q2)2(1° q22)2(1° q3)2(1° q33)2(1° q4)2(1° q44)2...

In words, this is q times the product of factors of the form (1°qa)2, with a going
over the list of numbers of the form n and 11n, where n = 1,2,3, .... Let’s open
the brackets, using the standard rules:

(1° q)2 = 1°2q+ q2, (1° q11)2 = 1°2q11 + q22, etc.,

and then multiply all the factors. Collecting the terms, we obtain an infinite
sum, which begins like this:

q°2q2 ° q3 +2q4 + q5 +2q6 °2q7 °2q9 °2q10 + q11 °2q12 +4q13 + ...

and the ellipses stand for the terms with the powers of q greater than 13.
Though this series is infinite, each coefficient is well-defined, because it is de-
termined by finitely many factors in the above product. Let us denote the coef-

= 



Finding order in seeming chaos 

�  Denote the coefficient in front of  the p-th power of  
q in this series by b(p). 

�  Then     a(p) = b(p)    for all primes p. 

�  Colossal compression of information! Just one line 
of  code gives us a simple rule generating the “DNA” 
of  the counting problem. 



Symmetry in Harmonic Analysis… 

�  Basic harmonics: sin(nx), cos(nx),    n  integer 

�  What do they have in common: they are invariant 
under shifts 

         x      —>    x + 2π 

�  Group of  symmetries 

        x      —>    x + 2πM,     M arbitrary integer 



�  Our infinite series actually converges if  |q| < 1. 

�  We get a function on the unit disc, which is called a 
modular form; that is, it has special transformation 
properties under the certain symmetries. 



Mathematical Discoveries are 
the Wonders of  the World 



Yutaka Taniyama (1927–1958) 

Formulated a rough version 

of  the S-T-W conjecture at 

the International Symposium 

on Number Theory in Tokyo 

and Nikko, held in 1955. 

It was further developed by 

Goro Shimura and André Weil. 



Yutaka Taniyama (1927–1958) 

“May I say, I am in the frame of  

mind that I lost confidence in my 

future… I cannot deny that this 

is a kind of  betrayal, but please 

excuse it as my last act in my 

own way, as I have been doing 

my own way all my life.” 



Goro Shimura 
“I feel his noble generosity … even 

more strongly now than when 

he was alive. And yet nobody 

was able to give him any support 

when he desperately needed it. 

Reflecting on this, I am 

overwhelmed by the bitterest grief.” 



Langlands letter to Weil 

  

          Cover page of  Langlands’ letter to Weil, 1967 

      (from the archive of  the Institute for Advanced Study)  



André Weil (1906–1998) 



Tokyo–Nikko symposium, 1955 



Next in line… 
 

�  Quantum Physics 

�  Symmetry and the fundamental blocks of  nature 

�  Electromagnetic duality and the Langlands 
Program 


