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We will discuss two minimum cut problems in weighted planar graphs: minimum source-sink
cuts and contiguous minimum single-source-multi-sink cuts.
A source-sink cut is a set of vertices containing the source vertex and not the sink vertex (or, in
the case of multiple sinks, not containing any of the sink vertices). A cut is minimum if the sum
of the weights of the cut edges, connecting a vertex in the cut set with a vertex outside the cut
set, is the smallest possible. A cut is contiguous if the cut set can be separated from the
remaining vertices by a simply connected planar region whose boundary intersects only the cut
edges.
We will present an O(n^2) algorithm counting all minimum source-sink cuts in weighted planar
graphs, where n is the number of vertices. We will also sketch an O(n^3) algorithm counting all
contiguous minimum single-source-multi-sink cuts. In both cases, having completed the
counting part, subsequent sampling is very fast: a uniformly random cut can be produced in
additional linear time.
The counting algorithms share a common outline. First, we reduce the problem to the problem
of counting a different type of cuts in an unweighted planar directed acyclic graph (these cuts
can also be thought of as maximal antichains in the corresponding partially ordered set). These
cuts correspond to certain cycles in the planar dual graph and we employ dynamic programming
to count them. We will discuss the first algorithm in detail and briefly sketch the issues
encountered by the contiguity requirement.
Minimum source-sink and contiguous minimum single-source-multi-sinks cuts have applications
in computer vision and medical imaging where the underlying graph often forms a 2D grid
(lattice).
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