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It can be realized as a linear continuous functional on a Ba-
nach algebra of functions

Infinite dimensional oscillatory integrals [Ito, Albeverio and
Hgegh-Krohn, Elworthy and Truman, Albeverio and Brzezniak]

e classical results: definition and applications of
“oo-dimensional Fresnel integrals”

e New developments:

— Phase space Feynman path integrals — Schrodinger
equation with momentum-dependent potential

— Feynman path integrals with complex phase
— stochastic Schrodinger equation.



Finite and infinite dimensional
Fresnel integrals on Hilbert spaces
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Cameron-Martin type formula:
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Representation of the solution
of the Schrodinger equation
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Theorem 1. [Albeverio and Brzezniak, Elworthy and

Truman/

If ¢ and V' are Fourier transform of complex bounded
variation measures on R?, then the solution of the Schré-
dinger equation (1) is represented by the infinite dimen-
sional Fresnel integral:
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Phase space Feynman path integrals
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" Realization as co-dim Fresnel integral:

H = Ht X Lt, Ht Cameron—Martin space, Ly = L*([0,t])
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Theorem 2. [Albeverio, Guatterz Mazzucchi/

Let V1, ¢ € F(RY), and fo Vo(p(s))ds € F(Ls). Then the
solution of the Schrodinger equation (2) can be repre-

sented by the following “phase space Feynman path in-
tegral”:
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- Oscillatory integrals with complex phase

Theorem 3. [Albeverio, Guatteri, Mazzucchi/

Let Ly and Ly be commuting simmetric trace class opera-
tors in a real Hilbert space H, such that Lo is nonnegative
and I + Ly 1s invertible. Letl € H and f : H — C be the
Fourier transform of a finite complex Borel measure on

H: |
f@) =), fle) = /H 0y ().

Then infinite-dimensional oscillatory integral
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1s well defined and it is given by:
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where L = L1 + 1Lo



Belavkin equation: a stochastic Schrodinger equation
V.P. Belavkin. A new wave equation for a continuous

nondemolition measurement. Phys. Lett., vol. A140,
no.7/8: 355-358, 1989.

dip = ——Hzpdt - —wdt + VAzypdW (t)

Physical meaning of the solution:

(Cy, | - |, P), IeB

P(X(s) = w(s)seoq € I) = /I l(t, )| P(dw),

B(Z(O1X(s) = w(ohepq € ) = [T D pa)

Continuous measurement of an observable A:

AA?
dy) = ——H?,bdt — =t + VAAYIW (t)

Continuous measurement of momentum p:

g Ap?
dy = —p Hipdt — =t + VApYdW (t)
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Solution via Feynman path integrals with complex pha:
M.B. Mensky: “restricted path integrals”
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Theorem 4. [Albeverio, Guatteri, Mazzucchi] Let V and
¢ be Fourier transform of finite complex measures on R
Then there exist a solution of the stochastic Schrodinger

equation
dip = —LHydt — 2opdt + VAzpd W (1)
L ¥0,2)=¢(z) t>0, reR
and it can be represented by the following infinite di-

mensional oscillatory integral with complex phase on the
Cameron Martin space H;:

e

Ty A

efo s)+z)dW ( s)ds¢( (0) + z)dy

A~

— e—)\lxlzt-l—\/}\_m-w(t)/ 67iﬁ<7’(I+L)7>€<l’7>8-2/\hfg r-y(s)ds
H

e Ve DAy (0) + 2)dy
where | € Hy , [ \/—fw )dr and L : Ht — HY,
(Y1, Lyo) = —'2’&)\h fo Y1(8)¥2(s)ds



Momentum measurement
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Theorem 5. Let V and ¢ be Fourier transform of finite
complex measures on R%. Then there exist a solution of
the Cauchy problem (2), which can be represented by the
following “phase space Feynman path integral”:

P

W(t,0,w) = / o fg(p(s>q'<s)-f’-2§s—>>dse_A [ p(s)2ds
HtXLt

e~ oV @)ds VA &)W () g 0(0))dgdp (3)

P

_ / o {(a2),A(20)) (20,0
Ht X Lt

ek lo V(aleNds (g (0))dgdp (4)

where ((q,p), A(g,p)) = 2 [} (p(s)d(s)ds—(1—2i\F) [, p*(s))d:
and | € H; X L;.
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Further developments

e Representation of the solution of a large class of Belavkin
equation, describing continuous measurement of different
observables

e Semiclassical approximation of the solution: limit & — 0

e Rigorous mathematical definition of Feynman path inte-
gral when the potential V' has polynomial growth.



